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PREFACE
The story of Greek mathematics is the tale of one of the most stupendous achievements in the history of human thought. It is my hope that these selections, which furnish a reasonably complete picture of the rise of Greek mathematics from earliest days, will be found useful alike by classical scholars, desiring easy access to a most characteristic aspect of the Greek genius, and by mathematicians, anxious to learn something about the origins of their science. In these days of specialization the excellent custom which formerly prevailed at Oxford and Cambridge whereby men took honours both in classics and in mathematics has gone by the board. It is now rare to find a classical scholar with even an elementary knowledge of mathematics, and the mathematician’s knowledge of Greek is usually confined to the letters of the alphabet. By presenting the main Greek sources side by side with an English translation, reasonably annotated, I trust I have done something to bridge the gap.
For the classical scholar Greek mathematics is a brilliant after-glow which lightened the sky long after the sun of Hellas had set. Greek mathematics sprang from the same impulse as Greek philosophy, but Greek philosophy reached its maturity in the fourth century before Christ, the century of Plato and Aristotle, and thereafter never spoke with like con-
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viction until the voice of Plato became reincarnate in the schools of Egypt. Yet such was the vitality of Hellenic thought that the autumn flowering of Greek philosophy in Aristotle was only the spring of Greek mathematics. It was Euclid, following hard on the heels of Aristotle in point of time, but teaching in distant Alexandria, who first transformed mathematics from a number of uncoordinated and loosely-proved theorems into an articulated and surely-grounded science ; and in the succeeding hundred years Archimedes and Apollonius raised mathematics to heights not surpassed till the sixteenth century of the Christian era.
To the mathematician his Greek predecessors are deserving of study in that they laid the foundations on which all subsequent mathematical science is based. Names still in everyday use testify to this origin—Euclidean geometry, Pythagoras’s theorem, Archimedes’ axiom, the quadratrix of Hippias or Dinostratus, the cissoid of Diodes, the conchoid of Nicomedes. I cannot help feeling that mathematicians will welcome the opportunity of learning the reasons for these names, and that the extracts which follow will enable them to do so more easily than is now possible. In perusing these extracts they will doubtless be impressed by three features. The first is the rigour with w hich the great Greek geometers demonstrated what they set out to prove. This is most noticeable in their treatment of the indefinitely small, a subject whose pitfalls had been pointed out by Zeno in four arguments of remarkable acuteness. Archimedes, for example, carries out operations equivalent to the integral calculus, but he refuses to posit the existence of infinitesimal quanti-viii
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ties, and avoids logical errors which infected the calculus until quite recent times. The second feature of Greek mathematics which will impress the modern student is the dominating position of geometry. Early in the present century there was a powerful movement for the “ arithmetization ” of all mathematics. Among the Greeks there was a similar impulse towards the “ geometrization ” of all mathematics. Magnitudes were from earliest times represented by straight lines, and the Pythagoreans developed a geometrical algebra performing operations equivalent to the solution of equations of the second degree. Later Archimedes evaluated by purely geometrical means the area of a variety of surfaces, and Apollonius developed his awe-inspiring geometrical theory of the conic sections. The third feature which cannot fail to impress a modern mathematician is the perfection of form in the work of the great Greek geometers. This perfection of form, which is another expression of the same genius that gave us the Parthenon and the plays of Sophocles, is found equally in the proof of individual propositions and in the ordering of those separate propositions into books ; it reaches its height, perhaps, in the Elements of Euclid.
In making the selections which follow I have drawn not only on the ancient mathematicians but on many other writers who can throw light on the history of Greek mathematics. Thanks largely to the labours of a band of Continental scholars, admirable standard texts of most Greek mathematical works now exist, and I have followed these texts, indicating only the more important variants and emendations. In the selection of the passages, in their arrangement and at
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innumerable points in the translation and notes I owe an irredeemable debt of gratitude to the works of Sir Thomas Heath, who has been good enough, in addition, to answer a number of queries on specific points. These works, covering almost every aspect of Greek mathematics and astronomy, are something of which English scholarship may justly feel proud. His History of Greek Mathematics is unexcelled in any language. Yet there may still be room for a work which will give the chief sources in the original Greek together with a translation and sufficient notes.
In a strictly logical arrangement the passages would, no doubt, be grouped wholly by subjects or by persons. But such an arrangement would not be satisfactory. I imagine that the average reader would like to see, for example, all the passages on the squaring of the circle together, but would also like to see the varied discoveries of Archimedes in a single section. The arrangement here adopted is a compromise for which I must ask the reader’s indulgence where he might himself have made a different grouping. The contributions of the Greeks to arithmetic, geometry, trigonometry, mensuration and algebra are noticed as fully as possible, but astronomy and music, though included by the Greeks under the name mathematics, have had to be almost wholly excluded.
I am greatly indebted to Messrs. R. and R. Clark for the skill and care shown in the difficult task of making this book.
I. T.
Adelphi, Londom
April 1939
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I. INTRODUCTORY
B
I. INTRODUCTORY
(a) Mathematics and its Divisions
(i.) Origin of the Name
Anatolius ap. Her. Def., ed. Heiberg 160. 8-162. 2
Έκ των 9 Ανατολίου . . .
° ’Από τίνος δβ μαθηματική ώνομάσθη ;
Οι μεν από του Πβ/ππάτου φάσκοντες ρητορικής μεν καί ποιητικής συμπάσης τε τής δημώδους μουσικής δύνασθαί τινα συνεΐναι και μή μαθόντα, τα δε καλούμενα Ιδίως μαθήματα ούδε'να εις εΐδησιν λαμβάνειν μή ούχί πρότερον εν μαθήσει γενόμενον τούτων, διά τούτο μαθηματικήν καλεΐσθαι τήν περί τούτων θεωρίαν ύπελάμβανον. θεσθαι δε λέγονται το τής μαθηματικής όνομα ιδιαίτερον επί μόνης γεωμετρίας καί αριθμητικής οι από του Πυ#α-γόρου* το γάρ πάλαι χωρίς εκατερα τούτων ώνομά-ζ^το, κοινόν δε ούδεν ήν άμφοΐν όνομα."
° Anatolius was bishop of Laodicea about a.d. 280. In a letter by Michael Psellus he is said to have written a concise treatise on the Egyptian method of reckoning.
b i.e. singing or playing, as opposed to the mathematical study of musical intervals.
e The word μάθημα, from μαθέΐν, means in the first place “ that which is learnt.” In Plato it is used in the general sense for any subject of study or instruction, but with a tendency to restrict it to the studies now called mathematics. By the time of Aristotle this restriction had become established.
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I. INTRODUCTORY
(a) Mathematics and its Divisions
(i.) Origin of the Name
Anatolius, cited by Heron, Definitions, ed. Heiberg 160. 8-162. 2
From the works of Anatoliusa . · ·
" Why is mathematics so named ?
° The Peripatetics say that rhetoric and poetry and the whole of popular music b can be understood without any course of instruction, but no one can acquire knowledge of the subjects called by the special name mathematics unless he has first gone through a course of instruction in them ; and for this reason the study of these subjects was called mathematics^ The Pythagoreans are said to have given the special name mathematics only to geometry and arithmetic ; previously each had been called by its separate name, and there was no name common to both.” d
d The esoteric members of the Pythagorean school, who had learnt the Pythagorean theory of knowledge in its entirety, are said to have been called mathematicians (μαθηματικοί), wrhereas the exoteric members, who merely knew the Pythagorean rules of conduct, were called hearers (άκου-σμαηκοί). See lamblichus, De Vita Pythag. 18. 81, ed. Deubner 46. 24 ff.
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(ii.) The Pythagorean Qiiadrivium
Archytas ap. Porphvr. in Ptol. Harm., ed. Wallis, Opera Math. iii. 236. 40-237. 1; Diels, Vors. i5. 431. 26-432. 8
ΤΙαρακείσθω δε καϊ, νυν τά ’Αρχύτα του Πυθαγορείου, ου μάλιστα καϊ γνήσι,α λέγεται, εΐναι, τά συγγράμματα· λέγει, δε εν τώ Περί μαθηματι,κής ευθύς έναρχό μένος του λόγου τάδε.
Καλώ? μοί δοκοΰντι, τοϊ περϊ, τά μαθήματα δι,αγνώμεναι,, καί ούδεν άτοκον όρθώς αυτούς, οΐά έντι, περϊ, έκάστων φρονέειν περί γάρ τάς των όλων φύσως καλώς δι,αγνόντες έμελλον καϊ περί των κατά μέρος, οΐά έντι,, καλώς όφεΐσθαι,. περί τε δή τάς τών άστρων ταχύτατος καϊ έπι,τολάν καϊ δυσίων παρέδωκαν άμΐν σαφή διάγνωσή καϊ περί γαμετρίας καϊ αριθμών καϊ, σφαι,ρικάς καϊ, ούχ ήκι,στα περϊ μωσι,κάς. ταΰτα γάρ τά μαθήματα δοκοΰντι, ήμεν άδελφεά.”
α Archytas lived in the first half of the fourth century b.c. at Taras (Tarentum) in Magna Graecia. He is said to have dissuaded Dionysius from putting Plato to death. For seven years he commanded the forces of his city-state, though the law forbade anyone to hold the post normally for more than one year, and he was never defeated. He is said to have been the first to write on mechanics, and to have invented a mechanical dove which would fly. For such of his mathematical discoveries as have survived, see pp. 112-115, 130-133, 284-289.
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(ii.) The Pythagorean Quadrivium
Archytas, cited by Porphyry in his Commentary on Ptolemy's Harmonics' ed. Wallis, Opera Mathematica iii. 236. 40-237. 1; Diels, Vors. i5. 431. 26-432. 8
Let us now cite the words of Archytas a the Pythagorean, whose writings are said to be mainly authentic. In his book On Mathematics right at the beginning of the argument he writes thus :
“ The mathematicians seem to me to have arrived at true knowledge, and it is not surprising that they rightly conceive the nature of each individual thing ; for, having reached true knowledge about the nature of the universe as a whole, they were bound to see in its true light the nature of the parts as well. Thus they have handed down to us clear knowledge about the speed of the stars, and their risings and settings, and about geometry, arithmetic and sphaeric, and, not least, about music ; for these studies appear to be sisters.” &
b Sphaeric is clearly identical with astronomy, and is aptly defined by Heath, H.G.M. i. 11 as “ the geometry of the sphere considered solely with reference to the problem of accounting for the motions of the heavenly bodies.” The same quadrivium is attributed to the Pythagoreans by Nico-machus, Theon of Smyrna and Proclus, but in the order arithmetic, music, geometry and sphaeric. The logic of this order is that arithmetic and music are concerned with number (ποσόν), arithmetic with number in itself and music with number in relation to sounds ; while geometry and sphaeric are concerned with magnitude (πηλίκοv), geometry with magnitude at rest, sphaeric with magnitude in motion.
5
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(iii.) Plato's Scheme
Plat. Rep, vii. 525 a-530 d
(a) Logistic and Arithmetic
Αλλά μην λογιστική τε και αριθμητική περί αριθμόν πασα.
Kat μάλα.
Ταύτα δβ ye φαίνεται άγωγά προς αλήθειαν. 'Ύπερφυώς μεν ουν.
Ών ζητοΰμεν άρα, ώς εοικε, μαθημάτων αν είη· πολεμικω μεν γάρ διά τάς τάζεις άναγκαΐον μαθεΐν ταΰτα, φιλοσοφώ δέ 8ta το της ουσίας άπτεον είναι γενεσεως έζαναδύντι, η μηδέποτε λογιστικω γενεσθαι. . . .
Tt ουν οΐει, ώ Γλαυκών, ει τις εροιτο αυτούς· ° ΤΩ θαυμάσιοι, περί ποιων αριθμών διαλεγεσθε, εν οΐς το εν οΐον υμείς άζιοΰτε εστιν, ίσον τε έκαστον παν παντι και ουδέ σμικρον διαφερον, μόριόν τε όχον εν εαυτω ούδεν; ” τί αν οΐει αυτούς άποκρίνασθαι;
Ύοΰτο εγωγε, οτι περί τούτων λεγουσιν ών δια-νοηθηναι μόνον εγχωρεΐ, άλλως δ’ ούδαμώς μετά-χειρίζεσθαι δυνατόν. . . .
It de; τοοε ηοη επεσκεψω, ως οι τε φύσει
° The passage is taken from the section dealing with the education of the Guardians. The speakers in the dialogue are Socrates and Glaucon. It is made clear in Rep. 537 b-d that the Guardians would receive their chief mathematical training between the ages of twenty and thirty, after two or three years spent in the study of music and gymnastic and as a preliminary to five years* study of dialectic. Plato’s scheme, it will be noticed, is virtually identical with the Pythagorean quadrivium except for the addition of stereo-6
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(iii.) Plato's Scheme
Plato, Republic vii. 525 a-530 d *
(a) Logistic and Arithmetic
Now logistic and arithmetic treat of the whole of number.
Yes.
And, apparently, they lead us towards truth.
They do, indeed.
It would appear, therefore, that they must be among the studies we seek ; for the soldier finds it necessary to learn them in order to draw up his troops, and the philosopher because he is bound to rise out of Becoming and cling to Being on pain of never becoming a reasoner. . . ?
Now what would you expect, Glaucon, if someone were to ask them : “ My good people, what kind of numbers are you discussing ? What are these numbers such as you describe, every unit being equal, each to each, without the smallest difference, and containing within itself no part ? ” What answer would you expect them to make ?
I should expect them to say that the numbers they discuss are capable of being conceived only in thought, and can be dealt with in no other way. . . .
Again ; have you ever noticed that those who are metry ; and the addition is more formal than real since stereometrical problems were certainly investigated by the Pythagoreans—not least by Archytas—as part of geometry. Plato also distinguishes logistic from arithmetic (for w’hich see the extract given below on pp. 16-19), and speaks of harmonics (αρμονία) not music (μουσική), thus avoiding confusion with popular music (τό δημώδ€ς μουσικόν).
b There is a play on the Greek word, which could mean either “ reasoner ” or “ calculator.”
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λογιστικοί είς πάντα τά μαθήματα ώς έπος ειπεΐν όζεις φύονται,, οΐ τβ βραδείς, αν εν τουτω παι-δευθώσιν καϊ γυμνάσωνται,, καν μηδέν άλλο ώφελη-θώσνν, όμως εΐς γε το οζύτεροί αυτοί αυτών γίγνεσθαι, πάντες ότηδίδόασιυ;
VjOtlv, ζφη, ουτω.
Kat μην, ώς εγωμαι, ά γε μείζω πόνον παρεχει, μανθάνοντι καϊ μελετώντί, ούκ αν ραδίως ούδε πολλά αν εϋροι,ς ώς τούτο.
Ου γάρ ουν.
Πάντων δη ενεκα τούτων ούκ άφετεον το μάθημα, άλλ’ ot άρυστου τάς φύσεις παι,δευτέοί εν αύτω.
Σύμφημι,, η δ’ ος.
(β) Geometry
Τούτο μεν τοίνυν, εϊπον, εν ημΐν κεΐσθατ δεύτερον δε τό εχόμενον τούτου σκεφώμεθα άρά tl προσηκει, ημΐν.
Τό ποΐον; η γεωμετρίαν, εφη, λεγει,ς;
Αυτό τούτο, ην δ’ εγώ.
"Οσον μεν, £φη> προς τά πολεμικά αύτοΰ τείνει δηλον otl προσηκεί. . . .
Άλλ’ ουν δη, εϊπον, προς μεν τά τοίαΰτα καί βραχύ tl αν έξαρκοΐ γεωμετρίας τε καί λογίσμών μόρων τό δε πολύ αύτης καϊ πορρωτερω προϊόν σκοπεΐσθαί δει εΐ tl προς εκείνο τείνει, προς τό πoLεΐv κατϋδεΐν ραον την του αγαθού Ιδέαν. . . . ού τοίνυν τούτο γε, ην δ’ εγώ, άμφLσβητησoυσLV ημΐν oool καϊ σμνκρά γεωμετρίας εμπειροϋ, otl 8
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by nature apt at calculation are—not to make a short matter long—naturally sharp at all studies, and that the slower-witted, if they be trained and exercised in this discipline, even supposing they derive no other advantage from it, at any rate all progress so far as to become sharper than they were before ?
Yes, that is true, he said.
And I am of opinion, also, that you would not easily find many sciences which give the learner and the student greater trouble than this.
No, indeed.
For all these reasons, then, this study must not be rejected, but all the finest spirits must be educated in it.a
I agree, he said.
(j3) Geometry
Then let us consider this, I said, as one point settled. In the second place let us examine whether the science bordering on arithmetic concerns us.
What is that ? Do you mean geometry ? he said.
Exactly, I replied.
So far as it bears on military matters, he said, it obviously concerns us. . . .
But for these purposes, I observed, a trifling knowledge of geometry and calculations would suffice ; what we have to consider is whether a more thorough and advanced study of the subject tends to facilitate contemplation of the Idea of the Good. . . . Well, even those who are only slightly conversant with geometry will not dispute us in saying that this
α Plato’s final reason may strike contemporary educationists as somewhat odd.
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αυτή η επιστήμη παν τουναντίον εχει τοΐς εν αύτη λογοις λεγομενοις υπό των μεταχειριζομενων.
Πώς; εφη.
Αεγουσι μεν που μάλα γελοίως τε και άναγκαίως· ώς γάρ πράττοντές τε και πράξεως ενεκα πάντας τούς λόγους ποιούμενοι, λεγουσιν τετραγωνίζειν τε και παρατείνει» και προστιθέναι και πάντα ουτω φθεγγόμενοι, το δ’ έστι που παν το μάθημα γνώσεως ενεκα επιτηδευόμενον. . · ·
(y) Stereometry
Τι δβ; τρίτον θώμεν αστρονομίαν; η ου δοκεΐ;
Έμοι γοΰν, εφη. . . .
Νυνδή γάρ ουκ όρθώς το εζής ελάβομεν τη γεωμετρία.
Πώς λαβόντες; όφη·
Μβτά επίπεδον, ην δ' όγώ, εν περιφορά δν ηδη στερεόν λαβόντες, πριν αυτό καθ' αυτό λαβεΐν όρθώς δε εχει όζης μετά δευτεραν αύζην τρίτην λαμβάνειν. εστι δε που τούτο περί την των κύβων αύζην και τό βάθους μετεχον.
Έστι γάρ, εφη· αλλά ταύτά γε, ώ Σώκρατες, δοκεΐ ούπω ηύρήσθαι,.
Δίττα γαρ, ην ο εγω, τα awa· otl τε ουοεμυα πόλις εντίμως αυτά όγεί, άσθενώς ζητείται, χαλεπά όντα, επιστάτου τε δέονται οι ζητοΰντες, άνευ ου ουκ αν εύροιεν, ον πρώτον μεν γενεσθαι χαλεπόν,
° It is useful to know that these terms, which are regularly found in Euclid, were already in technical use in Plato’s day.
b Lit. “ increase of cubes,” where the word ” increase ” is the same as that translated above by u dimension.” 10
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science holds a position the very opposite from that implied in the language of those who practise it.
How so ? he asked.
They speak, I gather, in an exceedingly ridiculous and poverty-stricken way. For they fashion all their arguments as though they were engaged in business and had some practical end in view, speaking of squaring and producing and addinga and so on, whereas in reality, I fancy, the study is pursued wholly for the sake of knowledge. . . .
(y) Stereometry
Again ; shall we put astronomy third, or do you think otherwise ?
That suits me, he said. . . .
We were wrong just now in what we took as the study next in order after geometry.
What did we take ? he asked.
After dealing with plane surfaces, I replied, we proceeded to consider solids in motion before considering solids in themselves ; the correct procedure, after the second dimension, is to consider the third dimension. This brings us, I believe, to cubical increase b and to figures partaking of depth.
Yes, he replied ; but these subjects, Socrates, do not appear to have been yet investigated.
The reasons, I said, are twofold. In the first place, no state holds them in honour and so, being difficult, they are investigated only in desultory manner. In the second place, the investigators lack a director, and 'without such a person they will make no discoveries. Now to find such a person is a diffi-There is probably a playful reference to the problem of doubling the cube, for which see infra, pp. 256-309·
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επβιτα καϊ, γενομένου, ώς νυν ούκ αν πείθοντο οΐ περϊ, ταΰτα ζητητικοί μεγαλοφρονούμενοι. εί δε ιτόλι,ς όλη συνεπι,στατοΐ εντίμως άγουσα αυτά, ουτοί τε άν πείθουντο καϊ, συνεχώς τε αν καϊ, εν-τόνως ζητούμενα εκφανη γενοι,το όπη εχει* επεί καί νυν υπό τών πολλών άπμαζόμενα καϊ, κολουόμενα, υπό δε τών ζητούντο™ λόγον ούκ εχόντων καθ' otl χρήσιμα, όμως προς άπαντα ταΰτα βία υπό χάρυτος αύζάνεταί, καϊ, ούδεν θαυμαστόν αυτά φανήναι.
Kat μεν δη, εφη, τό γε επίχαρυ καϊ, διαφερόντως εχει. αλλά μου σαφεστερον είπε ά νυνδη ελεγες. την μεν γάρ που του επυπεδου πραγματείαν γεωμετρίαν ετίθενς.
Ναι, ην δ’ εγώ^
Ειτά γ', εφη, τό μεν πρέυτον αστρονομίαν μετά ταύτην, ύστερον δ’ άνεχώρησας.
Σπεύδων γάρ, εφην, ταχύ πά,ντα διεζελθεΐν μάλλον βραδύνω· εξής γάρ ουσαν την βάθους αύξης μέθοδον, otl τη ζητησει γελοίως έχει, ύπερβάς αύτην μετά γεωμετρίαν αστρονομίαν ελεγον, φοράν ουσαν βάθους.
Όρθώς, εφη, λέγεις.
α These words (ώς νυν eyet) can be taken either with what goes before or with what comes after. In the former case Plato (or Socrates) will be referring to a distinguished contemporary (such as Eudoxus or Archytas) who had already made discoveries in solid geometry.
b This passage has been thought to have some bearing on the question w hether the Socrates of the dialogue is meant to be the Socrates of history or not. The condition of stereometry, as described in the dialogue, certainly does not fit 12
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cult task, and even supposing one appeared on the scene, as matters now stand,a those who are investigating these problems, being swollen with pride, would pay no heed to him. But if a whole state were to honour this study and constitute itself the director thereof, they would pay heed, and the subject, being continuously and earnestly investigated, would be brought to light. For even now, neglected and curtailed as it is, not only by the many but even by professed students, who can suggest no use for it, nevertheless in the face of all these obstacles it makes progress on account of its elegance, and it would not be astonishing if it were fully unravelled.
It is certainly an exceedingly fascinating subject, he said. But pray tell me more clearly what you were saying just now. I think you defined geometry as the investigation of plane surfaces.
Yes, I said.
Then, he observed, you first placed astronomy after it, but later drew back.
The more I hasten to cover the ground, I said, the more slowly I travel; the study of solid bodies comes next in order, but because of the absurd way in which it is investigated I passed it over and spoke of astronomy, which involves the motion of solid bodies, as next after geometry.
You are quite right, he said?
Plato’s generation, when Archytas and Eudoxus were making brilliant discoveries in solid geometry ; but, even during the lifetime of Socrates, Democritus and Hippocrates had made notable contributions to the same science. This passage cannot help, therefore, towards the solution of that problem. All that Plato meant, it would appear, was that stereometry had not been made a formal element in the curriculum but was treated as part of geometry.
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(δ) Astronomy
Τέταρτον τοίνυν, ήν δ’ εγώ, τυθώμεν μάθημα αστρονομίαν, ώς ύπαρχούσης τής νυν παραλειπο-μένης, εάν αυτήν πόλις μετίη. . . . ταυτα μεν τα εν τω ούρανω ποικίλματα, επείπερ εν όρατω πεποίκυλταυ, κάλλι,στα μεν ήγεΐσθαυ καί ακριβέστατα των τοίουτων εχειν, των 8ε άληθυνών πολύ εν8εΐν, ας το ον τάχος και ή ούσα βρα8υτής εν τω άληθι,νω αριθμώ καί πάσυ τοΐς άληθεσυ σχήμασυ φοράς τε προς άλληλα φέρεται, καί τα ένόντα φέρευ, Λ C \	\ f	\	\ Q	/	\	/XI	>7	*
α οη Λογω μεν και. ouavoua Ληπτα, οψευ ο ου· η συ ο let;
Ούδαμώ^ γε, εφη.
Ούκοΰν, εΐπον, τή περί τον ουρανόν ποικιλία παραδείγμασυ χρηστέον τής προς εκείνα μαθήσεως ενεκα, ομοίως ώσπερ αν εΐ τυς εντύχοι, υπό Δαίδαλου ή τίνος άλλου δημιουργού ή γραφεως δι,αφερόντως γεγραμμενοι,ς καί έκπεπονη μένους δια-γράμμασιν. . . . προβλήμασιν άρα, ήν δ’ εγώ, χρώμενου ώσπερ γεωμετρίαν ούτω καί αστρονομίαν μετυμεν, τά δ’ εν τω ούρανω εάσομεν, εί μελλομεν όντως αστρονομίας μεταλαμβάνοντες χρήσυμον τό φύσει, φρόνιμον εν τή φυχή εξ άχρηστου πουή-σευν. . . .
° There seems little doubt that in this passage Plato wished astronomy to be regarded as the pure science of bodies in motion, of which the heavenly bodies could at best afford only one example. Burnet has made desperate efforts to save Plato from himself. According to his contention, Plato meant that astronomy should deal with the true, as opposed to the apparent, motions of the heavenly bodies ; it is tempt-14
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(δ) Astronomy
Let us then put astronomy as the fourth study, regarding that now passed over as waiting only until some state shall take it up. . . . Those broideries yonder in the heaven, forasmuch as they are broidered on a visible ground, are rightly held to be the most beautiful and perfect of visible things, but they are nevertheless far inferior to those that are true, far inferior to those revolutions which absolute speed and absolute slowness, in true number and in all true forms, accomplish relatively to each other, carrying their contents 'with them—which can indeed be grasped by reason and intelligence, but not by sight. Or do you think otherwise ?
No, indeed, he replied.
Therefore, I said, we should use the broideries round the heaven as examples to help the study of those true objects, just as we might use, if we met with them, diagrams surpassingly well drawn and elaborated by Daedalus or any other artist. . . . Hence, I said, we shall approach astronomy, as we do geometry, by means of problems, but we shall leave the starry heavens alone, if we wish to obtain a real grasp of astronomy, and by that means to make useful, instead of useless, the natural intelligence of the soul. . . .°
ing but difficult to reconcile this with the decisive language of the text. Fortunately Plato’s own pupils in the Academy, notably Eudoxus and Heraclides of Pontus, adopted a different attitude, using mathematics to account for the actual motion of the heavenly bodies ; and Plato himself does not appear to have held consistently to the belief here expressed, for he is said to have put to his pupils the question by what combination of uniform circular revolutions the apparent movements of the heavenly bodies can be explained.
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(e) Harmonics
KtySwevet, ώ$· προς αστρονομίαν όμματα πέπηγεν, ώς προς έναρμόνιον φοράν ώτα παγήναι, καϊ αύται άλλήλων άδελφαί τινες αί έπιστήμαι είναι, ώς οΐ τε Πυθαγόρειοί φασι καϊ ημείς, ώ Γλαυκών, συγχωροΰμεν.
(iv.) Logistic
Schol. in Plat. Charm. 165 e
λογιστική έστι θεωρία τών αριθμητών, ούχϊ δβ τών αριθμών μεταχειριστική, ού τον όντως αριθμόν λαμβάνουσα, άλλ’ υποτιθέμενη το μεν εν ώς μονάδα, το δβ αριθμητόν ώς αριθμόν, οϊον τά τρία τριάδα βιναι καϊ, τά δέκα δεκάδα* έφ> ών έπάγει τά κατά αριθμητικήν θεωρήματα, θεωρεί ουν τούτο μεν τό κληθεν ύπ' Άρχιμήδους βοεικον πρόβλημα, τούτο δε μηλίτας καϊ φιαλίτας αριθμούς, τούς μεν έπϊ φιαλών, τούς δε έπϊ ποίμνης* καϊ επ' άλλων δε γενών τά πλήθη τών αισθητών σωμάτων σκοπούσα, ώς περϊ τελείων άποφαίνεται. ύλη δε αυτής πάντα τά αριθμητά* μέρη δε αυτής αί 'Γλληνικαϊ καϊ λιγυπτιακαϊ καλούμεναι μέθοδοι, εν πολλαπλασια-
° See the fragment from Archytas, supra, pp. 4-5.
b Socrates proceeds to censure the Pythagoreans for committing the same error as the astronomers : they investigate the numerical ratios subsisting between audible concords, but do not apply themselves to problems, in order to examine what numbers are consonant and what not, and to find out the reason for the difference	τίνες σύμφωνοι, αριθμοί
και τίνες ού, και $ιά τι εκάτεροι).
c In the cattle-problem Archimedes sets himself to find the number of bulls and cows of each of four colours. The problem, stripped of its trimmings, is to find eight unknown 16
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(e) Harmonics
It would appear, I said, that just as our eyes were intended for astronomy, so our ears were intended for harmonious movements, and that these are in a manner sister sciences,® as the Pythagoreans assert and as we, Glaucon, agree.b
(iv.) Logistic
Scholium to Plato’s Charmides 165 e
Logistic is the science that treats of numbered objects, not of numbers ; it does not consider number in the true sense, but it works with 1 as unit and the numbered object as number, e.g., it regards 3 as a triad and 10 as a decad, and applies the theorems of arithmetic to such cases. It is, then, logistic which treats on the one hand the problem called by Archimedes the cattle-problem,c and on the other hand melite and phialite numbers, the latter appertaining to bowls, the former to flocks d ; in other types of problem too it has regard to the number of sensible bodies, treating them as absolute. Its subjectmatter is everything that is numbered ; its branches include the so-called Greek and Egyptian methods in multiplications and divisions, as well as the addi-quantities connected by seven simple equations and subject to two other conditions. It involves the solution of a “ Pellian ” equation in numbers of fantastic size, and it is unlikely that Archimedes completed the solution. See vol. ii. pp. 202 ff. ; T. L. Heath, The Works of Archimedes, pp. 319-326, and for a complete discussion, A. Amthor, Zeitschrift fur Math. u. Physik (Hist.-Utt. Abtheilung), xxv. (1880), pp< 153-171, supplementing an article by B. Krumbiegel (pp. 121-136) on the authenticity of the problem.
d He should probably have said “ apples
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σμοΐς καί μερίσμοΐς, καί αί τών μορίων συγκεφαλαίωσές καί διαίρεσές, αΐς Ιχνεύεί τά κατά την ύλην εμφωλευόμενα τών προβλημάτων τη περί τούς τρίγωνους καί πολυγώνους πραγματεία. τέλος δε αυτής το κοίνωνίκον εν βίω καί χρησίμον εν συμβολαίοίς, εί καί δοκεΐ περί τών αισθητών ώς τελείων άποφαίνεσθαί.
(ν.) Later Classification
Anatolius ap. Her. Def., ed. Heiberg 164. 9-18
Πόσα μέρη μαθηματίκης ;
“ Της μεν τίμίωτερας καί πρώτης ολοσχερέστερα μέρη δύο, άρίθμητίκη καί γεωμετρία, της δε περί τά αίσθητά ασχολούμενης εξ, λογίστίκη, γεωδαί-σία, οπτίκη, κανονίκη, μηχανίκη, άστρονομίκη. οτί ούτε το τακτίκον καλούμενον ούτε τό άρχίτε-κτονίκόν ούτε τό δημώδες μουσίκόν η τό περί τάς φάσείς, αλλ’ ουδέ τό όμωνύμως καλούμενον μηχα~ νίκόν, ώς οίονταί τίνες, μέρη μαθηματίκης είσί, προϊόντος δε του λόγου σαφώς τε καί εμμεθόδως δείζομεν”
° i.e., that which deals with non-sensible objects.
6 Geminus, according to Proclus in Eucl. i. (ed. Friedlein 38. 8-12), gives the same classification, only in the order 18
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tion and splitting up of fractions, whereby it explores the secrets lurking in the subject-matter of the problems by means of the theory of triangular and polygonal numbers. Its aim is to provide a common ground in the relations of life and to be useful in making contracts, but it appears to regard sensible objects as though they were absolute.
(v.) Later Classification
Anatolius, cited by Heron, Definitions^ ed. Heiberg 164. 9-18
" How many branches of mathematics are there ?
" There are two main branches of the prime and more honourable type of mathematics,0 arithmetic and geometry ; and there are six branches of that type of mathematics concerned with sensible objects, logistic, geodesy, optics, canonic, mechanics and astronomy? That the so-called study of tactics and architecture and popular music and the study of [lunar] phases,0 or even the mechanics so called homonymously/ are not branches of mathematics, as some think, we shall show clearly and methodically as the argument proceeds.”
arithmetic, geometry, mechanics, astronomy, optics, geodesy, canonic, logistic. Geodesy means the practical measurement of surfaces and volumes; canonic is the theory of musical intervals ; logistic is the art of calculation, as opposed to arithmetic, by which is meant what we should call the theory of numbers. Geminus proceeds to give an elaborate analysis of the various branches.
c According to Heiberg, this means “ das Kalenderwesen.”
d Heiberg interprets this as “ die praktische Mechanik, die sich im Namen von der theoretischen nicht unter-scheidet.”
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(δ) Mathematics in Greek Education
Iambi. De Vita Pythag, 18. 89, ed. Deubner 52. 8-11
Aeyouat δβ ot Ilv^ayopctot εζενηνέχθαι γεωμετρίαν όντως, άποβαλεΐν τινα την ουσίαν των 1 ϊυθαγορείων ώς δβ τούτο ήτύχησε, δοθήναι αύτώ χρηματίσασθαι από γεωμετρίας. εκαλείτο δέ ή γεωμετρία προς Ιΐυθαγόρου Ιστορία,
Plat. Leg, vii. 817 ε-820 d
ΑΘΗΝΑΙΟΣ ΞΕΝΟΣ. Έτι δή τοίνυν τοΐς ελευ-θέροις εστιν τρία μαθήματα, λογισμοί μεν και τα περί αριθμούς εν μάθημα, μετρητική δε μήκους και επίπεδου και βάθους ώς εν αύ δεύτερον, τρίτον δε της των άστρων περιόδου προς άλληλα ώς πεφυκεν πορεύεσθαι, ταΰτα δε σύμπαντα ούχ ώς ακρίβειας εχόμενα δει διαπονεΐν τούς πολλούς αλλά τινας ολίγους—ούς δε, προϊόντες επι τω τελεί φράσομεν ούτω γάρ πρεπον αν είη—τω πλήθει δε, όσα αυτών αναγκαία καί πως ορθότατα λεγεται μη επίστασθαι μεν τοΐς πολλοΐς αισχρόν, δι’ ακρίβειας δε ζητεΐν πάντα ούτε ράδιον ούτε τό παράπαν δυνατόν. . . .
Τοσαδ^ τοίνυν εκάστων χρή φάναι μανθάνειν δεΐν τούς ελεύθερους, όσα και πάμπολυς εν Αιγύπτιο παίδων όχλος άμα γράμμασι μανθάνει, πρώτον μεν γάρ περί λογισμούς άτεχνώς παισιν εζηυρημενα μαθήματα μετά παιδιας τε και ηδονής μανθάνειν,
α Plato is thought to have redeemed this promise towards the end of the Laws, where he describes the composition of the Nocturnal Council, whose members are required to have considerable knowledge of mathematics.
6 The Greek word is derived from the same root as the 20
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(6)	Mathematics in Greek Education
lamblichus, On the Pythagorean Life 18. 89, ed. Deubner 52. 8-11
The Pythagoreans say that geometry was divulged in this manner. A certain Pythagorean lost his fortune ; and when this befell him, he was permitted to make money from geometry. But geometry was called by Pythagoras “ inquiry.”
Plato, Laws vii. 817 e-820 d
Athenian Stranger. Then there are, of course, still three subjects for the freeborn to study. Calculations and the theory of numbers form one subject; the measurement of length and surface and depth make a second ; and the third is the true relation of the movement of the stars one to another. To pursue all these studies thoroughly and with accuracy is a task not for the masses but for a select few—who these should be we shall say later towards the end of our argument, where it would be appropriate a— for the multitude it will be proper to learn so much of these studies as is necessary and so much as it can rightly be described a disgrace for the masses not to know, even though it would be hard, or altogether impossible, to pursue with precision all of those studies. . . .
Well then, the freeborn ought to learn as much of these things as a vast multitude of boys in Egypt learn along with their letters. First there should be calculations of a simple type devised for boys, which they should learn with amusementδ and pleasure, Greek word for “ boy,” and Plato is playing on the two words.
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μήλων τε τινων διανομαι και στεφάνων πλείοσιν άμα και ελάττοσιν άρμοττόντων αριθμών τών αυτών, και νυκτών και παλαιστών εφεδρείας τε και συλλήξεως εν μέρει και εφεξής και ώς πεφύκασι γίγνεσθαι. και δη και παίζοντες, φιάλας άμα χρυσόν και χαλκοΰ και αργύρου και τοιούτων τινών άλλων κεραννύντες, οι δε και δλας πως διαδιδόντες, δπερ εΐπον, εις παιδιάν εναρμόττοντες τάς τών αναγκαίων αριθμών χρήσεις, ώφελοΰσι τούς μαν-θάνοντας εις τε τάς τών στρατοπέδων τάξεις και άγωγάς και στρατείας και εις οικονομίας αΰ, και πάντως χρησιμωτερους αυτούς αύτοΐς και εγρηγο-ρότας μάλλον τούς ανθρώπους απεργάζονται* μετά δε ταΰτα εν ταΐς μετρήσεσιν, οσα εχει μήκη και πλάτη και βάθη, περί άπαντα ταΰτα ενοΰσάν τινα φύσει γελοίαν τε και αίσχράν άγνοιαν εν τοΐς άνθρώποις πάσιν, ταύτης άπαλλάτουσιν.
ΚΛΕΙΝΙΑ2. ΠοΖαν δη και τίνα λεγεις ταύτην;
ΑΘ. ΤΩ φίλε Κλβααα, παντάπασί γε μην και αυτός άκούσας οφέ ποτέ το περί ταΰτα ημών πάθος εθαύμασα, και εδοξε μοι τοΰτο ούκ ανθρώπινον αλλά ύηνών τινων είναι μάλλον θρεμμάτων, ήσχύν-θην τε ούχ ύπερ εμαυτοΰ μόνον, άλλα και ύπερ απάντων τών Ελλήνων.
° Heath (H.G.M. i. 20 η. 1) first satisfactorily explained the construction of this sentence.
b The Athenian Stranger, generally taken to mean Plato 22
INTRODUCTORY
such as distributions of apples and crowns wherein the same numbers are divided among more or fewer, or distributions of the competitors in boxing and wrestling matches by the method of byes and drawings, or by taking them in consecutive order, or in any of the usual ways.® Again, the boys should play with bowls containing gold, bronze, silver and the like mixed together, or the bowls may be distributed as wholes. For, as I was saying, to incorporate in the pupils’ play the elementary applications of arithmetic will be of advantage to them later in the disposition of armies, in marches and in campaigns, as well as in household management, and will make them altogether more useful to themselves and more awake. After these things there should be measurements of objects having length, breadth and depth, whereby they would free themselves from that ridiculous and shameful ignorance on all these topics which is the natural condition of all men.
Cleinias. And in what, pray, does this ignorance consist ?
Athenian Stranger. My dear Cleinias, when I heard, somewhat belatedly, of our condition in this matter,b I also was astonished ; such ignorance seemed to me worthy, not of human beings, but of swinish creatures, and I felt ashamed, not for myself alone, but for all the Greeks.
himself, proceeds to explain at length that he is referring to the problem of incommensurability. The Greek (αχούσα? ό0€ ποτβ) could mean that he had only lately heard either of incommensurability itself or of the prevalent Greek ignorance about incommensurability. A. E. Taylor comments that in view of references to incommensurability in quite early dialogues it seems better to take the words in the latter sense.
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κλ. Τού περί,; λεγ9 otl καί φής, ώ ζύνε.
ΑΘ. Λέγω δη- μάλλον δε ερωτών ool δείξω, καί μου σμLκpov άπόκρϋναυ· yLyvaw^Ls που μήκος;
ΚΛ. ΤΖ μην;
ΑΘ. ΤΖ δε; πλάτος;
ΚΛ. Πόντους.
αθ. ΤΗ καί ταΰτα otl δύ9 εστόν, καί τρίτον τούτων βάθος;
ΚΛ. Πώς γάρ ού;
ΑΘ. Άρ’ ουν ού δοκεΐ gol ταΰτα εLvaL πάντα μετρητά προς άλληλα;
ΚΛ. ΝαΖ.
ΑΘ. λϊήκός τε ofyaL προς μήκος, καί πλάτος προς πλάτος, καί βάθος ωσαύτως δυνατόν elm μετρεΐν φύσεL.
ΚΛ. Σφοδρά γε.
ΑΘ. ΕΖ δ’ βστύ μήτε σφοδρά μήτε ήρεμα δυνατά εν La, αλλά τά μεν, τά δε μη, συ δε πάντα ηγη, πώς o'^l προς ταΰτα δLaκεLσθaL;
ΚΛ. Ληλον otl φαύλως.
ΑΘ. ΤΖ δ’ αυ μήκος τε καί πλάτος προς βάθος, ή πλάτος τε καί μήκος προς άλληλα; άρ9 ού δLavooύμεθa περί ταΰτα ούτως 'Έλληνες πάντες, ώς δυνατά <=otl μετρεϊσθaL προς άλληλα άμώς γε πως;
ΚΛ. TlavτάπaσL μεν ουν.
ΑΘ. ΕΖ δ’ εσταν αυ μηδαμώς μηδαμή δυνατά, πάντες δ\ δπερ εΐπον, 'Έλληνες δLavooύμεθa ώς δυνατά, μών ούκ άίμον ύπερ πάντων αίσχυνθεντα είπεΐν προς αύτούς* “ ΤΩ βελτLστoL τών Ελλήνων, εν εκείνων τοΰτ εστϊ,ν ών εφαμεν αισχρόν μεν 24
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Clein. Why ? Please explain, sir, what you are saying.
Ath. I will indeed do so ; or rather I will make it plain to you by asking questions. Pray, answer me one little thing ; you know what is meant by line ?
Clein. Of course.
Ath. And again by surface ?
Clein. Certainly.
Ath. And you know that these are two distinct things, and that volume is a third distinct from them ?
Clein. Even so.
Ath. Now does not it appear to you that they are all commensurable one with another ?
Clein. Yes.
Ath. I mean, that line is in its nature measurable by line, and surface by surface, and similarly with volume.
Clein. Most assuredly.
Ath. But suppose this cannot be said of some of them, neither with more assurance nor with less, but is in some cases true, in others not, and suppose you think it true in all cases ; what you do think of your state of mind in this matter ?
Clein. Clearly, that it is unsatisfactory.
Ath. Again, what of the relations of line and surface to volume, or of surface and line one to another ; do not all we Greeks imagine that they are commensurable in some way or other ?
Clein. We do indeed.
Ath. Then if this is absolutely impossible, though all we Greeks, as I was saying, imagine it possible, are we not bound to blush for them all as we say to them, “ Worthy Greeks, this is one of the things of which we said that ignorance is a disgrace and that
25
GREEK MATHEMATICS γεγονε'ναι το μη έπίστασθαι,, το δ’ επίστασθαι τάναγκαΐα ούδβν πάνυ καλόν; ”
ΚΛ. Πώ$· δ’ ου;
ΑΘ. Kat προς τούτοι,ς ye άλλα βστιυ τούτων συγγενή, εν οΐς αΰ πολλά αμαρτήματα εκείνων άδελφά ήμΐν εγγίγνεταν των αμαρτημάτων.
ΚΛ. Ποια δή;
ΑΘ. Τά των μετρητών τε καί άμετρων προς άλληλα ήτι,νι, φύσει γε'γονεν ταΰτα γάρ δή σκο-πούντα διαγιγνώσκει# άναγκαΐον ή παντάπασιν εΐναι, φαΰλον, προβάλλοντά τε άλλήλοις αεί, δια-τριβήν τής πεττείας πολύ χαριεστέραν πρεσβυτών διατρίβοντα, φιλονικεΐν εν ταΐς τούτων a£iaun σχολαΐς.
ΚΛ. ’Τσω?· εοικεν γοΰν ή τε πεττεία και ταΰτα άλλήλων τά μαθήματα ου πάμπολυ κεχωρίσθαι.
Isoc. Panathenaicus 26-28, 238 b-d
Ύής μεν ουν παιδείας τής υπό των προγόνων καταλειφθείσης τοσούτου δέω καταφρονεΐν, ώστε και την εφ' ημών κατασταθεΐσαν επαινώ, λέγω δέ
° Plato is probably censuring a belief that if two squares are commensurable, their sides are also commensurable ; and if two cubes are commensurable, their surfaces and sides are also commensurable. The discovery that this is not necessarily so would arise in such problems as that propounded in Meno 82 b—85 b (doubling of a square) and in the duplication of the cube (see infra, pp. 256-309). The only difficulty is that commensurability is not always impossible (μ?/δαμώ£ μηδαμη δυνατά). A belief that areas and volumes can be expressed in linear measure would meet this stipulation, but it seems too elementary to call for elaborate refutation by Plato.
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to know such necessary matters is no great achievement ” ? a
Clein. Certainly.
Ath. In addition to these, there are other related points, which often give rise to errors akin to those lately mentioned.
Clein. What kind of errors do you mean ?
Ath. The real nature of commensurables and in-commensurables towards one another? A man must be able to distinguish them on examination, or must be a very poor creature. We should continually put such problems to each other—it would be a much more elegant occupation for old people than draughts—and give our love of victory an outlet in pastimes worthy of us.
Clein. Perhaps so; it would seem that draughts and these studies are not so widely separated.
Isocrates, Panegyric of Athens 26-28, 238 b-d c
So far from despising the education handed down by our ancestors, I even approve that established in
b According to A. E. Taylor, this means that “ behind the more special problems of the commensurability of specific areas and volumes there lies the problem of constructing a general ‘ theory of incommensurables.’ ” He calls in the evidence of Epinomis, 990 b—991 b, for which see infra, pp. 400-405. For further references to the problem see infra, pp. 110-111, 214-215.
c Isocrates began this last of his orations in his ninetyfourth year and it was published in his ninety-eighth. He expresses similar sentiments about mathematics in Antidosis §§ 261-268; see also Xenophon, Memorabilia iv. 7. 2 if. Heath’s dry comment (H.G.M. i. 22) is : “ It would appear therefore that, notwithstanding the influence of Plato, the attitude of cultivated people in general towards mathematics was not different in Plato’s time from what it is to-day.”
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την τε γεωμετρίαν καυ την αστρολογίαν καυ τούς διαλόγους- τούς εριστικούς καλούμενους, οΐς ου μεν νεώτερου μάλλον χαίρουσυ του δέοντος, των δέ πρεσβυτερών ούδευς εστυν, όστυς αν ανεκτούς αυτούς είναι, φήσευεν.
Άλλ’ όμως εγώ τοΐς ώρμημένους έπυ ταΰτα παρακελεύομαυ πονεΐν καυ προσέχευν τον νουν άπασι τούτους, λεγων, ώς ευ καυ μηδέν άλλο δύναταυ τά μαθήματα ταΰτα πουεΐν αγαθόν, άλλ’ ουν άποτρέπευ γε τούς νεωτέρους πολλών άλλων αμαρτημάτων, τοΐς μέν ουν τηλυκούτους ούδεποτ αν εύρεθηναυ νομίζω δυατρυβάς ώφελυμωτέρας τούτων ουδέ μάλλον πρέπουσας· τοΐς δέ πρεσβυτέρους καυ τοΐς εις άνδρας δεδοκυμασμένους ούκέτυ φημυ τάς μελετάς ταυτας άρμόττευν. όρώ γάρ ένίους των έπυ τοΐς μαθήμασυ τούτους ούτως άπηκρυβωμένων ώστε καυ τούς άλλους δυδάσκευν, ούτ' εύκαίρως ταΐς έπυ-στήμαυς αΐς έχουσυ χρωμένους, εν τε ταΐς άλλαυς πραγματείαυς ταΐς περί τον βίον άφρονεστέρους όντας των μαθητών όκνώ γάρ είπεΐν τών ουκετών.
(c) Practical Calculation
(i.) Enumeration by Fingers
Aristot. Prob. xv. 3, 910 b 28-911 a 1
Διά τι πάντες ανθρώπου, καί βάρβαρου καυ “Ελληνες, ευς τά δέκα καταρυθμοΰσυ, καυ ουκ ευς άλλον άρυθμόν, ουον β, γ, δ, έ, ευτα πάλιν έπανα-δυπλοΰσυν, έν πέντε, δύο πέντε, ώσπερ ένδεκα, δώδεκα; ... η ότυ πάντες υπήρξαν ανθρώπου έχοντες δέκα δακτύλους; ουον ουν φηφους εχοντες
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our own times—I mean geometry, astronomy, and the so-called eristic dialogues, in which our young men delight more than they ought, though there is not one of the older men who would pronounce them tolerable.
Nevertheless I urge those who are inclined to these disciplines to work hard and apply their mind to all of them, saying that even if these studies can do no other good, they at least keep the young out of many other things that are harmful. Indeed, for those who are at this age I maintain that no more helpful or fitting occupations can be found ; but for those who are older and those admitted to man’s estate I assert that these disciplines are no longer suitable. For I notice that some of those who have become so versed in these studies as to teach others fail to use opportunely the sciences they know, while in the other activities of life they are more unpractical than their pupils—I shrink from saying than their servants.
(c)	Practical Calculation
(i.) Enumeration by Fingers
Aristotle, Problems xv. 3, 910 b 23-911 a 1
Why do all men, both barbarians and Greeks, count up to ten and not up to any other number, such as 2, 3, 4 or 5, whence they would start again, saying, for example, one plus five, two plus five, just as they say one plus ten, two plus ten ? a ... Is it that all men were born with ten fingers ? Having the
a The Greek words for 11 and 12 mean literally one-ten, two-ten.
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τοΰ οικείου αριθμού, τούτω τώ πλήθει και τά άλλα άριθμοΰσιν.
Nicolas Rhabdas, ed. Tannery, Notices et extraits des manu-scrits de la Bibliotheque Nationale, vol. xxxii. pt. lt pp. 146-152
Έκ(/)ασί$· τοΰ δακτυλικόν μέτρου
Έν δέ ταΐς χ^ρσϊ καθέξεις τους αριθμούς ούτως* και εν μεν ττ} λαια, οφείλεις άει τούς μοναδικούς και δεκαδικούς κρατεΐν αριθμούς, εν δε Trj δεξιά τούς έκατονταδικούς και χιλιονταδικούς, τούς δε επέκεινα τούτων χαράττειν εν τινι* ού γάρ έχεις όπως καθέξεις εν ταΐς χερσί.
Συστελλόμενου τοΰ πρώτου και μικρού δακτύλου, τοΰ μύωπος καλούμενου, τών δε τεσσάρων εκτεταμένων καϊ. ίσταμένων όρθιων, κατέχεις εν μεν Trj αριστερά χζιρι μονάδα μίαν, εν δε τι) δεξιά χιλιον-τάδα μίαν.
Kat πάλιν συστελλομένου και τούτου και τοΰ μετ αυτόν δευτέρου δακτύλου, τοΰ παραμέσου και επιβάτου καλουμένου, τών δε λοιπών τριών ώς έφημεν ηπλωμένων, κρατείς εν μεν Trj εύωνύμω δύο, εν δε Trj δεξιά δισχίλια.
Τού δ’ αύ τρίτου συστελλομένου, ήτοι τοΰ σφα-κέλου και μέσου, κειμένων και τών ετέρων δύο, τών
α The word ττβμτπίζΣν (“ to five ”), used by Homer (Od. iv. 412) in the sense “ to count,” would appear to be a relic of a quinary system of reckoning. The Greek χζίρ, like the Latin manus, is used to denote “ a number ” of men, e.g., Herodotus vii. 157, viii. 140 ; Thucydides iii. 96.
6 Nicolas Artavasdas of Smyrna, called Rhabdas, lived in the fourteenth century a.d. 1 Ie is the author of two letters 30
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equivalent of pebbles to the number of their own fingers, they came to use this number for counting everything else as well.®
Nicolas Rhabdas,6 ed. Tannery, Notices et extraits des manu-scrits de la Bibliotheque Nationale, vol. xxxii. pt. 1, pp. 146-152
Exposition of finger-notation c
This is how numbers are represented on the hands : The left hand is always used for the units and tens, and the right hand for the hundreds and thousands, while beyond that some form of characters must be used, for the hands are not sufficient.
Closing the first finger—the little one, called myope—and keeping the other four stretched out straight, you have on the left hand 1 and on the right hand 1000?
Again, closing this finger together with that next after it—the second, called next the middle and epibate—and keeping the remaining three fingers open, as we said, you have on the left hand 2 and on the right hand 2000.
Once more, closing the third finger—called spha-kelos and middle—and keeping the other two as
edited by Tannery, of which the second can be dated to the year 1341 by a calculation of Easter. He edited the arithmetical manual of the monk Maximus Planudes.
c A similar system is explained by the Venerable Bede, De temporum ratione, c. i., “ De computo vel loquela digi-torum.” He implies that St. Jerome (pb, a.d. 420) was also acquainted with the system.
d In the Greek the numerals are sometimes written in full, sometimes in the alphabetic notation, for which see infra, p. 43.
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δβ λουπών δυο εκτεταμένων, του λυχανοΰ λέγω καυ του άντίχευρος, ευσυν άπερ κρατείς έν μεν τύ) λαυα, γ, έν δέ τύ) δεζυα, /γ.
Πάλιν συστελλομένων των δυο, του μέσου καυ παραμέσου, ηγουν του δευτέρου καυ τρίτου, καυ των άλλων δντων έζηπλωμένων, του άντίχευρος λέγω, του λυχανοΰ καυ τοΰ μυωπος, είσυνάπερ κρατευς έν μεν τύ) λαυα, δ, έν δέ τύ) δεζυα, ζδ.
Πάλιν τού τρίτου, τοΰ καυ μέσου, συνεσταλμένου,
καυ των λουπών τεσσάρων εκτεταμένων, δτ/λοΰσυν
άπερ κρατευς (έν μεν τύ) λαιά^1 έ, έν δέ τύ) δεξυά, ze. Τού έπυβάτου πάλυν, τοΰ καυ δευτέρου, συν-
εσταλμένου καυ τών λουπών (τεσσάρων)2 ήπλωμένων, κρατευς έν μεν rrj εΰωνυμω ζ~, έν δέ τύ} έτέρα .
Τού μυωπος πάλυν, τοΰ καυ πρώτου, έκτεταμένου καυ ττ} παλάμη προσψαυοντος, τών δέ _ λουπών υσταμένων βρθυως, ευσυν άπερ κατέχευς, ζ, έν δέ ΤΎ) άλλΎ), /.
Τού δευτέρου πάλυν, τοΰ καυ παραμέσου, ομοίως έκτεταμένου καυ κλίνοντας άχρυς ου τύ) κυάθω τελείως προσεγγίστ), τών δέ λουπών τρυών, τοΰ τρίτου, τοΰ τετάρτου καυ τοΰ πέμπτου, ώς προ-είρηταυ υσταμένων όρθιων, το γενόμενον σχήμα έν μέν τύ) λαυα δηλου η, έν δέ τύ) δεζυα ύ).
Ούτως ουν καυ τοΰ τρίτου γενομένου, κευμένων καυ τών άλλων δυο, τοΰ πρώτου καυ δευτέρου, κ_ατά τδ αύτδ σχη/χα, έν μέν τύ) άρυστερα δηλοΰσυν θ, έν δέ ΤΎ) άλλΎ) β.
Πάλιν τού ά,ντίχευρος ήπλωμένου, οΰχυ δ’ ύπερ-
1 eV . . . λαιά add. Morel.
1 τεσσάρων add. Tannery.
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before, with the remaining two held out straight— I mean the forefinger61 and thumb b—you have on the left hand 3 and on the right hand 3000.
Again, closing the two fingers called middle and next the middle, that is, the second and third, and keeping the others open—I mean the thumb and forefinger and that called myope, you have on the left hand 4 and on the right hand 4000.
Again, closing the third finger—the middle—and keeping the remaining four straight, the fingers will represent on the left hand 5 and on the right hand 5000.
Closing, again, the epibate finger—the second— and keeping the remaining four open, you have on the left hand 6 and on the other 6000.
Again, by extending the finger called myope—the first—so as to touch the palm, and keeping the others stretched out straight, you have 7 and on the other hand 7000.
If the second finger—that called next the middle— is extended in a similar manner and bent until it nearly touches the hollow of the hand, while the remaining three fingers—the third, fourth and fifth— are stretched out straight as aforesaid, the resulting figure will represent on the left hand 8 and on the right hand 8000.
If the third finger also is bent in this manner, the other two—the first and second—remaining as before, the fingers will represent on the left hand 9 and on the other 9000.
Again, if the thumb is kept open, not raised verti-
a The Greek word means literally the “ licking ” finger.
b The Greek word means literally “ that which is opposite ” sc. the four fingers.
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αιρόμενου, αλλά πλαγίως πως, και τοΰ λιχανοΰ ύποκλινομενου άχρις άν τώ τοΰ άντίχειρος προτερω άρθρω συμπεση, εως άν γενηται σίγματος σχήμα, τών δβ λοιπών τριών φυσικώς ηπλωμενων και μη χωριζομενων απ' άλληλων, άλλα συνημμένων, τό τοιοΰτον εν μεν τη εύωνύμω χειρι σημαίνει δέκα, εν δέ τη δεξιή, ρ.
(ii.) The Abacus
Herod, ii. 36. 4
Γράμματα γράφουσι και λογίζονται φηφοισι Έλ-ληνες μεν από τών αριστερών επι τά δεξιά φε-ροντες την χεΐρα, Αιγύπτιοι δε από τών δεξιών επι τά αριστερά· και ποιεΰντες ταΰτα αυτοί μεν φασι επι δεξιά ποιεειν, Έλληνας δε επ' αριστερά.
° It is perhaps unnecessary to follow this trifle to its end. Rhabdas proceeds to show how the tens from 20 to 90, and the hundreds from 200 to 900, can be represented in similar manner. Details are given in Heath, H.G.M. ii. 552.
I have not found it possible to give a satisfactory rendering of Rhabdas’s names for the fingers. Possibly μύωφ should be translated spur (though this seems a more natural name for the thumb than the first finger) and επιβάτης rider; σφάκελος (σφάκελλος in the mss.) can mean spasms or convulsions, and Mr. Colin Roberts tentatively suggests (to my mind convincingly) that the middle finger is so called because it is joined with the thumb in cracking the fingers.
* The only ancient abaci wrhich have been preserved and can definitely be identified as such are Roman. It is disputed whether the famous Salaminian table, discovered by 84
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cally but somewhat aslant, and the forefinger is bent until it touches the first joint of the thumb, so that they resemble the letter <r, while the remaining three fingers are kept open in their natural position and not separated from each other but kept together, the figure so formed will signify on the left hand 10 and on the right hand 100.a
(ii.) The Abacus b
Herodotus ii. 36. 4
In writing and in reckoning with pebbles the Greeks move the hand from left to right, but the Egyptians from right to leftc; in so doing they maintain that they move the hand to the right, and that it is the Greeks who move to the left.
Rangabe and described by him in 1846 (Revue archeologique iii.), is an abacus or a game-board ; the table now lies in the Epigraphical Museum at Athens and is described and illustrated by Kubitschek (Wiener numismatische Zeitschrift, xxxi., 1899, pp. 393-398, with Plate xxiv.), Nagi (Abhand-lungen zur Geschichte der Mathematik, ix., 1899, plate after p. 357) and Heath, H.G.M. i. 49-51. The essence of the Greek abacus, like the Roman, was an arrangement of the columns to denote different denominations, e.g.3 in the case of the decimal system units, tens, hundreds, and thousands. The number of units in each denomination was shown by pebbles. When the pebbles collected in one column became sufficient to form one or more units of the next highest denomination, they were withdrawn and the proper number of pebbles substituted in the higher column.
• This implies that the columns were vertical.
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Diog. Laert. i. 59
*Ελβγ€ τούς παρά τους τυράννους όυναμενους παραπλήσιους είναυ ταΐς ψήφους ταΐς έπϊ τών λο-γυσμών. καϊ, γάρ εκείνων έκάστην ποτέ μέν πλείω σημαίνευν, ποτέ δέ ήττω* καϊ τούτων τούς τυράννους ποτέ μέν έκαστον μεγαν άγευν καϊ λαμπρόν, ποτέ δέ άτυμον.
Polyb. Histor. ν. 26. 13
"Όντα»? γάρ ευσυν οΰτου παραπλήσιου ταΐς έπυ τών άβακίων ψήφους* έκευναυ τε γάρ κατά τήν τοΰ ψηφίζοντας βούλησυν άρτυ χαλκοΰν καυ παραυτίκα τάλαντον υσχύουσυν, ου τε περϊ τάς αύλάς κατά τό του βασυλέως νεύμα μακάρυου καυ παρά πόόας έλεευνου γίνονταυ.
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Diogenes Laertius i. 59
He [Solon] used to say that men who surrounded tyrants were like the pebbles used in calculations ; for just as each pebble stood now for more, now for less, so the tyrants would treat each of their courtiers now as great and famous, now as of no account.
Polybius, History v. 26. 13
These men are really like the pebbles on reckoningboards. For the pebbles, according to the will of the reckoner, have the value now of an eighth of an obol, and the next moment of a talentα ; while courtiers, at the nod of the king, are now happy, and the next moment lying piteously at his feet.
a In the Salaminian table (see supra, p. 34 n. b) the extreme denominations on one side are actually the talent and the χαλκούς (| obol).
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(λ) English Notes and Examples
From earliest times the Greeks followed the decimal system of enumeration. At first, no doubt, the words for the different numbers were written out in full, and many inscriptions bear witness to this practice. But the development of trade and of mathematical interests would soon have caused the Greeks to search for some more convenient symbolic method of representing numbers. The first system of symbols devised for this purpose is sometimes known as the Attic system, owing to the prevalence of the signs in Attic inscriptions. In it I represents the unit, and may be repeated up to four times. There are only five other distinct symbols, each being the first letter of the word representing a number. They are
P (the first letter of Trevre) =	5
Λ (δβκα) Η (βκατόρ) X (χίλύού) ΓΊ ([JLVpLOL)	=	10 = 100 = 1000 =10000
Like I, each of these signs may be repeated up to
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four times. Four other symbols are formed by compounding two of the simple signs.
P (Π and △)=	50
P (P and H)= 500 P (P and X)= 5000
P (P and M) = 50000
By combinations of these signs it is possible to represent any number from 1 to 50000. For example, ΡΧΗΗΗΔΔΡΙΙΙΙ=6329.
Notwithstanding the opinion of Cantor,a there is very little to be said for this cumbrous notation. A second system devised by the Greeks made use of the letters of the alphabet, with three added letters, as numerals. It is not certain when this system came into use,b but it had completely superseded the older system long before the time of the writers with whom we shall be concerned, and for the purposes of this book it is the only system which need be noticed. In it an alphabet of 27 letters is used : the first nine letters represent the units from 1 to 9, the second nine represent the tens from 10 to 9θ, and the third nine represent the hundreds from 100 to 9θθ· To show that a numeral is indicated, a horizontal stroke
• Vorlesungen uber Geschichte der Mathematik, i8, p. 129.
8 For a full consideration of the date given by Larfeld (end of eighth century b.c.) and that given by Keil (550-425 b.c.), see Heath, H.O.M. i. 33-34.
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is generally placed above the letter in cursive writing, as in the following scheme a
ά = 1	ί = 10	ρ = 100
	κ = 20	σ =200
γ = 3	λ =30	τ =300
£ =4	μ = 40	ΰ =400
€ =5	ν =50	=500
Γ =6	f =60	χ =600
t-1	δ =70	ψ =700
ί -8	π =80	co = 800
0=9	ς=90	=900
The horizontal stroke is often omitted for con-
venience in printed texts.
In this system there are three letters ς~ (Stigma, a form of the digamma), ζ or ? (Koppa) and (Sampi) which had been taken over by the Greeks from the Phoenician alphabet but had dropped out of literary use. As there is no record of this alphabet of 27 letters in this order being in use at any time, it seems to have been deliberately framed by someone for the purposes of mathematics.b Though more concise than the Attic system, it suffers from the disadvantage of giving no indication of place-value ; the connexion between e, v and </>, for example, does not leap to the eye as in the Arabic notation 5, 50, 500.
α In some texts the method of indicating that a letter stands for a numeral is an accent placed above the letter and to the right, in the following manner:
a =1, i =10, p' = 100.
A double accent is used to indicate submultiples, e.g.*
y" — I» λ" = yV, t" =
• Gow, A Short History of Greek Mathematics, pp. 45-46.
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Opinions differ greatly on the facility with which it could be used, but the balance of opinion is in favour of the view that it was an obstacle to the development of arithmetic by the Greeks.
By combination of these letters, it is possible to represent any number from 1 to 999· Thus pvy = 153. For the thousands from 1000 to 9000 the letters a to Θ are used again with a distinguishing mark, generally a stroke subscribed to the letter a little to the left, in addition to the horizontal stroke above the letter.
Thus ,6=1000, ,/? = 2000, . . . ,0 = 9000.
For tens of thousands the sign M is used, generally with the number of myriads written above it.
α	β
Thus M = 10000, M = 20000, and so on (Eutocius).
Y
Another method is to use the sign M or M for the myriad and to put the number of myriads after it, separated by a dot from the thousands.
Thus
Y_ ______
Μρδ. /ηφοζ-= 1048576 (Diophantus vi. 22, ed. Tannery 446. 11).
In a third method the symbol M is not used, but the symbol representing the number of myriads has two dots placed over it.
Thus
18596 (Heron, Geometrica xvii. 33, ed. Heiberg 348. 35).
Heron commonly wrote the word μυριάδες in full.
To express still higher numbers, powers of myriads were used. Apollonius and Archimedes invented 44
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There was no single Greek system for representing fractions. With submultiples, the orthodox method was to write the letter for the corresponding number with an accent instead of a horizontal dash, e.g., δ' = |. There were special signs, Z' and C', for and or' for |. The Greeks, like the Egyptians, tried to express ordinary proper fractions as the sum of two or more submultiples. Thus Z' δ' = ^ + | = |, Δ! = 4 + (Eutocius). There was a limit to what could be done in this way, and the Greeks devised several methods of representing ordinary proper fractions. The most convenient is that used by Diophantus, and occasionally by Heron. The numerator is written underneath the denominator, which is the reverse of our modern practice. Thus
=^Vk· A method commonly used in Heron’s works was to write the denominator twice and with an accent, e.g., δ = tfi ζ'ζ' = 1^., Sometimes the word λ€7ττά (“ fractional parts ”) was added, e.g., λβτττά να να = There is no fixed order of preference for numerator and denominator. In Aristarchus of Samos we find 8vo μζ for and in Archimedes l oa for where only the context will show that 10Τγ is not intended.
Several fragments illustrating elementary mathematical operations have come to light among the Egyptian papyri.a The following tables (2nd cent. a.d.) show how fractions can be represented as sums of submultiples. The Greek is set out in columns. The
a I am indebted to Mr. Colin Roberts for drawing my attention to them.
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first two columns give the numerator of the fraction to be split up. The denominator is not explicitly announced in the table, but it is implicit in the first line. Fractions are marked with signs like accents, usually but not always over every letter. The sign Δ for | will be noted. Dots under letters indicate doubtful readings.
Michigan Papyri, No. 145, vol. iii. (Humanistic Series, vol. xl.) p. 36
I, ii
A Table of Twenty-thirds
T7/S	α	κ V		
[των	/?]	ι'£'	/ / cro ς-	
[των	71	/ L	P*’	III ρ L €
[των	δ	d'	ρ'λ'η'	
[των	€	/ Γ	κ'τϊ	M'fr]
Equivalent in Arabic Notation
i _ i
έέ — 2 π
2 —-1 4	1
2	“ 1 T * 2 7B-
3 _ 1	.	1 i 1
■2^ — TO + Tfr + TTK
•	4-11	1
•2 T “ K ψ TTg· 6 _ 1 i 1	.	1
HT — S’ + T3 + Τ7ΠΓ
ii
A Table of Twenty-ninths
των	φ	Δ	77	κθ'	σλ'β'
[των]	ι7	/ χ	i'e'	[κ'θ'	
[των]	ιδ	Δ	f €	[•'Έ'	7	/ ! ρίς-	ρρ. €
[των]	t€	ζ	/ t V 7/		
[των	‘Jr			κ']0'	/ t V 7/
[των		ζ			
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Equivalent in Arabic Notation
_1_2	_	1	i	1	. _1_	.	_1
29	“4	'	8	T 29	'	232
13	_	1	i	1	i 1	I 1	i	1
29 “ 3 + Ϊ5 + 2 9 + 8 7 + 4 3^
H	_	1	i	l	i 1_	।	1	1_1
2 9	—	4	+	β	+ 5 8 +	116'	145
+ A
1 5
2 9
1 6 o q
1 7
1	1	1	.	_1
2	'	ΤΊΓ	5 S’
1	.	1	I	1
The Greeks had no sign corresponding to 0, and never rose to the conception of 0 as a number? Having no need of a sign to indicate decimal position, they wrote such a number as 1007 in only two letters— ζα£·
By means of these devices the Greeks had a complete system of enumeration. Here are a few examples of complicated numbers taken from Eutocius :
jVr ^'^' = 13739434^ = 1373943^.
βς Z' i<r' = 5472090jTV = 5472090/^.
With these symbols the Greeks conducted the chief mathematical operations in much the same manner, and with much the same facility, as we do. The following is an example of multiplication from
° In his sexagesimal notation, Ptolemy used the symbol O to stand for ούδβμία μοίρα or ούδέρ ζζηκοστόν. The diverse views which have been held on this symbol from the time of Delambre are summed up by Loria (Le scienze esatte nelV antica Greciay p. 761) in the words: “In base ai document! scoperti e decifrati sino ad oggi, siamo autorizzati a negare che i Greci usassero lo zero nel senso e nel modo in cui lo adoperiamo noi.”
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Eutocius’s commentary on Archimedes’ Measurement of a Circle (Archim., ed. Heiberg iii. 242) :
ίπ! ρνγ	153 χ 153
a	
M ,π	15300
/ ,βΦ Pv	5000 2500 150
τ ρνθ β	300 159
Η	.	
υ Μ ,γνθ	Total 23409
The operation, it will be noticed, is split up into a number of simple operations. 153 is first multiplied by 100, then 100, 50 and 3 are separately multiplied by 50, and lastly 100 and 53 are separately multiplied by 3. The products are finally all added together to make the total of 23409.
Only one example of long division fully worked out survives in the whole of the extant corpus of Greek mathematical writings—in Theon’s Commentary on the Syntaxis of Ptolemy. The same work contains an example of the extraction of a square root. Both passages will be reproduced, but as the notation is sexagesimal a few words of explanation are necessary.
The sexagesimal notation had its origin among the Babylonians and was used by the Greeks in astronomical calculations. It appears fully developed in the Syntaxis of Ptolemy and the Commentaries of Theon and Pappus.a In this system the circumference of a
° Theon of Alexandria (to be distinguished from Theon of Smyrna) is dated by Suidas in the reign of Theodosius I (a.d. 379-395). His commentary on Ptolemy’s Syntaxis is in eleven books, and his famous daughter Hypatia assisted in its revision. Pappus of Alexandria flourished in the reign of 48
ARITHMETICAL NOTATION
circle, and with it the four right angles at the centre, are divided into 360 equal parts by radial lines. Each of these 360 degrees (jaolpac or τμήματα) is divided into 60 equal parts called πρώτα εξηκοστά, frequently represented as a' εξηκοστά, first sixtieths or minutes. In turn each of these parts is divided into 60 δβΰτβρα €^κοσ·τά, or β' εξηκοστά, second sixtieths or seconds. By further subdivision we obtain τρίτα εξηκοστά, or γ' εξηκοστά, and so on. In similar manner the diameter of the circle is divided into 120 τμήματα) segments) each of these into sixtieths, and so on. The circular associations of the system tended to be forgotten, and it offered a convenient method for representing any number consisting of an integral number of units with fractional parts. The denominations of the parts might be written out in full {e.g.) πρώτα εξηκοστά "^ = 900 minutes, a εξηκοστά σ καί β' u = 200 minutes and 15 seconds), or a number consisting of degrees, minutes and seconds might be written down in three sets of numerals without any indication of the denominations other than is provided by the context (e.g., ,αφιχ κ ΐε = 1515° 20' 15").
After explaining the advantages of the notation owing to the large number of factors of 60, and noting the result of multiplying or dividing minutes by degrees, minutes by minutes, and so on, Theon gives an example of multiplication and then the two interesting passages which are now to be reproduced and translated:
Diocletian (a.d. 284-305). His chief work was his Synagoge or Collection, a handbook to Greek geometry which is now one of our main sources for the subject and will be extensively used in these pages.
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(6) Division
Theon Alex, tn Ptol. Math. Syn. Comm. i. 10, ed. Rome, Studi e Testi, Ixxii. (1936), 461. 1-462. 17
"Έστω δβ και άνάπαλιν δοθεντα αριθμόν μερίσαι παρά τε μοίρας και πρώτα και δεύτερα εξηκοστά, έστω ο δοθείς αριθμός ό ,αφιε κ ιέ' και δέον έστω μερίσαι αυτόν παρά τον κέ ιβ ΐ, τουτεστιν εύρεΐν ποσάκις εστιν ό κέ ιβ ϊ εν τω ,αφιε κ ϊε·
Μερίζομεν αυτόν πρώτον παρά τον ξ, επειδηπερ ό παρά τον ξα ύπερπίπτει και άφαιροΰμεν εξηκον-τάκι τον τε κέ και τον ιβ, και ετι τον ΐ. και πρότερον τον κέ, και γίνονται ,αφ' εΐτα επι τών λοιπών μοιρών ιέ κ ιέ άναλύσαντες τάς ϊέ μοίρας εις πρώτα εξηκοστά και προσθεντες αύτοΐς τά πρώτα εξηκοστά κ από τών γενομενων πρώτα πάλιν εξηκοστά άφαιροΰμεν εξηκοντάκις τά ιβ, τουτεστιν φκ· και ετι από τών λοιπών πρώτων εξηκοστών σ και δεύτερων ιε άφαιροΰμεν εξηκοντάκις πάλιν τά ΐ* γίνεται δεύτερα μεν εξηκοστά
α We may exhibit Theon’s working as follows :
1st division 25° 12' 10" | 1015°	20z 15?z | 60°
25°.60° = 1500°
15°=900z
20'
920'
12'. 60° =720'
200'	15"
10".60°= 10'
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(6)	Division
Theon of Alexandria, Commentary on Ptolemy's Syntaxis, i.
10,	ed. Rome, Studi e Testi, Ixxii. (1936), 461. 1-462. 17
Conversely, let it be required to divide a given number by a number expressed in degrees, minutes and seconds. Let the given number be 1515° 20' 15"; and let it be required to divide this by 25° 12' 10", that is, to find how often 25° 12' 10" is contained in 1515° 20' 15".a
We take 60° as the first quotient, for 61° is too big; and we subtract sixty times 25° and sixty times 12' and also sixty times 10". Firstly, we take away sixty times 25°, wThich is 1500°. In the remainder, 15° 20' 15", we split up the 15° into minutes and add to them the 20'; and from the resulting 920' we subtract sixty times 12', that is, 720'. This leaves 200' 15", and we now subtract
2nd division
3rd division
25° 12z 10" ΓΪΟΟ7 25°.7Z = 175'
15' = 900"
15"
915"
12'.7'= 84"
831"
i" 10,,,
25° 12z 10" | 829" 50"z [ 33" 25°. 33" =825"
12,.33" =
4" 50z" = 290
396
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χ, πρώτα δε ϊ. βίτα πάλιν τά ύπολιπβντα1 πρώτα εξηκοστά ρ^ και δεύτερα ϊέ μερίζομεν παρά τον κέ, και γίνεται ο μερισμός παρά ζ' ύπερπίπτε γάρ παρά τον η. και τά γενόμενα εκ της παραβολής εξηκοστά πρώτα ροε άφείλομεν άπο τών ρ^ πρώτων εξηκοστών, έπειτα τά λοιπά ϊέ πρώτα εξηκοστά άναλύσαντες εις δεύτερα και προσθετές αΰτοΐς τά δεύτερα εξηκοστά ϊέ, άπο τών γενομένων ^ie άφαιροΰμεν επτάκις τά ιβ πρώτα εξηκοστά, τουτεστιν πδ δεύτερα εξηκοστά, διά το και τά ζ πρώτα είναι εξηκοστά, και υπολείπεται λοιπά ωλα δεύτερα εξηκοστά, και ετι άφελοΰμεν ομοίως επτάκις και τά ϊ δεύτερα εξηκοστά, ά γίνεται τρίτα εξηκοστά ό, τουτεστιν δεύτερον ά και τρίτα ϊ. και λοιπά ύπελίπη δεύτερα εξηκοστά ωκθ και τρίτα ν. ταΰτα πάλιν παρά τον κέ. και γίνεται ο μεν μερισμός παρά τον λγ, εκ δε της παραβολής ώκε δεύτερα εξηκοστά. και λοιπά ύπελίπη δεύτερα εξηκοστά δ, τρίτα δε ν, όμοΰ δέ τρίτα σζ. επειτα πάλιν άφείλομεν τά ιβ πρώτα εξηκοστά τριακοντάκι και τρΙς και γίνεται τρίτα τ^ζ~, ώς ποιεΐν έγγιστα τον μερισμόν τον ,αφιε κ ϊέ παρά τον ϊ<έ ιβ ϊ, ξ ζ λγ, έπει και εάν ταΰτα πολλαπλασιάσω μεν έπι τά κέ ιβ ϊ συνάγεται ο ^αφιε κ ϊέ έγγιστα.
,αφιε κ ii κΐ ιβ ϊ ζ ζ λγ
(c)	Extraction of Square Root
Ibid. 469. 16-473. 8
Τούτων θεωρηθέντων, έξης άν ίίη διαλαβέίν πως 52
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sixty times 10" ; that is 600", or 10'. The remainder is 190' 15", and, making a new start, we divide by 25° ; the quotient is 7', for 8' is too big. The number resulting from this division is 175', which we subtract from the 190'. There is a remainder of 15', which we split up into 900'' and to it add the 15" ; from the resulting 915" we subtract seven times 12', which is 84" on account of the seven being minutes; there is left a remainder 831". Similarly we subtract seven times 10", which is 70"', or 1" 10'". The remainder is 829" 50'". We divide this in turn by 25°. The quotient is 33", and the number resulting from the division is 825", leaving a remainder of 4" 50"', or 290'". Next we subtract thirty-three times 12', which is 396'". Thus the quotient obtained by dividing 1515° 20' 15" by 25° 12' 10" is approximately 60° 7' 33", inasmuch as, if we multiply this quotient by 25° 12' 10", the result will be approximately 1515° 20' 15".
1515° 20' 15"	25° 12' 10"	60° 7' 33"
(c) Extraction of Square Root
Ibid. 469. 16-473. 8
After this demonstration the next step is to inquire
1 “Forme suspecte. Voir pourtant Hirt. Handbuch der griechischen Laut- und Formenlehre, 2e ed., Heidelberg, 1912, p. 506.”—Rome.
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αν δοθέντος χωρίου τίνος τετραγώνου μη έχοντας πλευράν μηκει ρητην την σύνεγγυς αύτοΰ τετραγωνικήν πλευράν έπιλογισώμεθα. καί εστιν το τοιοΰ-τον δηλον έπι ρητην έχοντος πλευράν, εκ τοΰ δ' θεωρήματος τοΰ β' βιβλίου τών Στοιχείων, ου η πρότασίς εστιν τοιαύτη· εάν ευθεία γραμμή τμηθη ώς ετυχεν, το άπο της όλης τετράγωνον ΐοον εστιν τοΐς τε άπο τών τμημάτων τετραγώνοις και τω δις υπό τών τμημάτων περιεχομενω ορθογωνίω. εάν γάρ εχοντες δοθεντα άριθμόν τετράγωνον ώς τον ρμδ, ρητην εχοντα πλευράν ώς την ΑΒ εύθεΐαν, και λαβόντες αΰτοΰ ελάσσονα τετράγωνον τον ρ, ου εστιν πλευρά ϊ, και ύποθεμενοι την ΑΓ ϊ, διπλα-σιάσαντες αυτήν [καί]1 δίά τό δις υπό τών ΑΓ, ΓΒ, (παρα)* τά γενόμενα κ παραβάλωμεν [παρά]3 τά λοιπά μδ, τών ύπολειπομενών δ εσται τό άπο της ΓΒ, αυτή δε μηκει β· ην δέ και η ΑΓ r και όλη άρα η ΑΒ εσται μοιρών ιβ, όπερ εδει δεΐζαι.
1 καί om, Rome.	2 παρά add. Rome.
8 παρά om. Rome.
• The diagram will make the procedure clear. The square
5i
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in what manner, given the area of a square whose side is irrational, we may make an approximation to its side. In the case of a square with a rational side the method is clear from the fourth theorem of the second book of the Elements, whose enunciation is as follows : If a straight line be cut at random, the square on the whole is equal to the squares on the segments, and twice the rectangle contained by the segments. For if the given number is a square such as 144, having a rational side AB, we take the square 100, which is less than 144 and has 10 as its side, and make ΑΓ equal to 10. Doubling it, because the rectangle contained by ΑΓ, ΓΒ is taken twice, we get 20, and by this number we divide the remainder 44, obtaining a remainder 4 as the square on ΓΒ, whose length will therefore be 2. Now ΑΓ was 10, and therefore the whole AB is 12, which was to be proved.®
ΑΔ is divided up into the squares EZ, BZ and the equal rectangles AZ, ΖΔ.
Thus, square ΑΔ= square EZ+2 rect. AZ + square BZ or 144 = 102 +2.10.2 + 22. Generally, if a given square number A is equal to (a+x)2, where a2 is a first approximation, then
A = a2 + 2ax +x2
and we find the value of x by dividing 2α into the remainder when a2 is subtracted from A.
If A is not a square number, then this gives a method of finding an approximation, a + x, to the square root.
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*Τνα δέ και βπι Tiros* τών er τή Συντα^βι τταρακβι-μένων άρίθμώΐ’ υπ όφω ήμΐν γένηται, η τής κατά μέρος άφαιρέσεως διάκρισής, ποι,ησόμεθα τήν αττό-δειζιν έττί τοΰ ,δφ αριθμόν, ον τήν ττλενραν εζεθετο μούρων ζζ δ re. έκκείσθω γωρίον τετράγωνον το ΑΒΓΔ, δννάμει, μόνον ρητόν, ον τό εμβαδόν έστω μοι,ρών ,δφ, καί δέον έστω τήν σννεγγνς αντοΰ
Β
Ε
Θ
Η	Κ
	<r^| II Ci o		δ' = 4'	//	£» ί>// ue = 55
	,δυπ0=4489°		σίη'	
			Z	= 268'	// /// ζΤχπη μ = 3688" 40"'
δ' = 4'	σξη' = 26S'		= 16"	
ve" = 55"	= 3688"	p'" 40'"		Λ
τετραγωνικήν ττλενραν εττιλογίσασθαί.
»	% τ e
€7761 OVV Ο
Γ
° The method which Theon proposes to use may be summarised as follows. A first approximation to the square root 56
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In order to show visually, for one of the numbers in the Syntaxis, this extraction of the root by taking away the parts, we shall construct the proof for the number 4500°, whose side he [Ptolemy] made 67° 4' 55". Let ΑΒΓΔ be a square area, the square alone being rational, and let its contents be 4500°, and let it be required to calculate the side of a square approximating to it.a Since the square
of 4500 is 67, for 672 =4489. (This suggests that Theon may have had a table of squares before him.) Theon proposes to
find the square root of 4500 in the form 67 +	That is,
bO bO*
V4500=x/6r +11=67+^+^.
It follows from Euclid ii. 4 that must be less than 11, bO 660
or x must be less than —The nearest whole number 2.6i
obtained by dividing 2.67 into 660 is 4, and we try 4 for the value of x. On trial it is found that 4 satisfies the conditions of the problem, for f 67 -r 2 is less than 4500, the remainder \	60/
7424
being Theon proves this geometrically. If AE=67, then the square AZ =4489 and the gnomon ΒΖΖΔ is therefore 660	4
11, or Putting ΕΘ=ΗΚ=—, we have rect. 0Z=rect. bO	bO
ZK=——- =-^x-. Iheir sum is and this we subtract from bO bU	60
660	_	124	7440	16 , .
—, getting —- or -g^-. From this we subtract —2, being 7424
the value of the square ΖΛ, and so get - f°r the* remaining gnomon ΒΛΑΔ, as was stated above. This remainder now serves as a basis to obtain the third term y of the quotient. Since { ^67 +	+ go2}2 *s aPProxlma^e’y 4500, w’e have by
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σύνεγγυς τοΰ ,δφ τετράγωνος ρητην εχων πλευράν όλων μονάδων εστιν ,δυπθ άπο πλευράς τοΰ ξζ, άφηρησθω άπο τοΰ ΑΒΓΔ τετραγώνου τό ΑΖ τετράγωνον μονάδων δυπθ, ου η πλευρά έστω μονά· δων ξζ· ό λοιπός άρα ό ΒΖΖΔ γνώμων εσται μονάδων ία, ας άναλύσαντες εις πρώτα εξηκοστά χξ έκθησόμεθα. επειτα διπλασιάσαντες την ΕΖ διά τό δις υπό ΕΖ, ώσπερ επ* ευθείας της ΕΖ την ΖΗ λαμβάνοντες, παρά τά γενόμενα ρλδ παραβαλοΰμεν τά χξ εξηκοστά πρώτα, και τών γενομενων εκ της παραβολής δ πρώτων εξηκοστών εξομεν εκατεραν τών ΕΘ, ΗΚ. και άναπληρώσαντες τά ΘΖ, ΖΚ παραλληλόγραμμα εξομεν και αυτά φλζ“ πρώτων εξηκοστών, εκάτερον δε δν σξη. εΐτα πάλιν τά ΰπολιπεντα ρκδ πρώτα εξηκοστά άναλύσαντες εις δεύτερα ,ζυμ, άφελοΰμεν και τό ΖΛ άπο πρώτων S γενόμενον εξηκοστών δεύτερων ΪΓ, ΐνα γνώμονα περιθέντες τω εξ άρχης τετραγώνω τω ΑΖ εχωμεν τό ΑΛ τετράγωνον άπο πλευράς ξζ δ συναγόμενον μοιρών ,δυ^ζ ν? ϊ?. και λοιπόν πάλιν τον ΒΛΛΔ γνώμονα μοιρών β γ μδ, τουτεστιν δεύτερων εξηκοστών ,ζυκδ. ετι δε πάλιν διπλασιάσαντες την ΘΛ ώς ευθείας τυγχανουσης τη ΘΑ της ΛΚ, και παρά τά γινόμενα ρλδ η μερίσαντες τά ,ζυκο δεύτερα εξηκοστά, τών εκ της παραβολής γενομενων νε έγγιστα δεύτερων εξηκοστών εχομεν
(λ \	/ ν \2	74.24.
67 + 6ό) · (^2+	approximately ’
and we obtain a trial value for y by dividing 2(67 or 58
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which approximates to 4500° but has a rational side and consists of a whole number of units is 4489° on a side of 67°, let the square AZ, with area 4489° and side 67°, be taken away from the square ΑΒΓΔ. The remainder, the gnomon ΒΖΖΔ, will therefore be 11°, which we reduce to 660' and set out. Then we double EZ, because the rectangle on EZ has to be taken twice, as though we regarded ZH as on the straight line EZ, divide the result 134° into 660', and by the division get 4', which gives us each of Εθ, HK. Completing the parallelograms ΘΖ, ZK, we have for their sum 536', or 268' each. Continuing, we reduce the remainder, 124', into 7440", and subtract from it also the complement ΖΛ, which is 16", in order that by adding a gnomon to the original square AZ we may have the square ΑΛ on a side 67° 4' and consisting of 4497° 56' 16". The remainder, the gnomon ΒΛΛΔ, consists of 2° 3' 44", that is, 7424". Continuing the process, we double ΘΛ, as though ΛΚ were in a straight line with ΘΛ and equal to it, divide the product 134° 8' into 7424", and the result is approximately 55", which gives
(8 \	e	55
134 + $θΗη1ο 7424, which yields y — 55. Putting as the value of ΘΒ, ΚΔ, we get the value	for each of the
rects. ΒΛ, ΛΔ, or
7377
602
20
+ θθ3 for their sum. Subtracting this
7424	46	40
from we get	which Theon notes will be ap
proximately the value of the square ΛΓ, or
„	. 46 t 40 2800 16800 ... /
matter of fact, θθ2 + $θ3	$θ3	w’hile (
Uo27 ' As a 55 \ 2 3025
,602
604 *
59
GREEK MATHEMATICS ’
cyytora έκατέραν τών ΘΒ, ΚΔ. /cat συμπληρώ)-σαντες τά ΒΛ, ΛΔ παραλληλόγραμμα, εξομεν και αυτά εξηκοστών δεύτερων μεν ,ζτο καί τρίτων υμ, εκάτερον δε δεύτερων μεν εξηκοστών ,γχπε καί τρίτων σκ.1 καί λοιπά ύπελίπη εξηκοστά δεύτερα μ^ καί τρίτα μ, άπερ έγγιστα ποιεί τό ΛΓ τετράγωνον, από πλευράς τυγχάνον νε δεύτερων εξηκοστών, καί εσχομεν την πλευράν τοΰ ΑΒΓΔ τετραγώνου, μοιρών τυγχάνοντας δφ, ξζ δ νε εγγι,στα.
"Ωστε καί καθόλου εάν ζητώμεν αριθμού τίνος την τετραγωνικήν πλευράν επίλογίσασθαί, λαμ-βάνομεν πρώτον τοΰ σύνεγγυς τετραγώνου αριθμού την πλευράν. εΐτα ταύτην διπλασιάσαντες καί παρά τον γινόμενον αριθμόν μερίσαντες τον λοιπόν αριθμόν άναλυθεντα εις πρώτα εξηκοστά, καί από τοΰ εκ της παραβολής γενομενου άφελοΰμεν τετράγωνον, καί άναλύοντες πάλιν τά ύπολείπόμενα εις δεύτερα εξηκοστά, καί μερίζοντες παρά τον δί-πλασίονα τών μοιρών καί εξηκοστών, εξομεν έγγιστα τον έπίζητούμενον της πλευράς τοΰ τετραγώνου χωρίου αριθμόν.
(d) Extraction of Cube Root
Heron, Metr. iii. 20, ed. Schone 178. 3-16
*Ως δβ δει λαβεΐν τών ρ μονάδων κυβικήν πλευράν νΰν εροΰμεν.
1 So the oldest ms. In others the numbers are worked out to the equivalent forms ,ζτοζ" κ", ,γχπη" μ'".
α In the Greek of the oldest ms. the numbers are given as 7370" 440"z and 3685" 220z", in which form Theon would first 60
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us an approximation to ΘΒ, ΚΔ. Completing the parallelograms ΒΛ, ΛΔ, we shall have for their joint area 7377" 20"', or 3688" 40"' each.a The remainder is 46" 40'", which approximates to the square ΛΓ on a side of 55", and so we obtain for the side of the square ΑΒΓΔ, consisting of 4500°, the approximation 67° 4' 55".
In general, if we seek the square root of any number, we take first the side of the nearest square number, double it, divide the product into the remainder reduced to minutes, and subtract the square of the quotient ; proceeding in this way we reduce the remainder to seconds, divide it by twice the quotient in degrees and minutes, and we shall have the required approximation to the side of the square area?
(cT) Extraction of Cube Root
Heron, Metrics iii. 20, ed. Schone 178. 3-16
We shall now inquire into the method of extracting the cube root of 100.
obtain them. In other mss. the numbers are worked out to the form 7377" 20"', 3688" 40'".
b In his Table of Chords Ptolemy gives the approximation /o_103	55	23
λ 6 ~ 60 + 602 + 603’
which is equivalent to 1*7320509 and is correct to six decimal places. This formula could be obtained by a slight adaptation of Theon’s method.
Archimedes gives, without any explanation, the following approximation :
1351	265
780“ >V3> γγγ
The formula opens up a wide field of conjecture. See Heath, The Works of Archimedes, pp. Ixxx-xcix.
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Λαβε τον εγγι,στα κύβον τοΰ ρ τον τε ύπερβάλ-λοντα καί τον έλλείποντα- εστί δβ ο ρκε καί ο ξδ. καϊ, οσα μεν υπερβάλλει,, μονάδες κε, όσα δε βλ* λείπει,, μονάδες λΓ. καί ποίησον τά ε επί τά λ$~· γίγνεται, ρπ- καί τά ρ· γίγνεται σπ. {καϊ παράβαλε ιδ'
τά ρπ παρά τά σπ.^ γίγνεται θ. πρόσβαλε ττ) [κατά] τού ελάσσονος κύβου πλευρά, τουτεστι τώ ιδ'
δ* γίγνεται, μονάδες δ καί θ τοσούτων εσται ή τών ρ μονάδων κυβϋκη πλευρά ώς έγγιστα.
1 καί παράβαλε τά ρπ παρά τά σπ supplevit Η. Schone.
a If p3 and q3 are the two cube numbers between which A lies, and A =p3 -a = q3 +b. then Heron’s formula can be generalized as follows :
It is unlikely that Heron worked with this general formula; his method was probably empirical. The subject is discussed
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Take the nearest cube in excess of 100 and also the nearest which is deficient ; they are 125 and 64. The excess of the former is 25, the deficiency of the latter 36. Now multiply 36 by 5 ; the result is 180 ; and adding 100 gives 280. Dividing 180 by 280 gives T9T. Add this to the side of the lesser cube, that is, to 4, and the result is 4T9T. This a is the closest approximation to the cube root of 100.
by M. Curtze, Quadrat- und Kubikwurzeln bei den Griechen nach Herons neu aufgefundenen MeTpuai (Zeitschrift f. Math. u. Phys, xlii., 1897, Hist.-lit. Abth., pp. 113-120), G. Wertheim, Herons Ausziehung der irrationalen Kubik-wurzeln (ibid. xliv., 1899, Hist.-lit. Abth.\ pp. 1-3), and G. Enestrom, Bibliotheca Mathematical viii., 1907-1908, pp. 412-413. The actual value of (4T9j)3 is 100727%.
There is no example in Greek mathematics of the extraction of a cube root fully worked out by means of the formula (a + a?)3 = a3 + 3a2a? + 3ax2 + a?3, corresponding to Theon’s method for square roots; but by means of this formula Philon of Byzantium (Meeh. Sy nt. iv. 6-7, ed. R. Schone) appears to have approximated to the cube roots of 1500, 2000, 3000, 5000 and 6000. Heron (Metrica iii. 22, ed. H. Schone 184. 1-2) gives without explanation 46 as the cube root of 97050.
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III. PYTHAGOREAN ARITHMETIC
VOL. I
D
III. PYTHAGOREAN ARITHMETIC
(a) First Principles
Eucl. Elem. vii.
"Οροι
a . Μονάς εστιν, καθ’ ην έκαστον τών οντων εν λέγεται.
β'. 'Αριθμός δέ τό εκ μονάδων συγκείμενον πλήθος.
γ'. Mepos εστιν αριθμός άριθμοΰ ό ελάσσων τοΰ μείζονος, όταν καταμετρή τον μείζονα.
δ'. Με'ρη δε, όταν μή καταμετρή.
ε'. Πολλαπλασίου δέ ό μείζων τοΰ ελάσσονος, όταν καταμετρήται ΰπδ τοΰ ελάσσονος.
ς~'. "Αρτιος αριθμός εστιν ό δίχα διαιρούμενος.
ζ'. Γίερισσός δε ό μή διαιρούμενος διχα ή [ό] μονάδι διαφέρων αρτίου άρι,θμοΰ.
η'. ’Αρτιάκις άρτιος αριθμός εστιν ό υπό αρτίου άριθμοΰ μετρούμενος κατά άρτιον αριθμόν.
β The theory of numbers is treated by Euclid in Books vii.-x. The definitions prefixed to Book vii. are wholly Pythagorean in their outlook, though there are differences in 66
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(a) First Principles
Euclid, Elements vii.
DEFINITIONS a
1.	A unit is that in virtue of which each of the things that exist is called one.
2.	A number is a multitude composed of units.
3.	A number is a part of a number, the less of the greater, when it measures the greater.
4.	But parts, when it does not measure it.
5.	The greater number is a multiple of the less when it is measured by the less.
6.	An even number is one that is divisible into two equal parts.
7.	An odd number is one that is not divisible into two equal parts, or that differs from an even number by a unit.
8.	An even-times even number1 is one that is measured by an even number according to an even number.
detail. Heath’s notes (The Thirteen Books of Euclid's Elements, vol. ii. pp. 279-295) are invaluable.
6	It is a consequence of this definition that an even-times even number may also be even-times odd, as 24 is both 6x4 and 8x3 (cf. Euclid ix. 34, where it is proved that this must be so for certain numbers). Three later writers, Nicomachus, Theon of Smyrna and lamblichus, defined an even-times even number differently, as a number of the form 2P.
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u . Αρτιακις oe περισσός εστιν ο υπο άρτιου αριθμού μετρουμενος κατά περισσόν αριθμόν.
[/. Τϊερισσάκις άρτιός εστιν ό υπό περισσού αριθμού μετρουμενος κατά άρτιον αριθμόν.]1
ια'. Μερισσάκις δέ περισσός αριθμός εστιν ό υπό περισσού αριθμού μετρουμενος κατά περισσόν αριθμόν.
ιβ'. Πρώτο? αριθμός εστιν ό μονάόι μόνη μέτρου μένος.
ιγ'. Πρώτοι προς άλληλους αριθμοί είσιν οι μονάόι μόνη μετρουμενοι κοινω μετρώ.
ιδζ. Σύνθετος αριθμός εστιν ό αριθμώ τινι μετρουμενος.
ιε'. Σύνθετοι δέ προς άλληλους αριθμοί εισιν οι αριθμώ τινι μετρουμενοι κοινω μετρώ.
1	ι'. περισσάκις . . · αριθμόν om. Heiberg.
α Instead of Euclid’s term άρτιάκις περισσός, Nicomachus, Theon and lamblichus used the single word άρτιο-περιττός. According to Nicomachus (Arith. Introd. i. 9) such a number, when divided by 2, leaves an odd number as the quotient, i.e., it is of the form 2(2n + 1). In this later subdivision an odd-even (περισσάρπος) number is one which can be halved twice or more successively, but the final quotient is always an odd number and not unity, i.e., a number of the form 2P+1 (2n+l). We thus have three mutually exclusive classes of even numbers: (1) even-even, of the form 2P; (2) even-odd, of the form 2(2n + 1); and (3) oddeven, of the form 2P+1 (2n +1), where (1) and (3) are extremes and (2) partakes of the nature of both. The odd-odd is not defined by Nicomachus and lamblichus, but according to a curious usage in Theon it is one of the names applied to prime numbers, for these have two odd factors, 1 and the number itself.
b According to this definition, any even-times odd number would also be odd-times even. The definition appears to have been known to lamblichus, but there can be little doubt 68
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9.	An even-times-odd number a is one that is measured by an even number according to an odd number.
[10. An odd-times even number is one that is measured by an odd number according to an even number.]**
11.	An odd-times odd number is one that is measured by an odd number according to an odd number.
12.	A prime number is one that is measured by the unit alone.
13.	Numbers prime to one another are those which are measured by a unit alone as a common measure.
14.	A composite number is one that is measured by some number.
15.	Numbers composite to one another are those which are measured by some number as a common measure.0
that it is an interpolation. If both definitions are genuine, one is not only pointless but the enunciations of ix. 33 and ix. 34 become difficult to understand, and were, indeed, read differently by lamblichus from what we find in our mss. We have to choose between accepting lamblichus’s reading in all three places and rejecting Def. 10 as interpolated. I agree with Heiberg (Euklid- Studien, pp. 198 et seq.) that the definition was probably interpolated by someone who was unaware of the difference between the Euclidean and the later Pythagorean classifications, but noticed the absence of a definition by Euclid of an odd-times even number and tried to supply one.
c Euclid’s definition of prime and composite numbers differs greatly from the classification of Nicomachus (Arith. Introd. i. 11-13) and lamblichus. To match the three classes of even numbers, they devised three classes of odd numbers : (1) πρώτον καί άσύνθετον, prime and incomposite, which is a prime number in the Euclidean sense ; (2) δεύτερον καί σύνθετον, secondary and composite, which appears to be the product of prime numbers ; and (3) ο καθ' εαυτό μεν δεύτερον καί σύνθετον, προς άλλο δε πρώτον καί άσύνθετον, that which is secondary and composite in itself, but prime and incomposite in relation to another, where all the factors must
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’Αριθμός αριθμόν πολλαπλασιάζειν λεγεται, όταν, όσαι εισϊν εν αυτώ μονάδάς, τοσαυτάκις συντεθη ο πολλαπλασιαζόμενος, και γενηταί τις.
ιζ'. 'Όταν δε δυο αριθμοί ποΧλαπλασιάσαντες άλληλους ποιώσί τινα, ό γενόμενος επίπεδος καλείται, πλευραι δε αυτόν οΐ πολλαπλασιάσαντες άλληλους αριθμοί.
ιη'. "Οταν δέ τρεις αριθμοί πολλαπλασιάσαντες άλληλους ποιώσί τινα, ο γενόμενος στερεός εστιν, πλευραι δε αντοΰ οι πολλαπλασιάσαντες άλληλους αριθμοί.
ιθ'. Ύετράγωνος αριθμός εστιν ό ισάκις ίσος η [ο] υπό δυο ίσων αριθμών περιεχόμενος.
κ . Υ^υρος οε ο ισάκις ίσος ισάκις η [oj υπο τριών ίσων αριθμών περιεχόμενος.
κα . ’Αριθμοί άνάλογόν εισιν, όταν ό πρώτος τοΰ δεύτερον και ό τρίτος τοΰ τετάρτου ισάκις η πολλαπλάσιος η τό αυτό μέρος η τά αυτά μ όρη ώσιν.
κβ'. "Ομοιοι επίπεδοι και στερεοί αριθμοί εισιν οι άνάλογον εχοντες τάς πλευράς.
κγ'. TeAetos αριθμός εστιν ό τοΐς εαυτοΰ μερεσιν ίσος ών.
be odd and prime. The classification is defective, as (2) includes (3). Another defect is that the term composite is restricted to odd numbers instead of being given, as by Euclid, its general signification. For an earlier and different use of the terms by Speusippus, see infra, p. 78 n. a.
° For figured numbers, see infra, pp. 86-99.
b “ *AvdAoyov, though usually written in one word, is equivalent to ava λόγον, in proportion. It comes, however, in 70
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16.	A number is said to multiply a number when that which is multiplied is added to itself as many times as there are units in the other, and so some number is produced.
17.	And when two numbers have multiplied each other so as to make some number, the resulting number is called plane, and its sides are the numbers which have multiplied each other.a
18.	And when three numbers have multiplied each other so as to make some number, the resulting number is solid, and its sides are the numbers which have multiplied each other.
19.	A square number is equal multiplied by equal, or one that is contained by two equal numbers.
20.	And a cube is equal multiplied by equal and again by equal, or a number that is contained by three equal numbers.
21.	Numbers are proportional b when the first is the same multiple, or the same part, or the same parts, of the second as the third is of the fourth.
22.	Similar plane and solid numbers are those which have their sides proportional.
23.	A perfect numberc is one that is equal to [the sum of] its own parts.
Greek mathematics to be used practically as an indeclinable adjective. . . . Sometimes it is used adverbially ” (Heath, The Thirteen Books of Euclid's Elements, vol. ii. p. 129).
This definition, inasmuch as it depends on the notion of a part of a number, is applicable only to commensurable magnitudes. A new definition, applicable to incommensurable as well as commensurable magnitudes, and due in substance though not necessarily in form to Eudoxus, is given by Euclid in Elements v. Def. 5 (see infra, pp. 444-447).
c The term “ perfect number ” was apparently not used in this sense before Euclid. The subject is treated infra, pp. 74-87.
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(6)	Classification of Numbers
Philolaus ap. Stob. Eel. i. 21. 7c, rd. Wachsmuth 188. 9-12;
Diels, Fors. i5. 408. 7-10
Έκ τοΰ Φιλολάου Hept κόσμου . · ·
U γα μαν αριυμος εχει ουο μεν coca ειοη, περισσόν καί άρτιον, τρίτον δέ απ’ άμφοτέρων μειχθέντων άρτιοπέριττον έκατέρω δέ τώ εϊδεος πολλαι μορφαί, ας έκαστον αΰταυτό σημαίνει.”
Nicom. Arith. Jntrod. i. 7, cd. Hoche 13. 7-14. 12
Αριθμός εστι πλήθος ώρισμένον η μονάδων σύστημα η ποσότητας χύμα εκ μονάδων συγκείμενον, τοΰ δε άριθμοΰ πρώτη τομή τό μεν άρτιον, τό δε περιττόν, εστι δε άρτιον μεν, ό οΐόν τε εις δυο ΐσα διαιρεθηναι μονάδος μέσον μη παρεμπιπ-τουσης, περιττόν δε τό μη δυνάμενον εις δυο ΐσα μερισθηναι διά την προει,ρημενην της μονάδος μεσιτείαν, ουτος μεν ουν ό όρος εκ της δημώδους ύποληφεως· κατά δε τό Τίυθαγορικόν άρτιος αριθμός εστιν ό την εις τά μέγιστα και τά ελάχιστα κατά ταύτό τομήν επιδεχόμενος, μέγιστα μεν πηλικότητι, ελάχιστα δέ ποσότητι, κατά φυσικήν τών δυο τούτων γενών άντιπεπόνθησιν, περισσός δέ ό μη δυνάμενος τοΰτο παθεΐν, άλλ’ εις άνισα δυο τεμνόμενος. έτέρω δέ τρόπω κατά τό παλαιόν
° The “ even-odd ” would seem to mean here the product of odd and even numbers. This agrees with Euclid’s usage in Elem. vii. Def. 9. For the later specialized Pythagorean meaning, see supra, p. 68 n. a.
b If an odd number is set out as 2n.+ 1 units in a straight line, then it can be divided into two sections of n units 72
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(δ) Classification of Numbers
Philolaus, cited by Stobaeus, Extracts i. 21. 7c, ed. Wachsmuth 188. 9-12 ; Diels, Vors. i5. 408. 7-10
From Philolaus’s book On the Universe . . ·
“ Number is of two special kinds, odd and even, with a third, even-odd,a arising from a mixture of both ; and of each kind there are many forms, which each thing exhibits in itself.”
Nicomachus, Introduction to Arithmetic i. 7, ed. Hoche 13. 7-14. 12
Number is a determinate multitude or collection of units or flow of quantity made up of units, and the first division of number is into the even and odd. Now the even is that which can be divided into two equal parts, without a unit inserting itself in the middle, while the odd is that which cannot be divided into two equal parts owing to the unit inserting itself as aforesaid? This is the definition commonly accepted ; but according to the Pythagoreans an even number is that which is divided, by one and the same operation, into the greatest and the least parts, greatest in size but least in quantity? in accordance with a natural reciprocity of the two species, while an odd number cannot be so divided but is only divisible into two unequal parts. There is another ancient way of defining an even number
measured from either end, with a single unit left over in the middle ; but an even number of 2n units can be divided into two equal sections with no unit left over in the middle.
c i.e. into two halves, for there cannot be any part greater than half nor fewer parts than two.
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aprcos όσην ο καί els δύο ΐσα τμηθήναι, ΰυνάμενος καί els άνισα δύο, πΧην Trjs όν αύτώ apxoeifiods SvaSos θάτερον τό δι,χοτόμημα μόνον επι,δεχομόισ^ τό els ΐσα, εν ^tlvl ουν τομή παρεμφαίνων τό ετερον el0os μόνον τοΰ άρι,θμοΰ, ottojs αν δι,χασθη, άμετοχον τοΰ λοι/ποΰ' Trepcaaos 8ό όσην άpt,θμόs ό καθ' ήνηναοΰν τομήν els avLoa παντού γι,νομενην άμφότερα άμα εμφαίνων τά τοΰ άρι,θμοΰ δυο βίδη ουδέποτε άκρατα άΧΧηΧων, άλλα πάντοτε συν άλ-Xt/Xols· όν δε τω διό άΧΧηΧων ο ρω nepi/TTOs όσην ό μονάδι εφ' εκάτερα διαφόρων αρτίου άρι,θμοΰ, τουτεστιν επί τό μεΐζον καί εΧαττον, apTLOS δέ ό μονάδι, διαφόρων εφό εκάτερον περισσού άρι,θμοΰ, τουτόστι μονάδι μείζων και μονάδι εΧάσσων.
(ο) Perfect Numbers
I Iambi.] Theol. Arith., cd. de Falco 82. 10-85. 23; Diels, Vors. i5. 400. 22-402. 11
Ότι και Σπευσιππος, ό Πωτώνης μεν v'os της τοΰ ΠλάτωΓΟ^ άδεΧφης, δίάδοχο? δέ Άκaδημείas προ Έ,ενοκράτου, εκ τών εξαίρετα^ σπουδασθεισών άει Πυθαγορικών άκροάσεων, μάΧι,στα δε τών
° It is probable that we have here $ trace of an original conception according to which 2 (the dyad) was regarded as being, not a number, but the principle or beginning of the even, just as 1 was not regarded as a number, but the principle or beginning of number; for the qualification about the dyad seems clearly to be a later addition to the original definition. It must, however, have been pre-Platonic, for in Farm. 143 d Plato speaks of 2 as even. Aristotle, who adds {Topics Θ 2, 157 a 39) that 2 is the only even number which is prime, says (Met. A 5, 986 a 19) the Pythagoreans regarded the One as 74
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according to which it can be divided both into two equal parts and into two unequal parts, save in the case of the fundamental dyad, which can be divided only into two equal parts a ; but howsoever it be divided, it must have its two parts of the same kind,b without partaking of the other kind ; while the odd is that which, howsoever it be divided, always yields two unequal parts and so exhibits at one and the same time both species of number, never independent of one another but always together.0 To give a definition in terms one of another, the odd is that which differs from even number by a unit in both directions, that is, in the direction both of the greater and of the lesser, while the even is that which differs by a unit from odd number in either direction, that is, it is greater by a unit and less by a unit.
(c)	Perfect Numbers
[lamblichus], Theologumena Arithmeticaly ed. de Falco
82. 10-85. 23; Diels, Vors. i5. 400. 22-402. 11
Speusippus, the son of Potone, sister of Plato, and his successor in the Academy before Xenocrates, wras always full of zeal for the teachings of the Pythagoreans, and especially for the writings of Philolaus, both odd and even. For this question, as well as many others arising in Greek arithmetic, the student may profitably consult Nicomachus of Gerasa : Introduction to Arithmetic, translated by Martin Luther DOoge, with studies in Greek arithmetic by Frank Egleston Robbins and Louis Charles Karpinski.
b i.e. both odd or both even.
e i.e. an odd number can be divided only into an odd number and an even number, never into two odd or two even numbers.
75
GREEK MATHEMATICS
Φιλολάου συγγραμμάτων, βυβλίδϋόν tl συντάζας γλαφυρόν επεγραφε μεν αυτό 11 ερϊ, ΓΙυθaγopLκώv άpLθμωv, απ' αρχής δε μόχρϋ ήμίσους περί των εν αύτοΐς γραμμυκών εμμελόστατα δLεζελθώv πολύ-γωνίων τε καί παντοίων τών εν άρίθμοΐς επLπεδωv άμα καϊ, στερεών, περί, τε τών πεντε σχημάτων, ά τοΐς κoσμLκoΐς άπoδίδoτaL στοι,χείοι,ς, ί,δυότητός (τε)γ αυτών καϊ, προς άλληλα κoLvότητoς, (περϊό)2 αναλογίας τε καϊ, άντ ακολουθίας,2 μετά ταΰτα λονπόν θάτερον [τδ}1 τοΰ βιβλίου ήμϋσυ περϊ, δεκάδος άντυκρυς πουεΐταυ, φυσυκωτάτην αυτήν άποφαίνων καϊ, τελεστυκωτάτην τών όντων, οιον €ΐδός tl τοΐς κοσμίκοΐς άποτελεσμασυ τεχνίκόν άφ' εαυτής (άλλ’ ούχ ημών νομυσάντων ή ώς ετυχε) θεμελίον ύπ-άρχουσαν καϊ, παράδευγμα παντελεστατον τώ τοΰ παντός πουητή θεώ προεκκείμενην. λεγει, δε τον τρόπον τοΰτον περϊ, αυτής.
"Έστύ δβ τά δέκα τελευος ζαρυθμός'),5 καϊ, όρθώς τε καϊ, κατά φύσϋν εις τοΰτον καταντώμεν παντοίως άρίθμοΰντες "'Έλληνες τε καϊ, πάντες ανθρώπου οΰδεν αυτοί επυτηδεύοντες· πολλά γάρ ΐδυα εχευ, ά προσήκευ τόν οΰτω τελευον όχει,ν, πολλά δε ίδια μεν ούκ εστι,ν αύτοΰ, δει δε ^χείν αυτά τελενον.
Πρώτον μεν ουν άρτνον δει εΐναυ, όπως ίσου ενώσυν οί πεpLττoί τε καϊ, άρτιου, καϊ, μή ετερο-Λ θ >	\	\	/	>/>	e	\	λ
μερως · επευ γαρ προτερος aεL εστυν ο περυττος του
1 <τβ) add. Diels.	2 (πβρι) add. de Falco.
3	άρτακολουθίας Lang ; ανακολουθίας Ast, Tannery, Diels.
4	[to] om. Diels.
6 αριθμός add. Diels.	6 έτςρομερζΐς Diels.
a For the five cosmic or Platonic figures, see infra, pp. 216-225.
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and he compiled a neat little book which he entitled On the Pythagorean Numbers. From the beginning up to half way he deals most elegantly with linear and polygonal numbers and with all the kinds of surfaces and solids in numbers ; with the five figures which he attributes to the cosmic elements/ both in respect of their special properties and in respect of their similarity one to another ; and with proportion and reciprocity.b After this he immediately devotes the other half of the book to the decad, showing it to be the most natural and most initiative of realities, inasmuch as it is in itself (and not because we have made it so or by chance) an organizing idea of cosmic events, being a foundation stone and lying before God the Creator of the universe as a pattern complete in all respects. He speaks about it to the following effect.
“ Ten is a perfect number, and it is both right and according to Nature that we Greeks and all men arrive at this number in all kinds of ways when we count, though we make no effort to do so ; for it has many special properties which a number thus perfect ought to have, while there are many characteristics which, while not special to it, are necessary to its perfection.
“ In the first place it must be even, in order that the odds and evens in it may be equal and not disparate. For since the odd is always prior to the even, unless
b If, with Ast, Tannery and Diels we read ανακολουθίας for άντακολουθίας9 the rendering is “ proportion continuous and discontinuous,” but it is not easy to interpret this, though Tannery makes a valiant effort to do so. His French translation, notes and comments should be studied (Pour Vhistoire de la science hellene, 2nd ed., pp. 374 seq., 386 seq.9 and Memoires scientifiques, vol. i. pp. 281-289).
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αρτίου, €i μη άρτιος είη ό συμπεραίνων, πλεονεκτήσει ό έτερος.
“ ΕΓτα δέ ίσους 'έχει,ν χρη τούς πρώτους καϊ άσυν-θέτους καϊ τούς δευτέρους καϊ συνθέτους* ο δέ δέκα εχει ίσους, καϊ ούδεϊς αν άλλος έλάττων τών δέκα τούτο επαθεν αριθμός, πλείων δέ τάχα (και γάρ ο ιβ καϊ άλλοι τι,νές), άλλα πυθμην αυτών ό δέκα* καϊ πρώτος τούτο εχων καϊ έλάχιστος τών έχόντων τέλος τι εχει, και ίδιον πως αύτοΰ τούτο γέγονε τό έν πρώτω αύτώ ίσους άσυνθέτους τε και συνθέτους ώφθαι,.
πΈχων τε τούτο έχει πάλιν (ίσους}1 καϊ τούς πολλαπλασίους καϊ τούς ύποπολλαπλασίους, ών eloL πολλαπλάσιοι,· έχει μέν γάρ ύποπολλαπλασίους τούς μεχρΙ πέντε, τούς δέ από τών εξ μέχρι* τών δέκα [οί]2 πολλαπλασίους αυτών έπεϊ δέ τά ζ ούδενός, έξαφετέον, και τά δ ώς πολλαπλάσια τού β, ώστε ίσους είναι πάλιν [δει].8
“Έτι πάντες οί λόγοι έν τω ϊ, ο τε τοΰ ίσου και τού μείζονος καϊ τοΰ έλάττονος καϊ τοΰ έπν
1	ίσους add. Lang.
2	ol om. Diels.
3	δεί om. Diels. He points out that the original reading may have been δ', indicating the fourth property of the decad.
e One of the most noteworthy features of this passage is the early use of the terms πρώτοι, καί άσύνθετοι, {prime and incomposite), δεύτεροι, καί σύνθετοι, {secondary and composite), for which see supra, p. 69 n. c. The use is different from that of Nicomachus and lamblichus. It seems that prime and incomposite numbers are prime numbers in the ordinary sense, including 2, as is the case with Euclid and Aristotle {Topics Θ 2, 157 a 39). Secondary and composite numbers 78
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the even were joined with it the other would predominate.
“ Next it is necessary that the prime and incomposite and the secondary and composite a should be equal ; now they are equal in the case of 10, and in the case of no other number which is less than 10 is this true, though numbers greater than 10 having this property (such as 12 and certain others &) can soon be found, but their base is 10. As the first number with this property and the least of those possessing it 10 has a certain perfection, and it is a property peculiar to itself that it is the first number in which the incomposite and the composite are equal.
“ In addition to this property it has an equal number of multiples and submultiples of those multiples ; for it has as submultiples the numbers up to 5, while those from 6 to 10 are multiples of them ; since 7 is a multiple of no number, it has to be omitted, but 4 must also be dropped as a multiple of 2, and so this brings about equality once more.c
" Furthermore all the ratios are in 10, for the equal and the greater and the less and the superparticular are all composite numbers, the term not being limited to odd numbers as with Nicomachus. There is no suggestion of a third mixed class. The two equal classes according to Speusippus are 1, 2, 3, 5, 7 and 4, 6, 8, 9, 10. According to the later terminology the prime and incomposite numbers would be 3, 5, 7, while the only secondary and composite number would be 9.
6	Actually 10, 12 and 14 are the only numbers possessing this property.
6	In the series 1, 2 ... 10 the submultiples are 1, 2, 3, 5 and the multiples are 6, 8, 9, 10. It is curious that though 1 is counted as a submultiple, all the other numbers are not counted as multiples of it; to have admitted them as such would have destroyed the scheme.
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μορίου και τών λοιπών ειδών εν αύτώ, και οι γραμμικοί (και)* 1 οι επίπεδοι και οι στερεοί, τό μεν γάρ ά στιγμή, τά δε β γραμμή, τά δε γ τρίγωνον, τά δε δ πυραμίς· ταΰτα δε πάντα εστι πρώτα και άρχαι τών καθ' έκαστον ομογενών, και αναλογιών δε πρώτη αΰτη εστιν η εν αΰτοΐς όφθεΐσα, η τό ίσον μεν ύπερεχουσα, τέλος δε εχουσα εν τοΐς δέκα, εν τε επιπεδοις και στερεοΐς πρώτα εστι ταΰτα, στιγμή, γραμμή, τρίγωνον, πυραμίς· εχει δε ταΰτα τον τών δέκα αριθμόν και τέλος ΐσχει. τετράς μεν γάρ εν πυραμίδος γωνίαις η βάσεσιν, εζάς δε εν πλευραΐς, ώστε δέκα· τετράς δε πάλιν εν στιγμής και γραμμής διαστημασι και περασι, εζάς δε εν τριγώνου πλευραΐς και γωνίαις, ώστε πάλιν δέκα, και μην και εν τοΐς σχημασι κατ' αριθμόν σκεπτομενω συμβαίνει2· πρώτον γάρ εστι τρίγωνον τό ισόπλευρον, δ εχει μίαν πως
1	καί add. Lang.
2	<ταύτό> συμβαίνει Lang (in adn.), de Falco.
° Speusippus asserts that among the numbers 1,2... 10 all the different kinds of ratio can be found. The super-particular ratio is the ratio of the whole + an aliquot fraction, 1 + - or -	, typified by the ratio known as έπίτριτος, or J.
Tannery sees here an allusion to the ten kinds of proportion outlined by Nicomachus (see infra, pp. 114-124), and a proof of their ancient origin.
b i.e., 1, 2, 3, 4 form an arithmetical progression having
1 as the common difference and 10 as the sum.
e i.e., a pyramid has 4 angles (or 4 faces) and 6 sides, and so exhibits the number 10.
d The reasoning is not very clear. Taking first a line and a point outside it, Speusippus notes that the line has 2 extremities and between the point and these 2 extremities are 80
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and the remaining varieties are in it,a and so are the linear and plane and solid numbers. For 1 is a point, 2 is a line, 3 is a triangle and 4 is a pyramid ; all these are elements and principles of the figures like to them. In these numbers is seen the first of the progressions, that in which the terms exceed by an equal amount, and they have 10 for their sum? In surfaces and solids these are the elements—point, line, triangle, pyramid. The number 10 exhibits them and possesses perfection. For 4 is to be found in the angles or faces of a pyramid, and 6 in the sides/ so making 10 ; again 4 is to be found in the intervals and extremities of the point and line, while 6 is in the sides and angles of a triangle/ so as again to make 10. This also comes about in figures regarded from the point of view of number/ For the first triangle is the equilateral, which has one side and angle ; I say one 2 intervals. This gives the number 4. A triangle has 3 sides and 3 angles, giving the number 6. Combining the point, the line and the triangle we thus get 10.
* A very difficult passage follows, but Tannery seems successfully to have unravelled its meaning. There seems to be here, he notes, an ill-developed Pythagorean conception. The point or monad is necessarily simple. The line is a dyad with two species, straight and curved. The triangle is a triad with three kinds. The pyramid is a tetrad with four kinds. Clearly the three species of triangle are the equilateral, the isosceles and the scalene, where the number of different elements are respectively 1, 2, 3. Speusippus does not consider isosceles and scalene triangles in general, but takes particular cases, and it is worthy of note that the three triangles he considers are used in the Timaeus of Plato.
By analogy, the pyramids can be divided into four kinds : (1) all solid angles equal; (2) three solid angles equal; (3) two solid angles equal; (4) all solid angles unequal. Here again Speusippus takes special cases, but he goes astray by giving the second class a square base, and has to force the analogy.
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γραμμήν καϊ γωνίαν* λέγω δε μίαν, διότι, ΐσας εχει· άσχιστον γάρ άεϊ καϊ ένοειδές τό ίσον* δεύτερον δε τό ήμιτετράγωνον' μίαν γάρ έχον παραλλαγήν γραμμών καϊ γωνιών έν δυάδι όράται* τρίτον δε τό τοΰ ισοπλεύρου ήμισυ τό καϊ ήμιτρίγωνον* πάντως γάρ άνισον καθ' έκαστον, τό δε πάντη1 αύτοΰ τρία εστι. καϊ έπϊ τών στερεών εύρίσκοις άν άχρι τ(^ν τεττάρων προϊόν τό τοιοΰτο, ώστε δεκάδος καϊ ούτως ψαύει* γίνεται, γάρ πως ή μεν πρώτη πυραμίς μίαν πως γραμμήν τε καϊ επιφάνειαν εν ίσότητι εχουσα, έπϊ τοΰ Ισοπλεύρου ίσταμένη* ή δε δεύτερα δύο, έπϊ2 τετραγώνου ένηγερμένη, μίαν παραλλαγήν »	2	\ λ > t λ η /	/	<	*
εχουσα παρα της επι της ρασεως γωνίας, υπο τριών έπιπέδων περιεχομένη, την κατά κορυφήν υπό τεττάρων συγκλειομένη, ώστε έκ τούτου δυάδι έοικέναι* η δε τρίτη τριάδι, έπϊ ήμιτετραγώνου βεβηκυΐα καϊ συν τη όφθείση μια ώς έν έπιπέδω τη ήμιτετραγώνω έτι καϊ άλλην εχουσα διαφοράν την της κορυφαίας γωνίας, ώστε τριάδι άν όμοιοΐτο, προς όρθάς την γωνίαν εχουσα τη της βάσεως μέση πλευρά* τετράδι δε η τετάρτη κατά ταύτά, έπϊ ήμιτριγώνω2 βάσει συνίσταμένη, ώστε τέλος έν τοΐς δέκα λαμβάνειν τά λεχθέντα. τά αυτά δε καϊ έν τη γενέσει· πρώτη μεν γάρ αρχή εις μέγεθος στιγμή, δευτέρα γραμμή, τρίτη έπιφάνεια, τέταρτον στερεόν."
1	πάντη Lang, de Falco; παν [τι] Diels; Lang would like to read τά δε πάντα.
2	επι . . . εχουσα. Only one manuscript has these words ; many emendations have been offered.
3	The manuscripts have ημιτετραγώνψ, but ήμιτριγώνψ is required, as Tannery recognized.
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because they are equal ; for the equal is always indivisible and uniform. The second triangle is the half-square ; for with one difference in the sides and angles it corresponds to the dyad. The third is the half-triangle, which is half of the equilateral triangle ; for being completely unequal in every respect, its elements number three. In the case of solids, you would find this property also, but going up to four, so that the decad is reached in this way also. For the first pyramid, which is built upon an equilateral triangle, is in some sense unity, since by reason of its equality it has one side and one face ; the second pyramid, which is raised upon a square, has the angles at the base enclosed by three planes and that at the vertex by four, so that from this difference it resembles the dyad. The third resembles a triad, for it is set upon a half-square ; together with the one difference that we have seen in the half-square as a plane figure it presents another corresponding to the angle at the vertex ; there is therefore a resemblance between the triad and this pyramid, whose vertex lies on the perpendicular to the middle of the hypotenuse a of the base. In the same way the fourth, rising upon a half-triangle as base, resembles a tetrad, so that the aforesaid figures find completion in the number 10. The same result is seen in their generation. For the first principle of magnitude is point, the second is line, the third is surface, the fourth is solid.” b
a Lit. “ side.”
* The abrupt end suggests that the passage went on in this strain for some time ; but the historian of mathematics need not feel much disappointment.
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Theon Smyr., ed. Hiller 45. 9-46. 19
Έτ: re τών άρι,θμών ol μέν τι,νες τέΧειοι, Χέγονταν, οί δ’ ύπερτέΧει,οι,, οί δ’ έΧλι,πεΐς. καϊ τέΧει,οι, μέν είσι,ν οί τοΐς αυτών μέρεσι,ν 'ίσοι, ώς ό τών S'· μέρη γάρ αύτοΰ ημισυ γ, τρίτον β, έκτον ά, άτινα συν-τι,θέμζνα ποιεί τον S'. γεννώντας δέ οί τέΧειοι τούτον τον τρόπον. έάν έκθώμεθα τούς άπο μονάδος διπΧασίους καϊ συντιθώμεν αυτούς, μέχρις ου αν γένηται πρώτος καϊ, άσύνθετος άριθμός, καϊ τον έκ της συνθέσεως έπϊ τον έσχατον τών συντι-θεμένων ποΧΧαπΧασιάσωμεν, ό άπογεννηθεϊς εσται, τέΧειος. οιον έκκείσθωσαν δι,πΧάσι,οι ά β S η iS~. συνθώμεν ουν ά καϊ, β' γίνεται, γ· καϊ, τον γ έπϊ, τον ύστερον τον έκ της συνθέσεως ποΧΧαπΧασι,άσωμεν, τουτέστιν έπϊ, τον β* γίνεται, S', δς έστι πρώτος τέΧει,ος. αν πάΧιν τρεις τούς έφεξής δι,πΧασίους συνθώμεν, ά καϊ β καϊ δ, εσται, ζ· καϊ τούτον έπϊ τον έσχατον τών της συνθέσεως ποΧΧαπΧασι,άσωμεν, τον ζ έπϊ τον δ· έσται ό κη, δς έστι, δεύτερος τέΧει,ος. σύγκειται έκ του ημίσεος τοΰ ιδ, τετάρτου τοΰ ζ, εβδόμου τοΰ δ, τεσσαρακαιδεκάτου τοΰ β, είκοστοΰ ογδόου τοΰ ά.
'ΎπερτέΧειοι δέ είσιν ών τά μέρη συντεθέντα μείζονά έστι, τών δΧων, οιον ό τών ι,β- τούτου γάρ ημισύ έστιν S', τρίτον δ, τέταρτον γ, έκτον β, δωδέκατον ά, άτινα συντεθέντα γίνεται, LS, δς έστι, μείζων τοΰ έξ άρχης, τουτέστι, τών ι,β.
’EAAtTTets δέ είσι,ν ών τά μέρη συντεθέντα έΧάτ-τονα τον άριθμόν ποι,εΐ τοΰ έξ άρχης προτεθέντος
α In other words, if Sn = 1 + 2 + 22 + . . . + 2n-1, and Sn is prime, then Sn . l is a perfect number. This is proved in 84
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Theon of Smyrna, ed. Hiller 45. 9-46. 19
Furthermore certain numbers are called perfect, some over-perfect, others deficient. Perfect numbers are those that are equal to their own parts, such as 6 ; for its parts are the half 3, the third 2 and the sixth 1, which added together make 6. Perfect numbers are produced in this manner. If we take successive double numbers starting from the unit and add them until a prime and incomposite number is found, and then multiply the sum by the last of the added terms, the resulting number will be perfect.a For example, let the doubles be 1,2, 4, 8, 16. We therefore add together 1 and 2 ; the result is 3 ; and we multiply 3 by the last of the added terms, that is by 2 ; the result is 6, which is the first perfect number. Again, if we add together three doubles in order, I and 2 and 4, the result will be 7 ; and we multiply this by the last of the added terms, that is, we multiply 7 by 4 ; the result will be 28, which is the second perfect number. It is composed out of its half 14, its fourth part 7, its seventh part 4, its fourteenth part 2 and its twenty-eighth part 1.
Over-perfect numbers are those whose parts added together are greater than the wholes, such as 12 ; for the half of this number is 6, the third is 4, the fourth is 3, the sixth is 2 and the twelfth 1, which added together produce 16, and this is greater than the original number, 12.
Deficient numbers are those whose parts added together make a number less than the one originally
Euclid ix. 36. Even the algebraic proof is too long for reproduction here, but for such a proof the reader may be referred to Heath, The Thirteen Books of Euclid's Elements, vol. ii. pp. 424-425.
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άριθμοΰ, olov ο τών η· τούτον γάρ ημι,σν δ, τέταρτον β, ογδοον εν* το αυτό δβ καί τώ ϊ σνμβεβηκεν, ον καθ' ετερον λόγον τε'λειον εφασαν οΐ Πν^αγο-pLKoi, περί ον κατά την οίκείαν χώραν άποδώσομεν. λεγεταί δε καϊ ό γ τέλει,ος, έπει,δη πρώτος άρχην καϊ μέσα καϊ πέρας έχει* ό δ’ αντός καϊ γραμμή εστι καϊ επίπεδον, τρίγωνον γάρ Ισόπλενρον έκάστην πλενράν δνεΐν μονάδων έχον, καϊ πρώτος δεσμός καϊ, στερεόν δνναμίς* έν γάρ τρι,σϊ δια-στάσεσι, τό στερεόν νοεΐσθαί.
(ά) Figured Numbers
(i.) General
Nicom. Arith. Introd. ii. 7. 1-3, ed. Hoche 86. 9-87. 6
"Εστιν ovv σημεΐον άρχη διαστήματος, ού διάστημα δε, τό δ’ αυτό καϊ, άρχη γραμμής, ον γραμμή
° There were in use among the Greeks two ways of representing numbers geometrically. One, used by Euclid and implied in Plato, Theaetetus 147 d—148 b (see infra, p. 380), is to represent numbers by straight lines proportional in length to the numbers they represent. If two such lines are made adjacent sides of a rectangle, then the rectangle represents their product; if three such lines are made sides of a rectangular parallelepiped then the parallelepiped is the product. The other way of representing numbers was by dots or alphas for the units disposed along straight lines so as to form geometrical patterns, a method greatly developed by the Pythagoreans. Any number could be represented as a straight line, and prime numbers only as 86
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put forth, such as 8 ; for the half of this number is 4, the fourth 2, the eighth 1. The same property is shown by 10, which the Pythagoreans called perfect for a different reason, and this we shall discuss in the proper place. The number 3 is also called perfect, since it is the first number which has a beginning and middle and end. It is moreover both a line and a surface, for it is an equilateral triangle in which each side is two units, and it is the first bond and power of the solid ; for in three dimensions is the solid conceived.
(d) Figured Numbers α
(i.) General
Nicomachus, Introduction to Arithmetic ii. 7. 1-3, ed. Hoche 86. 9-87. 6
Point is therefore the principle of dimension, but is not dimension, while it is also the principle of line,
straight lines, whence Thymaridas spoke of them as “ rectilinear par excellence ” (Plato would have represented a prime number such as 7 by 7 x 1, an oblong). The unit, being the source of all number, can be taken as a triangle, a pentagon, a hexagon, and so on. The first number after 1 which can be represented as a triangle is 3, and the sum of the first n natural numbers can always	α
be represented as a triangle; the adjoining α a figure, a famous Pythagorean symbol, shows how this is done for 1+2 + 3 + 4 = 10.
Square numbers can be represented in similar fashion, and the square of side n + 1 can be obtained from the square of side n by adding a gnomon of 2n+ 1 dots round the side (the term “ gnomon ” originally signified an upright stick which cast shadows on a plane or hemispherical surface, and so
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δε* και γραμμή άρχη επιφάνειας, ούκ επιφάνεια δε, και άρχη τοΰ διχη διαστατού, ού διχή δβ διαστατόν. και €ΐκότα>9 η όπι^άνβια άρχη μεν σώματος, ού σώμα δό, και η αύτη άρχη μεν τοΰ τριχη διαστατού, ού τρι,χη δβ διαστατόν, ούτως δη και εν Tots άριθμοΐς ή μεν μονάς άρχη παντός άρι,θμοΰ €</>’ βν διάστημα κατά μονάδα προβιβαζομενου, ο δε γραμμικός άριθμος άρχη επίπεδου άριθμοΰ εφ' ετερον διάστημα επιπεδως πλατυνομενου, ο δε επίπεδος άριθμος άρχη στερεού άριθμοΰ επι τρίτον
instrument for drawing right angles).
The first number after 1 which can be represented as a pentagon is 5. If it be represented as ABCDE, then we can form another pentagon AB'C'D'E, equivalent to 10, by adding the “ gnomon of the pentagon,” a row of an extra 7 dots arranged round three of the sides of the original pentagon. The gnomons to be added to form the successive pentagonal numbers 1, 5, 12, 22 . . . are respectively 4, 7, 10 . . ., or the successive terms of an arithmetical progression having 3 as the common difference. In the case of the hexagon the successive gnomonic numbers differ by 4, and in general, if n is the number of sides in the polygon, the successive gnomonic numbers differ by n- 2.
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but is not line ; and line is the principle of surface, but is not surface, and is the principle of the two-dimensional, but is not two-dimensional. Naturally also surface is the principle of body, but is not body, while it is the principle of the three-dimensional, but is not three-dimensional. Similarly among numbers the unit is the principle of every number set out by units in one dimension, while linear number is the principle of plane number broadened out in another dimension in the manner of a surface, and plane number is the principle of solid number, which acquires a certain depth in a third dimension [at
So much for plane numbers. There are similar varieties of solid numbers (cubes, pyramids, truncated pyramids, etc.). The curious reader will find the whole subject treated exhaustively by Nicomachus (Arith. Introd. ii. 7-20), Theon of Smyrna (ed. Hiller 26-42) and lamblichus (in Nicom. Arith. Introd., ed. Pistelli 58. 7 et seq.). It is of importance for the student of Greek mysticism, but has little interest for the modern mathematician.
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διάσττ/μ,α προς τά εξ άρχής βάθος tl προσκτω-μενού· οΐον καθ' υποδιαιρέσω γραμμικοί μεν εισιν αριθμοί απλώς άπαντες οι από δυάδος άρχόμενοι και κατά μονάδος πρόσθεσω επι εν και τό αυτό προχωροΰντες διάστημα, επίπεδοι δε οι από τριάδος άρχόμενοι άρχικωτάτης ρίζης και διά τών εξής συνεχών αριθμών προϊόντες, λαμβάνοντες και την επωνυμίαν κατά την αυτήν τάξιν πρώτιστοι γάρ τρίγωνοι, εΐτα μετ' αυτούς τετράγωνοι, εΐτα μετ' αυτούς πεντάγωνοι, εΐτα επι τούτοις εξάγωνοι καί επτάγωνοι και επ' άπειρον.
(ii.) Triangular Number!
Luc. Vit. auct. 4
ΠΥΘΑΓΟΡΑΣ. ΕΓτ’ επι τουτεοισιν άριθμεειν.
ΑΓΟΡΑΣΤΗΣ. Οιδα και νυν άριθμεΐν.
ΠΤΘ. Πώς* άριθμεεις;
ΑΓΟ. Έν, δύο, τρία, τέτταρα.
πτθ. 'Ορας ; ά σύ δοκεεις τεσσαρα, ταΰτα δέκα εστι και τρίγωνον εντελες και ήμετερον όρκιον.
Procl. in Eucl. iM ed. Friedlein 428. 7-429. 8
Τίαραδεδονται δε και μέθοδοί τινες τής εύρεσεως τών τοιούτων τριγώνων, ών την μεν εις Πλάτωνα
β This celebrated Pythagorean symbol was known as the 90
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right angles] to the dimensions of the surface. For example, by subdivision linear numbers are all numbers without exception beginning from two and proceeding by the addition of a unit in one and the same dimension, while plane numbers begin from three as their fundamental root and advance through an orderly series of numbers, taking their designation according to their order. For first come triangles, then after them are squares, then after these are pentagons, then succeeding these are hexagons and heptagons and so on to infinity.
(ii.) Triangular Numbers
Lucian, Auction of Souls 4
Pythagoras. After this you must count. Agorastes. Oh, I know how to do that already. Pyth. How do you count ?
Ago. One, two, three, four.
Pyth. Do you see ? What you think is four is ten, a perfect triangle and our oath.a
Proclus, on Euclid i., ed. Friedlein 428. 7-429. 8
There have been handed down certain methods for the discovery of such triangles,b of which one is
τετρακτυς. It was alternatively called the	e
“ principle of health ” (Lucian, De Lapsu
in Salutando 5). The sum of any number ·	·
of successive terms (beginning with the first)
of the series of natural numbers 1+2 + 3+	·	·	·
. . . + n is therefore a triangular number,
and the general formula for a triangular ·	·	·	·
number is Jn(n+ 1).
b i.e., triangles having the square on one side equal to the sum of the squares on the other two. Proclus is commenting on Euclid i. 47, for which see infra, pp. 178-185.
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άναπέμπουσι, την δέ εΖς Πυθαγόραν. και η μέν Πυθαγορικη από τών περιττών όσην άριθμών. τίθησι γαρ τον δοθέντα περιττόν ώς ελασσόνα τών περί την ορθήν, και λαβοΰσα τον άπ' αύτοΰ τετράγωνον και τούτον μονάδα άφελοΰσα τοΰ λοιποΰ τό ημισυ τίθησι τών περί την ορθήν τον μείζονα* προσθεΐσα δέ Rat τούτω μονάδα την λοιπήν ποιεί την υποτείνουσαν οιον τον τρία λαβοΰσα και τε-’*■ ραγών ίσασα και άφελοΰσα τοΰ εννέα μονάδα τοΰ η λαμβάνει, τό ημισυ τον δ, και τουτω προστίθησι πάλυν μονάδα και ποιεί τον έ, και εΰρηται τρίγωνον ορνογωνιον εχον την μεν τριών, την οε τεσσάρων, την δέ πέντε.
Ή δέ Πλατωνική άπο τών άρτιων επιχειρεί, λαβοΰσα γάρ τον δοθέντα άρτιον τίθησιν αυτόν ώς μίαν πλευράν τών περί την όρθιων, και τοΰτον
° i.e., if n is the given odd number, the sides of the triangle are
τι2 — 1 n2 4- 1 η» 0	’	0
and the formula is an assertion that
_ In2- 1\2 _ /n2 + l\f n + \~~2 y 2 ) *
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referred to Plato and one to Pythagoras. The Pythagorean method starts from the odd numbers. For it sets the given odd number as the lesser of the sides about the right angle, takes its square and subtracts a unit therefrom, and sets half the result as the greater of the sides about the right angle. Adding a unit to this it makes the resulting number the hypotenuse.a For example, starting from 3 and squaring, the method obtains 9 5 a unit is subtracted, making 8, and the half of 8 is taken, making 4 ; to this a unit is added, giving 5, and in this way there is found a right-angled triangle having as its respective sides 3, 4 and 5.
The Platonic method starts from the even numbers. For taking the given even number it sets it as one of the sides about the right angle, divides
Heath (H.G.M. i. 80) shows how Pythagoras probably arrived at this formula by a system of dots forming a square. Starting with < a square of side the square of side m +1 can be formed by adding a gnomon-like array of 2/n+l dots round two sides. To obtain his formula, Pythagoras _____
would only have to assume that 2/7i + 1 (necessarily an odd number) is a square.
Let	2/>i+l=n2
then	η2 - 1
m = 2
m + 1
and the array of dots shows that
n2 4-1
2
93
GREEK MATHEMATICS
διβλουσα δίχα καί τετραγωνίσασα το ημισυ, μονάδα μεν τω τετραγώνω προσθεΐσα ποιεί την υποτείνουσαν, μονάδα δέ άφελοΰσα τοΰ τετραγώνου ποιεί την έτέραν τών περί την ορθήν* οιον τον τεσσαρα λαβοΰσα και τούτον το ημισυ τον β τετραγωνίσασα και ποιήσησα αυτόν δ. άφελοΰσα μέν μονάδα ποιεί τον γ, προσθεΐσα δέ ποιεί τον έ, και εχει, το αυτό γενόμενον τρίγωνον, δ και έκ της έτέρας άπετελεΐτο μεθόδου, τό γάρ άπο τούτου ίσον τω άπο τοΰ γ και τω άπο τοΰ δ συντεθεΐσιν.
(iii.) Oblong and Square Numbers
Aristot. Phys. Γ 4, 203 a 13-15
Περιτιθεμένων γάρ τών γνωμόνων περί τό έν και χωρίς ότέ μέν άλλο άει γίγνεσθαι, τό είδος, ότέ οε εν.
(iv.) Polygonal Numbers
Nicom. Arith. Introd. ii. 12. 2-4, ed. Hoche 96. 11-97. 17
Δυο δη, οΰς αν θέλης, τριγώνους συνεχείς άλ-
° i.e., if 2η is the given even number, the sides of the triangle are 2n, n2 + 1, η2 - 1, and the formula asserts that
(2n)2 + (n2- l)2=(n2 + I)2.
Heath (H.G.M. i. 81) shows how this formula, like that of Pythagoras, could have been obtained from gnomons of dots. Both formulae can be deduced from Euclid ii. 5, a Pythagorean proposition (see infra, p. 194 n. a). A more general formula, including both the Pythagorean and Platonic methods, is given in the lemma to Euclid x. 28. which is equivalent to the assertion
m2n2p2q2 +
ninp2 - mnq2 \2 _/mnp2 4- mnq2 \2
2	) ~ \	2	) '
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this in two and squares the half, adds a unit to the square so as to make the hypotenuse and subtracts a unit from the square so as to make the other side about the right angle.a For example, taking 4 and squaring the half, 2, it makes 4 again. Subtracting a unit it obtains 3, and adding one it makes 5, and yields the same triangle as that furnished by the other method. For the triangle constructed by this method is equal to that from 3 and from 4.
(iii.) Oblong and Square Numbers Aristotle, Physics Γ 4, 203 a 13-15
For when gnomons are placed round 1 the resulting figures are in one case always different, in the other they preserve one form?
(iv.) Polygonal Numbers
Nicomachus, Introduction to Arithmetic ii. 12. 2-4, ed. Hoche 96. 11-97. 17
By taking any two successive triangular numbers
* As was indicated on p. 86 n. a, *---------------
when gnomons consisting of an odd	·	♦	·
number of dots are placed round 1	----------
the result is always a square. When	·	·	·
gnomons consisting of an even number of dots are placed round 2 the result is an oblong, and the successive oblongs are always different in form. This is probably what Aristotle refers to, but he does not indicate that the starting-point is in one case 1 and in	·	*	*	*
the other 2 ; and the interpretation is ---------
modern, Themistius and Simplicius	·	·	·	♦
having other (and less attractive) ex- ______
planations. The subject is fully discussed by W. D. Ross in his notes ad loc. (Aristotle's Physics, pp. 542-544).
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λήλοίς συνθείς πάντως τετράγωνον ποιήσεις καί ovtlvovv τετράγωνον άρα δίαλύσας δυνήση δυο απ’ αυτών τρίγωνους ποίήσαί· καί πάλιν παντί τετράγωνου σχηματί τρίγωνον προσζευχθεν οθενοΰν πεντάγωνον ποιεί, olov τω δ τετραγώνω ο ά τρίγωνος προσζευχθείς τον ε πεντάγωνον ποιεί καί τω θ τω έξης ο έξης προστεθείς, δηλονότι ό γ, πεντάγωνον τον ίβ ποιεί, τω δε ίζ~ όντί ακολουθώ ο ς~ ακόλουθος επίσυντεθείς τον κβ ακόλουθον άποδίδωσίν καί τω κε ο ϊ τον λε καί αεί ούτως, κατά δε τά αυτά καν τοΐς πενταγώνοίς οί τρίγωνοί προστίθοΐντο τή αυτή τάξει, τούς ευτάκτους γεν-νησουσίν εξαγώνους καί πάλιν εκείνοίς οί αυτοί προσπλεκόμενοί τούς εν τάξει επταγώνους ποίή-σουσί καί μετ' εκείνους τούς οκταγώνους καί τούτο βπ’ άπειρον, προς δε ύπόμνησίν εκκείσθωσαν ημΐν πολυγώνων στίχοι παραλλήλους γεγραμμενοί ο'ίδε, ό πρώτος τρίγωνων, ό μετ' αυτόν τετραγώνων, μετά δε άμφοτερους πενταγώνων, εΐτα εξαγώνων, εΐτα επταγώνων, εΐτα, εΐ εθελοί τις, καί τών έξης πολυγώνων
.	·	· / · α In other words |(η- 1)η +
/ %n(n + 1)=η2, as may easily be seen
•	· / ·	· from an array of dots. Here the
/	square, of side n, is split up into
•	/ ♦	· two triangular numbers of side
/	n- 1, n whose values are therefore
/·	·	·	· ^(n-l)n, |n(n+l).	Theon of
Smyrna (ed. Hiller 41. 3-8) gives •	·	°	· the same theorem.
6 The general formula for an α-gonal number of side n is n	l)(u- 2),
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you please and adding them one to another you will make the whole into a square, and whatsoever square vou split up you will be able to make two triangles from it.a Again, a triangle joined to any square figure makes a pentagon ; for example, when the triangle 1 is added to the square 4 it makes the pentagon 5, and when the next triangle in order, which is plainly 3, is joined to 9? the next square, it makes 12, while 6, the next successive triangle, added to 16, the next successive square, will yield 22, the next successive pentagon, and 10 added to 25 will make 35, and so on without limit. In the same way if the triangles are added to the corresponding pentagons, they will produce the hexagons in an orderly series, and the triangles linked with them in turn will give the heptagons in order, and after them the octagons, and so on to infinity? To help the memory let the various polygonal numbers be written out in parallel rows, the first consisting of triangles, the next of squares, the next after these of pentagons, then of hexagons, then of heptagons, then, if it is so desired, of the other polygonal numbers in order.
as is proved below, p. 98 n. a, and Nicomachus’s assertion is equivalent to saying
n +1)(α- 2)=n + 4n(n- l)(a- 3) + |n(n- 1).
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μήκος και πλάτος
τρίγωνοι	a	y	ς-	1	M	κα	Krl		μ*	νε
τετράγωνοι	a	δ	Μ		K€	Ar	μθ	JL	πα	Ρ
πεντάγωνοι	a	€	μ		Af	va	0		P^	ρμε
εξάγωνοι	a		t€		21	tr	Ca	px	ρνγ	Ρ^_
επτάγωνοι	a	ζ		λδ	νε	πα	ρφ	PP1)	ρπθ	σλε
(ν.) Gnomons of Polygonal Numbers
Iambi, in Nicom. Arlth. Introd., ed. Pistelli 62. 10-18
Kat ep τη σχηματογραφία δβ τών πολυγώνων δύο μεν επι πάντων at αύται μενοΰσι πλευραι μηκυνόμεναι καθ' έκαστον, at δβ παρά ταύτας εναποληφθησονται τη τών γνωμόνων περιθεσει, αίει άλλασσόμεναι, μία μεν εν τριγώνω, δυο δε εν τετραγώνω και τρεις εν πενταγώνω και ομοίως επ' άπειρον, κατά δυάδος κάνταΰθα διαφοράν της κλησεως τών πολυγώνων προς την ποσότητα τών άλλασσομενων γινόμενης.
° i.e., the principle will be made clear from the figures for the gnomons of the square and pentagon given on pp. 86-89 n. a. The general formula is that in a polygon of a sides, the number of sides changed to form the next highest polygon 98
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Breadth and Length
Triangles	1	3	6	10	15	21	28	36	45	55
Squares	1	4	9	16	25	36	49	64	81	100
Pentagons	1	5	12	22	35	51	70	92	117	145
Hexagons	1	6	15	28	45	66	91	120	153	190
Heptagons	1	7	18	34	55	81	112	148	189	235
(v.) Gnomons of Polygonal Numbers lamblichus, On Nicomachus's Introduction to Arithmetic, ed. Pistelli 62. 10-18
Now in the representation of the polygons two of the sides always remain the same but are produced, while the sides intercepted between them are continually changed when the gnomons are placed round, one being changed in the triangle, two in the square, three in the pentagon and so on to infinity, the difference between the designation of the polygons and the number of sides changed being two.®
is a - 2. (This leads lamblichus to introduce immediately Thymaridas’s rule for solving n simultaneous equations, as the factor a - 2 occurs in this also. For this rule see infra, pp. 138-141).
From lamblichus’s account it follows that the successive gnomons to a polygon of a sides are
1, 1 + (α-2), l + 2(a-2), . . . l + (r- l)(a-2), and the α-gonal number of side n is the sum of n terms this series, or
n + |n(n- l)(a- 2).
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(e) Some Properties of Numbers (i.) The “ Sieve ” of Eratosthenes
Nicom. Arith. Introd. i. 13. 2-4, ed. Hoche 29. 17-32. 18
ΊΙ δέ τούτων yeveats υπό Έρατοσάένους* κα-λβίται κόσκινον, έπει,δη άναπεφυρ μένους τούς περισσούς λαβόντες καί άδι,ακρίτους εξ αυτών τη της γενέσεως μεθόδω ταύτη δι,αχωρίζομεν, ώς δι’ οργάνου η κοσκίνου τίνος καί Ιδία μέν τούς πρώτους καί άσυνθέτους, ιδία δέ τούς δευτέρους καί συνθέτους, χωρίς δέ τούς μικτούς ευ ρίσκο μεν. βστύ δέ ό τρόπος τοΰ κοσκίνου τοιοΰτος· έκθέμεος τούς άπο τρι,άδος πάντας εφεξής περισσούς ώς δυνατόν μάλιστα έπι μήκιστον στίχον, άρξάμενος άπο τοΰ πρώτου επισκοπώ, τίνας οΐός τέ έστι, μετρεΐν, καϊ, ευρίσκω δυνατόν όντα τούς δύο μέσους παραλείποντας μετρεΐν, μέχρις ου αν προχωρεΐν έθέλωμεν, ούχ ώς ετυχε δέ και εική μετροΰντα, άλλα τον μέν πρώτως κείμενον, τουτέστι τον δύο μέσους ύπερβαίνοντα κατά την τοΰ πρωτίστου έν τω στίχω κειμένου ποσότητα μετρήσει,, τουτέστι κατά την έαυτοΰ· τρις γάρ· τον δ' άπ' εκείνου δύο
° Nicomachus has been discussing the different species of odd numbers, which are explained above on p. 69 n. c.
b That is, Eratosthenes, for whom see p. 156 n. a, set out the odd numbers beginning with 3 in a column. For convenience we will set them out horizontally as follows :
3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27, 29, 31, 33, 35. 100
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(e) Some Properties of Numbers
(i.) The “ Sieve ” of Eratosthenes
Kicomachus, Introduction to Arithmetic i. 13. 2-4, ed. Hoche 29. 17-32. 18
The method of obtaining thesea is called by Eratosthenes a sieve, since we take the odd numbers mixed together and indiscriminate, and out of them by this method, as though by some instrument or sieve, we separate the prime and incomposite by themselves, and the secondary and composite by themselves, and also find those that are mixed. The nature of the sieve is as follows : I set forth in as long a column as possible all the odd numbers, beginning with three, and, starting with the first, I examine which numbers in the series it will measure, and I find it will measure the numbers obtained by passing over two intermediate numbers, so far as we care to proceed, not measuring them at random and by haphazard, but it will measure the number first found by this process, that is, the one obtained by passing over two intermediate numbers, according to the magnitude of the number lying at the head of the column, that is, according to the magnitude of itself; for it will measure it thrice? It will measure the number
We now strike out from this list the multiples of 3, because they will not be prime numbers, and this is done by passing over two numbers at a time and striking out the next. That is, we pass over 5 and 7 and strike out 9, we pass over 11 and 13 and strike out 15, and so on without limit. As Nico-machus notes in a rather cumbrous way, the numbers struck out, 3, 9, 15, 21, 27 . . ., when divided by 3 gives us in order the numbers in the original column 3, 5, 7, 9 ... . There is here the foundation for a logical theory of the infinite, but it was left for Russell and Whitehead to develop it.
101
GREEK MATHEMATICS
δύαλβ/ποντα κατά την τοΰ δευτέρου τεταγμένου πεντάκις γάρ* τον δβ περαιτέρω πάλιν δύο δια-λείποντα κατά την τοΰ τρίτου τεταγμένου* επτάκις γάρ. τον δε έτι περαιτέρω ύπερ δύο κείμενον κατά την τοΰ τετάρτου τεταγμένου* ένάκις γάρ* και επ' άπειρον τω αύτώ τρόπω. εΐτα μετά τοΰτον απ' άλλης άρχής επι τον δεύτερον έλθών σκοπώ, τίνας οΐός τέ εστι μετρεΐν, και ευρίσκω πάντας τούς τετράδα διαλείποντας, αλλά τον μεν πρώτον κατά την τοΰ έν τω στίχω πρώτου τεταγμένου ποσότητα9 τρις γάρ9 τον δε δεύτερον κατά την τοΰ δευτέρου9 πεντάκις γάρ* τον δέ τρίτον κατά την τοΰ τρίτου9 επτάκις γάρ* και τοΰτο εφεξής αεί.
(ii.) Divisibility of Squares
Theon Smyr., ed. Hiller 35. 17-36. 2
Ίδίω? δβ τοΐς τετραγώνοις συμβέβηκεν ήτοι τρίτον έχειν ή μονάδος άφαιρεθείσης τρίτον έχειν πάντως, ή πάλιν τέταρτον έχειν ή μονάδος άφαιρε-θείσης τέταρτον έχειν πάντως* και τον μεν μονάδος άφαιρεθείσης τρίτον έχοντα έχειν και τέταρτον
• The numbers obtained by passing over four numbers are
15, 25, 35 . . .
and can all be divided by 5, leaving
3, 5, 7 . . .
which is the original series of odd numbers.
Nicomachus proceeds to pass over six numbers at a time, beginning from 7, but we need not follow him. Clearly in this way he will eventually be able to remove from the series of odd numbers all that are not prime. The general formula is that wre obtain all multiples of a prime number n by skip-102
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obtained by passing over two from that one according to the magnitude of the second number in order ; for it will measure it five times. The number obtained by passing over two numbers yet again it will measure according to the magnitude of the third number in order ; for it will measure it seven times. The number that lies yet two places beyond it will measure according to the magnitude of the fourth number in order ; for it will measure it nine times ; and we may proceed without limit in this manner. After this I make a fresh start with the second number in the series and examine which numbers it will measure, and I find it will measure all the numbers obtained by passing over four,0 and will measure the first number so obtained according to the magnitude of the first number in the column ; for it will measure it thrice. It will measure the second according to the magnitude of the second, that is, five times ; the third according to the magnitude of the third, that is, seven times ; and so on in order for ever.
(ii.) Divisibility of Squares
Theon of Smyrna, ed. Hiller 35. 17-36. 2
It is a property of squares to be divisible by three, or to become so divisible after subtraction of a unit; likewise they are divisible by four, or become so divisible after subtraction of a unit ; even squares that after subtraction of a unit are divisible by three
ping n - 1 terms at a time. But to make sure that any odd number 2n + 1 left in the series is prime we should have to try to divide it by all the prime numbers up to y/%n + 1, and the method is not a practicable way of ascertaining whether any large number is prime.
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πάντως, ώς ό δ, τον δέ μονάδος άφαιρεθείσης τέταρτον εχοντα έχειν τρίτον πάντως, ώς ό θ, ή τον αυτόν πάλιν και τρίτον evetv και τέταρτον, ώς ο λ$" [ή μηδέτερον τούτων έχοντα τούτον μονάδος άφαιρεθείσης τρίτον εχειν πάντως],1 ή μήτε τρίτον μήτε τέταρτον εχοντα μονάδος άφαιρεθείσης και τρίτον έχειν και τέταρτον, ώς ό κε.
(iii.) A Theorem about Cube Numbers
Nicom. Arith. Introd. ii. 20. 5, ed. Hoche 119. 12-18
'Έ^κτεθέντων γαρ τών από μονάδος βπ’ άπειρον συνεχών περισσών επισκοπεί ούτως, ό πρώτος τον δυνάμει κύβον ποιεί, οί δέ δύο μετ' εκείνον συν-τεθέντες τον δεύτερον, οί δέ έπι τούτοις τρεις τον τρίτον, οί δέ συνεχείς τούτοις τέσσαρες τον τέταρτον, οί δέ εφεξής τούτοις πέντε τον πέμπτον
1 η . . . πάντως om. Bullialdus, Hiller.
° Any number may be written as 3n, 3n ± 1 or 3n ± 2, and its square takes the form
9n2 or 9n2 ± 6n + 1 or 9n2 ± 12n + 4.
In the first case, the square is divisible by three ; in the second and third cases it becomes so divisible after subtraction of a unit.
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can be divided by four, such as 4 itself; those that after subtraction of a unit are divisible by four can be divided by three, such as 9 ; while there are yet again squares divisible both by three and by four, such as 36 ; and others that are divisible neither by three nor by four but can be divided, after subtraction of a unit, by both three and four, such as 25.a
(iii.) A Theorem about Cube Numbers
Nicomachus, Introduction to Arithmetic ii. 20. 5, ed. Hoche 119. 12-18
When the odd numbers beginning with one are set out in succession ad infinitum this property can be noticed, that the first makes a cube, the sum of the next two after it makes the second cube, the next three following them make the third cube, the next four succeeding these make the fourth cube, the next five in order after these makes the fifth cube,
As for division by four, the square of an even number 2n is necessarily divisible by 4. The square of an odd number 2n ± 1 may be written 4n2 ± 4n + 1 and becomes divisible by four after subtraction of a unit. Karpinski observes (Nico-machus of Gerasa, by M. L. D’Ooge, p. 58) : “ Apparently Theon desired to divide all square numbers into four classes, viz., those divisible by three and not by four; by four and not by three ; by three and four ; and by neither three nor four. In modern mathematical phraseology all square numbers are termed congruent to 0 or 1, modulus 3, and congruent to 0 or 1, modulus 4. This is written :
n2=l (mod. 3), n2=0 (mod. 3), η2Ξθ or 1 (mod. 4).
“ This is the first appearance of any work on congruence which is fundamental in the modern theory of numbers.”
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και οί έζής ζζ τον ΐκτον καί τούτο μίχρις > /
acee.
(iv.) A Property of the Pythmen
Iambi, in Nicom. Arith. Introd., ed. Pistelli 103. 10-104. 13
Επ^ι de εξαοος αποτελεστι,κή ζσην η πρώτη παρ' ουδόν από μονάδος συζυγία, ή πρώτη ά β γ ειδοποιήσει, τάς εξής αυτή, μηδενός ορού κοινού λαμβανομένου _ μηδε μην παρελλειτττομένου, άλλα μετά την ά β γ λαμβανομένης της δ ε Γ, εΐτα ζ η Θ καί εξής ακολούθως, πασαι γάρ αύται εξάδες γενήσονται, μεταλαμβανούσης τον μονάδος τόπον αεί τής δεκάδος, τουτεστίν εις μονάδα άν-αγομένης· ούτως γάρ αυτήν καί δεύτερωδουμεναν μονάδα καλεΐσθαι, ελεγομεν προς τών Πυθαγορείων,
° That is to say, 1 = 1’, 3 + 5 = 2’, 7 + 9+11=3’, 13+15+17+19=43, 21 + 23 + 25 + 27 + 29 = 53, 31 + 33 + 35 + 37 + 39 + 41 = 63, and so on to infinity, the general formula being
{n(n-1)+l} + {n(n-l) + 3}+ ... + {n(n-l) + 2n-l}=n’. By putting n = l, 2, 3 . . . r in this formula and adding the results it is easily shown that
l’ + 23 + 33+ ... + r3={|r(r + I)}2, a formula which was known to the Roman agrimensores and probably to Nicomachus. Heath (II.G.M. i. 109-110) shows how it was proved by the Arabian algebraist Alkarkhi in a book Al-Fakhri written in the tenth or eleventh century. The proof depends on Nicomachus’s theorem.
b lamblichus has been considering various groups of three, numbers which can be formed from the series of natural numbers, by passing over a specified number of terms, so as to become polygonal numbers. Thus 1 + 2 + 3 = 6 (triangle), 1 + 3 + 5 = 9 (square), 3 + 4 + 5 = 12 (pentagon), 1 + 4 + 7 = 12 (pentagon), 1 + 5 + 9 = 15 (hexagon).
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the next six in order make the sixth cube, and so on for ever.a
(iv.) A Property of the Pythmen lamblichus, On Nicomachus"s Introduction to Arithmetic ed. Pistelli 103. 10-104. 18
Since the first group,b starting from the unit and omitting no term, is productive of the hexad, the first group, 1, 2, 3, will be a model of those that succeed it, the groups having no common term and leaving none on one side, but 1, 2, 3 being followed by 4, 5, 6, then by 7, 8, 9» and so on in order.0 For all these will become hexads when the unit takes the place of the decad in all cases, so reducing it to a unit. For after this manner we said 10 w’as called the unit of the second course d among the Pythagoreans, while 100
c In other words, lamblichus asks us to consider any group of three consecutive numbers, the greatest of which is divisible by 3. We may represent such a group generally as 3p + 1, 3p + 2, 3p + 3.
d As lamblichus had previously explained (in Nicom,, ed. Pistelli 75. 25—77. 4), the Pythagoreans looked upon a square number n2 as a race course (δίαυλο?) formed of successive numbers from 1 (as the start, ύσπληξ) up to n (the turning point, καμπτήρ) and back again through (η- 1), (n - 2), and so on to 1 (as the goal, νύσσα), in this way :
1 + 2 + 3 + ···· + (τι — 1)
+
n
+
1 + 2 + 3+ . . . ♦	(n- 1)
As an example we have
1+2 + 3+ . . . 10 + 9 + 8+ . . . 3 + 2+l = 10a and thence
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καν τρνωδουμεναν την εκατοντάδα, καν τετρωδου-μεναν την χνλνάδα. η μεν γάρ δ έ Γ πονεν άρνθμόν τον ιε· αναγόμενες δε της δεκάδος εις μονάδα, ο πεντε προσλαβών αυτήν εζάς γίνεται. πάλνν η ζ ή θ συνθεΐσα πονεν τον κδ αριθμόν, ου τά κ εις δύο μονάδας άναγαγών προστίθημν τω $, καν εχω πάλιν εζάδα. πάλνν ϊ να νβ συνθενς πονώ
λγ, ών τά λ τρνάς εστνν, ην προσθενς τοΐς τρνσνν εχω ομοίως εζάδα, καν τούτο ομοίως εσταν δν όλου, καν η μεν προ') τη εξάς ουκ εχεν μετάθεσνν δεκάδος εις μονάδα, ώς αν ενδοπονός καν στονχενον τών μετ' αυτήν ύπάρχουσα· η δε δεύτερα μνας μονάδος μετάθεσνν εζεν, η δε τρίτη δυενν καν η τετάρτη τρνών καν η πέμπτη τεσσάρων καν εζης ακολούθως. όσαν δ' άν ώσνν αν μετατνθε μεναν
δεκάδες, τοσαΰταν καν αν εννεάδες άφανρεθν'ισονταν εκ τοΰ όλου συστήματος, ίνα τό λενπον ομοίως εζάς τρ τοΰ γάρ νε μνας δεκάδος εχοντος μετάθεσνν, εάν άφελω μίαν εννεάδα, λενφθησεταν εζάς. τοΰ δε κδ δύο εχοντος δεκάδας τάς μεταπονουμενας εάν άφελω δύο εννεάδας, λενφθησεταν πάλνν εζάς, καν τοΰτο δν’ όλου συμβησεταν.
10 + 20 + 30+ . . . 100 + 90+80+ . . . 30+ 20+ 10 = ΙΟ3
100 1- 200 + 300 + ... 1000 + 900 + 800 + ... 300 + 200 + 100 = 104
and so on. It was in virtue of these relations that the Pythagoreans spoke of 10 as the unit of the second course (Seurepo-δουμότ) μονά?), 100 as the unit of the third course (τριωδουμένη μονάς) and so on.
a The truth of lamblichus’s proposition is proved generally by Loria {Le scienze esatte neW antica Grecia, pp. 841-842) in the following manner.
Let	Ν =7?0+10ηχ+IO2??2+ . · ·
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was called the unit of the third course and 1000 the unit of the fourth course. Now 4, 5, 6 make the number 15. Reducing the 10 to a unit, and adding it to the 5 we get 6. Again, 7, 8, 9 when added together make the number 24, in which I reduce the 20 to two units, add them to the 4 and so again have 6. Once more, adding 10, 11, 12,1 make 33, in which the SO yields 3, and adding this to the 3 units I likewise have 6. with a similar result in all cases. The first 6 does not suffer a change of the 10 into a monad, being a kind of image and element of those that succeed it. The second has a change of one monad, the third of two, the fourth of three, the fifth of four and so on in order. The number of 10 s that have to be changed is also the number of 9 s that have to be taken away from the whole sum in order that the result may likewise be 6. In the case of 15, where there is one 10 to be changed, if I take away one 9 the remainder will be 6. In the case of 24, where there are two 10 s to be changed, if I take away two 9 s the remainder will again be 6, and this wrill happen in all cases.a
be a number written in the decimal system. Let S(N) be the sum of its digits, St2)(N) the sum of the digits of S(N), and so on.
Now N-S(N)=9(n1+ lln2+ llln3+ . . .)
whence	N=S(N) (mod. 9).
Similarly S(N)^S^N(mod. 9)
and so on.
Let S^N) = S' * N(mod. 9)
be the last possible relation of this kind ; S(fc)N will be a number N'^9.
Adding all the congruences we get
N = N' (mod. 9), where N'^9.
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(f)	Irrationality of the Square Root of 2
Aristot. Anal. Pr. i. 23, 41 a 26-27
Παντβ? γάρ ο I διά τοΰ αδυνάτου περαίνοντες τό μεν ψευδός συλλογίζονται, τό δ’ εξ άρχης εξ ύποθεσεως δει,κνυουσι,ν, όταν αδύνατόν tl συμβαίνη της άνπφάσεως τεθείσης, οΐον otl ασύμμετρος η δLάμετpoς διά τό γLvεσθaL τά πεpLττά ΐσα τοΐς άρτακς συμμέτρου τεθείσης. τό μεν ουν ίσα γί-vεσθaL τά πεpLττά τοΐς άρτάπς συλλoγLζετaL, τό δ’ άσσυμετρον εϊvaL την δLάμετpov εξ ύποθεσεως δεί-κνυσιν, επεί ψευδός συμβaLvεL διά την avricfraoLV.
(g)	The Theory of Proportion and Means
(i.) Arithmetic, Geometric and Harmonic Means
Iambi, in Nicom. Arith. Introd., ed. Pistelli 100. 19-25
Μόραι δέ τό πaλaLόv τρεις ησαν μεσότητες επί ΤΙυθαγόρου καί τών κατ αυτόν μαθημαπκών, άρίθ-
Now, if Ν is the sum of three consecutive numbers of which the greatest is divisible by 3, we can write
N=(3p + l) + (3/> + 2) + (3p + 3), and the above congruence becomes
9p + 6 =N'(mod. 9)
so that N'^eimod. 9), with the condition N'^9. But the only number ^9 which is divisible by 6 is 6 itself.
Therefore	Nz = 6.
° It is generally believed that the Pythagoreans were aware of the irrationality of \/2 (Theodorus, for example, when proving the irrationality of numbers began with^S), and that Aristotle has indicated the method by which they proved it. The proof, interpolated in the text of Euclid as 110
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(y*) Irrationality of the Square Root of 2
Aristotle, Prior Analytics i. 23, 41 a 26-27
For all who argue per impossibile infer by syllogism a false conclusion, and prove the original conclusion hypothetically when something impossible follows from a contradictory assumption, as, for example, that the diagonal [of a square] is incommensurable [with the side] because odd numbers are equal to even if it is assumed to be commensurate. It is inferred by syllogism that odd numbers are equal to even, and proved hypothetically that the diagonal is incommensurate, since a false conclusion follows from the contradictory assumption.0
(g) The Theory of Proportion and Means
(i.) Arithmetic, Geometric and Harmonic Means lamblichus, On Nicomachus's Introduction to Arithmetic, ed. Pistelli 100. 19-25
In ancient days in the time of Pythagoras and the mathematicians of his school there were only three
x. 117 (Eucl., ed. Heiberg-Menge iii. 408-410), is roughly as follows. Suppose AC, the diagonal of a square, to be commensurable with its side AB, and let their ratio in its smallest terms be a : b.
Now	AC2 : AB2 =α2 : ό2
and	AC2=2AB2, a2=2ZA
Hence a2, and therefore a, is even.
Since a : b is in its lowest terms it follows that b is odd.
Let a=2c. Then 4c2 = 262, or 52=2c2, so that ό2, and therefore b is even.
But b was shown to be odd, and is therefore odd and even, which is impossible. Therefore AC cannot be commensurable with AB.
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μητικη τε καί η γεωμετρική καί η ποτέ μεν ύπεναντία λεγομένη τη τάζει, τρίτη, ύπό δβ τών περί Άρχύταν αύθις καϊ, Ίππασον αρμονική μετά-κληθεΐσα, ότι τούς κατά το ήρμοσμένον καϊ εμμελές έφαίνετο λόγους περιέχουσα.
Archytas ap. Torph. in Ptol. Harm., ed. Wallis, Opera Math, iii. 267. 39-268. 9 ; Diels, Vors. i5. 435. 18-436. 13
Άρχύτας δβ περί τών μεσοτήτων λέγων γραφεί ταΰτα*
“ Μβσαι δέ έντι τρις τα μουσικά, μία μέν αριθμητικά, δεύτερα δέ γαμετρικά, τρίτα δ’ ύπεναντία, αν καλέοντι αρμόνικάν. αριθμητικά μεν, όκκα εωντι τρεΐς όροι κατά τάν τοίαν ύπεροχάν άνά λόγον ω πράτος δευτέρου υπερέχει, τωύτώ δεύτερος τρίτου υπερέχει, καϊ, έν ταύτα τα αναλογία συμπίπτει εΐμεν τό τών μειζόνων όρων διάστημα μεΐον, τό δέ τών μειόνων μεΐζον. γαμετρικά δέ, οκκα εωντι οιος ο πρώτος ποτι τον δεύτερον, και ό δεύτερος ποτι τον τρίτον, τούτων δέ οί μείζονες όροι ίσον ποιούνται τό διάστημα και οί μείους. α δέ ύπεναντία, αν καλοΰμεν αρμόνικάν, όκκα εωντι (τοΐοι· ώ)1 ό πρώτος όρος ύπερέχει τοΰ δευτέρου αύταύτου μέρει, τωύτώ ό μέσος τοΰ τρίτου ύπερ-
1 τοίοι ω add. Diels.
β i.e., b is the arithmetic mean between a and c if
a- b =b- c.
b The word διάστημα (interval) is here used in the musical sense; mathematically it must be understood as the ratio 112
PYTHAGOREAN ARITHMETIC means, the arithmetic and the geometric and a third in order which was then called subcontrary, but which was renamed harmonic by the circle of Archytas and Hippasus, because it seemed to furnish harmonious and tuneful ratios.
Archytas, cited by Porphyry in his Commentary on Ptolemy's Harmonics, ed. Wallis, Opera Mathematica iii. 267. 39-268. 9 ; Diels, Vors. i5. 435. 18-436. 13
Archytas, in his discussion of means, writes thus : “ Now there are three means in music : first the arithmetic, secondly the geometric, and thirdly the subcontrary, the so-called harmonic. The arithmetic is that in which three terms are in proportion in virtue of some difference : the first exceeds the second by the same amount as the second exceeds the third.01 And in this proportion it happens that the interval b between the greater terms is the lesser, while that between the lesser terms is the greater. The geometric mean is that in which the first term is to the second as the second is to the third. Here the greater terms make the same interval as the lesser.0 The subcontrary mean, which we call harmonic, is such that by whatever part of itself the first term exceeds the second, the middle term exceeds the between the two terms, not their arithmetical difference. Archytas asserts that
a b b< c
c i.e., b is the geometric mean between a and c if a b b~e
and what Archytas says about the interval is contained in the definition.
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εχει τοΰ τρίτου μέρεί. γίνεται δε έν ταΰτα τα αναλογία τό των μαζόνων ορών διάστημα μεΐζον, τό δε τών μειάνων μεΐον.”
(ii.) Seven Other Means
Nicom. Arith. Introd. ii. 28. 3-11, ed. Hoche 141. 4-144. 19
Τετάρτη μεν η καί ύπεναντία λεγομένη διά τό αντνκεΐσθαί καί άντι,πεπονθέναί τη άρμονι,κη υπάρχει, όταν έν τρι,σίν opois ώς ό μέγιστος προς τον έλάχίστον, ούτως η τών έλαττόνων διαφορά προς την τών μει,ζόνων έχη, οϊον
γ> Γ,
β i.e., b is the harmonic mean between a and c if a-b b-c ---------------------- ——Z“'· a c
,. , , 1111
which can be written	— T = r - -,
c b b a
xu	1 1 1
so that	-, ϊ, -
c b a
form an arithmetical progression, and Archytas goes on to assert that
a b b> c
* It is easily seen how the Pythagoreans would have observed the three means in their musical studies (see A. E. Taylor, A Commentary on Plato's Timaeus, p. 95). They would first have noticed that when they took three vibrating strings, of which the first gave out a note an octave below the second, while the second gave out a note an octave below the third, the lengths of the strings would be proportional to 4, 2, 1. Here the διάστημα is in each case an octave. The Pythagoreans would then have noticed that if they took three 114
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third by the same part of the third.® In this proportion the interval between the greater terms is the greater, that between the lesser terms is the lesser.” b
(ii.) Seven Other Means
Nicomachus, Introduction to Arithmetic ii. 28. 3-llt ed. Hoche 141. 4-144. 19
The fourth mean, which is also called subcontrary by reason of its being reciprocal and antithetical to the harmonic, comes about when of three terms the greatest bears the same ratio to the least as the difference of the lesser terms bears to the difference of the greater/ as in the case of
3,	5, 6,
strings sounding a given note, its major fourth and its upper octave, the lengths of the strings would be proportional to 12, 8, 6, which are in harmonic progression. Finally they would have observed that if they took three strings sounding a note, its major fifth and its upper octave, the lengths of the strings would be proportional to 12, 9, 6, which are terms in arithmetical progression. But the fact that the means are consistently given in the order arithmetic, geometric, harmonic, and that the name “ harmonic ” was substituted by Archytas for the older name “ subcontrary ” suggests that these means had already been arithmetically defined before they were seen to be exemplified in the fundamental intervals of the octave.
c i.e.9 b will be the subcontrary mean to a, c, if
c _b- a a c — b*
In this and the succeeding examples, following the practice of Nicomachus, it is assumed that a, b9 c are in ascending order of magnitude.
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ev γάρ δίπλασάυ τά συγκρυθέντα όράταυ· φανερόν δβ, καθ' ά ήναντίωταυ τη άρμονυκη· των γάρ αυτών άκρων άμφοτέραυς υπαρχόντων καί έν 8ι/πλασίω ye λόγω, έν μέν τη προ ταυτης ή τών μευζόνων υπέροχη προς την τών έλαττόνων τον αυτόν έσωζε λόγον, εν ταυτη 8έ άνάπαλι,ν η τών έλαττόνων προς την τών μει,ζόνων l8cov 8ε ταυτης ίστέον εκείνο, τό 8υπλάσυον άποτελεΐσθαυ τό υπό τοΰ μείζονος καί μέσου προς τό υπό τοΰ μέσου καί ελάχιστου, τοΰ γάρ πεντάκι,ς γ 8ιπτλάσυον τό έζάκι,ς έ.
At δβ δυο μεσότητες πέμπτη καί έκτη παρά την γεωμετρικήν επλάσθησαν άμφότεραυ, 8υαφέρουσυ δ’ άλληλων ούτως· η μέν πέμπτη έστι,ν, όταν έν τρυσίν όρους ώς ο μέσος προς τον έλάχυστον οΰτω καί η αυτών τούτων 8υαφορά προς την τοΰ μεγίστου προς τον μέσον, οϊον
β, δ, €·
διπλάσιος γάρ ό_ μέν δ του β, μέσος ορος τοΰ ελάχιστου, ό 8έ β τοΰ ά, ελάχιστων 8υαφορά προς 8υαφοράν μεγίστων* δ 8' ύπεναντίον αυτήν τη
α An elaborate classification of ratios is given by Nicom. Arith. Introd. i. 17-23. They are given in a convenient form for reference by Heath, H.G.M. i. 101-104, with the Latin names used by Boethius in his De Institutione Arithmetica, which is virtually a translation of Nicomachus’s work.
b i.e., in the harmonic mean
c _c- b
a b- a
and in the subcontrary mean
c _b- a a c- b*
e This property happens to be true of the particular 116
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for the ratios formed are both seen to be the double.0 It is clear in what way this mean is contrary to the harmonic; for whereas they both have the same extremes, standing in the double ratio, in the case of the former mean this was also the ratio of the difference of the greater terms towards that of the lesser, while in the case of the present mean it is the ratio of the difference of the lesser terms to that of the greater? This property peculiar to the present mean deserves to be known, that the product of the greater and middle terms is double the product of the middle and least terms, for six times five is double five times three?
The next two means, the fifth and sixth, were both fashioned after the geometric, and differ from each other in this way. The fifth exists when of three terms the middle bears to the least the same ratio as their difference bears to the difference between the greatest and the middle terms,d as in the case of
2, 4, 5 5
for 4 is double 2, that is, the middle term is double the least, and 2 is double 1, that is, the difference of the least terms is double the difference of the greatest.
numbers Nicomachus has chosen, but is not in general true of the subcontrary mean. What is universally true is that if
c _ c - b _ a b —a
then	abr =ab x- = bc.
a
d b is the fifth mean of a, c, if
b _b- a a c- b'
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γεωμετρική ποιεί, εκείνο εστιν, otl επί μεν εκείνης ώς ό μέσος προς τον έλάττονα, ούτως η τοΰ μεί-ζονος ττρος τον μέσον υπέροχη προς την τοΰ μέσου προς τον έλάττονα, επί δε ταυτης άνάπαλιν η τοΰ έλάττονος προς την τοΰ μείζονος* ϊόυον δ’ όμως καί ταυτης έστί τό όυπλάσιον γίνεσ#αι τδ υπό τοΰ μεγίστου καί μέσου τοΰ υπό τοΰ μεγίστου καί ελάχιστου, τό γάρ πεντάκις δ διπλάσιον τοΰ πεντάκυς β.
Ή δε έκτη γίνεται, όταν εν τρισίν όροις η ώς ό μέγιστος προς τον μέσον, ούτως η τοΰ μέσου παρά τον έλάχιστον υπέροχη προς την τοΰ μεγίστου παρά τον μέσον, οίόν
σ, S, >
εν ημιολίω γάρ έκάτεροι λόγω* έοικυΐα δ’ αιτία και ταυτη της προς την γεωμετρικήν ύπεναντιότητος, αναστρέφει γάρ κάνταΰθα η τών λόγων όμοιότης ώς επί της πέμπτης.
Καί αί μεν παρά τοΐς πρόσθεν θρυλλούμεναι έξ μεσότητες αίδε είσί, τρεις μεν αί πρωτότυποι μέχρι
α i.e., if b is the geometric mean between a and c, b c c-b a b b- a
while if b is the fifth mean between a and o,
b _b— a a c-K
The property which Nicomachus notes about this mean needs generalizing as in the case of his similar remark about the fourth mean, i.e., if
b_b-a _
a c-b T’
then	acr=acx-=0a
a
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What makes it subcontrary to the geometric mean is this property, that in the case of the geometric mean the middle term bears to the lesser the same ratio as the excess of the greater term over the middle bears to that of the middle term over the lesser, while in the case of this mean a contrary relation holds. It is a peculiar property of this mean that the product of the greatest and middle terms is double the product of the greatest and least, for five times four is double of five times two.a
The sixth mean comes about when of three terms the greatest bears the same ratio to the middle term as the excess of the middle term over the least bears to the excess of the greatest term over the middled as in the case of
1, 4, 6,
for in each case the ratio is the sesquialter (3 : 2). No doubt, it is called subcontrary to the geometric mean because the ratios are reversed, as in the case of the fifth mean.c
These are then what are commonly called the six means, three prototypes which came down to Plato
• i.e., b is the sixth mean between a and b if
c _b- a b c- b
° i.e., if b is the geometric mean between a and c, c c- b b~b-a'
while if b is the sixth mean between a and c, c _b- a b~ c-b'
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Άριστοτβλους και Πλάτωνος άνωθεν από Πυ#α-γόρου διαμείνασαι, τρεις δ’ έτεραι έκείναις ύπεναν-τίαι τοΐς μετ εκείνους ύπομνηματογράφοις τε και αιρετισταΐς εν χρήσει γινόμενοι- τεσσαρας δε' τινας ετε'ρας μετακινοΰντες τούς τούτων ορούς τε και δι,αφοράς έπέξευρόν τινες ού ττάνυ έμφανταζομένας τοΐς τών παλαιών συγγράμμασιν, αλλ’ ώς περι-εργότερον λελεπτολογημένας, άς όμως προς το μη δοκεΐν άγνοεΐν έπιτροχαστέον τηδέ πη.
Πρώτη μέν γάρ αυτών, έβδομη δέ έν τη πασών συντάξει εστιν, όταν η ώς ο μέγιστος προς τον έλάχιστον, ούτως καί η τών αυτών διαφορά προς την τών έλαττόνων, οιον
Γ, ή,
ημιόλιος γάρ ό λόγος έκατέρου συγκρίσει ένοράται.
Όγδοη δέ μεσάτης, ητις τούτων δεύτερα έστι, γίνεται, όταν ώς ο μέγιστος προς τον έλάχιστον, ούτως η διαφορά τών άκρων προς την τών μειζόνων διαφοράν, οιον
S-, ζ» 9·
και αύτη γάρ ημιολίους εχει τούς δύο λόγους.
Ή δέ ένατη μέν έν τη τών πασών συντάξει, τρίτη δέ έν τω τών έφευρημένων αριθμώ υπάρχει, όταν τριών όρων όντων, δν λόγον έχει ο μέσος προς
° lamblichus says (tn Nicom., ed. Pistelli 101. 1-5) that the school of Eudoxus discovered these means, but in other places (ibid. 116. 1-4, 113. 16-18) he gives the credit, in part at least, to Archytas and Hippasus.
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and Aristotle from Pythagoras, and three others subcontrary to these which came into use with later writers and partisans.*1 By playing about with the terms and their differences certain men discovered four other means which do not find a place in the writings of the ancients, but which must nevertheless be treated briefly in some fashion, although they are superfluous refinements, in order not to appear ignorant.
The first of these, or the seventh in the complete list, exists when the greatest term bears the same relation to the least as their difference bears to the difference of the lesser terms,b as in the case of
6, 8, 9,
for the ratio of each is seen by compounding the terms to be the sesquialter.
The eighth mean, or the second of these, comes about when the greatest term bears to the least the same ratio as the difference of the extremes bears to the difference of the greater terms,0 as in the case of
6,	7, 9 ;
for here the two ratios are the sesquialter.
The ninth mean in the complete series, and the third in the number of those more recently discovered, comes about when there are three terms and the
b i,e,9 b is the seventh mean between a and c if
c c- a a b — a
° i.e,, b is the eighth mean between a and c if
c __c- a a~c-b*
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τον ελάχι,στον, τοΰτον καί η τών άκρων υπέροχη προς την τών ελάχιστων εχη, ώς
%» S-, ζ.
Ή δε επί πάσαι,ς δεκάτη μεν συλλήβδην, τέταρτη δε εν τη τών νεωτερι,κών έκθεσει, όραταί, όταν εν τρισίν δροι,ς fl ώς ό μέσος προς τον ελάχιστον, ούτως καί η διαφορά τών άκρων προς την διαφοράν τών μει,ζόνων, οΐον
Ύ> fl-
επώίμερης γάρ ο εν εκατερα συζυγία λόγος.
Έπί κεφαλαίου τοίνυν οί τών δέκα αναλογιών
δροι εκκείσθωσαν ΰφ' εν παράδειγμα προς τό	
ευσυνοπτον,	
πρώτης ά, δευτερας ά, τρίτης γ,	β_> y> β, δ, δ, γ,
τέταρτης γ, πέμπτης β, έκτης α,	ΟΟΙ ΟΟΙ^Ι <qi am te	W
β i.e., b is the ninth mean between a and c if b _ c- a a b-a
* i.e., b is the tenth mean between a and c if
b e-a a c-b'
° Pappus (iii. 18, ed. Hultsch 84. 12-86. 14) gives a similar list, but in a different order after the sixth mean. Nos. 8, 9, 10 in Nicomachus’s list are respectively Nos. 9, 10, 7 in that of Pappus. Moreover Pappus omits No. 7 in the list of Nicomachus and gives as No. 8 an additional mean equivalent to the formula	The two lists thus give
five means additional to the first six.
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middle bears to the least the same ratio as the difference between the extremes bears to the difference between the least terms/ as
4, 6, 7.
Finally, the tenth in the complete series, and the fourth in the list set out by the moderns, is seen when in three terms the middle term bears to the least the same ratio as the difference between the extremes bears to the difference of the greater terms/ as in the case of
3,5,8;
for the ratio in each couple is the superbipartient (5 : 3).
To sum up, then, let the terms of the ten proportions be set out in one figure so as to be taken in at
a glance.®		
		a<b<c
First	1, 2, 3	b — a a	b c = t = - ; arithmetic
	c — b a	b c
Second 1, 2, 4	b — a b c - b c	a = ; geometric
Third 3, 4, 6	b — a a	; harmonic
	c - b c	
Fourth 3, 5, 6	b -a c c — b a	; subcontrary to harmonic
Fifth 2, 4, 5	b-a b c - b a	subcontrary
	1	> ;	to
Sixth 1, 4, 6	b — a c	geometric
	c — b b	
123
GREEK MATHEMATICS
έβδομης όγδοης ένατης δέκατης	5 > ^7» $ > Γ, ξ, 9, δ, γ, ζ,
(iii.) Pappus's Equations between Means
Papp. Coll. iii. 18. 48, ed. Hultsch 88. 5-18
Tpeis άνάλογον εστωσαν οροί οί Α, Β, Γ καυ συναμφοτερω μεν τω Α, Γ μετά β τών Β ΐσος εκκείσθω ο Δ, συναμφοτερω δβ τω Β, Γ ο Ε, τω δέ Γ ό Ζ· λέγω ότι, καί οί Δ, Ε, Ζ ορού άνά-λογόν είσι,ν.
Έπβι γάρ ώς ό Α ττρος τον Β, ούτως ο Β ττρος τον Γ, βσται καί συνθεντυ ώς συναμφότερος ό A, Β ττρος τον Β, ούτως συναμφότερος ό Β, Γ ττρος τον Γ· καί πάντες άρα οί ηγούμενου ττρος πάντας τούς επομένους είσϊ,ν εν τω αύτω λόγω ώς συναμφότερος ό A, Β μετά συναμφοτερου τοΰ Β, Γ προς συναμφό-τερον τον Β, Γ, ούτως συναμφότερος δ Β, Γ προς τον Γ. καί εστιν συναμφοτερω μέν τω A, Β μετά συναμφοτερου τοΰ Β, Γ ΐσος ό Α, συναμφοτερω δέ 124
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Seventh	6,	8,	9	c— a b - a	c a
Eighth	6,	7,	9	c - a c -b	c a
Ninth	4	6,	7	c — a	b
				b — a	~~ a
Tenth	3,	5,	8	c - a c -b	b = - or c a
(iii.) Pappus's Equations between Means
Pappus, Collection iii. 18. 48, ed. Hultsch 88. 5-18
Let A, Β, Γ be three terms in [geometric] proportion a and let Δ = A + Γ 4- 2B, E = B + Γ, Ζ = Γ ; I say that Δ, E, Z are terms in [geometric] proportion.
For since Α:Β = Β:Γ, it follows that A + B:B = Β + Γ : Γ ; and therefore all the antecedents bear to all the consequents & the same ratio, so that Α + Β + Β + Γ : Β + Γ = Β + Γ :Γ. Now Δ = Α + Β +
a According to Theon (ed. Hiller 106. 15-20), Adrastus said the geometric mean was called “ both proportion par excellence and primary,” though the other means were also commonly called proportion by some writers (τούτων δε' φησιν ο Άδραστο? μιαν την γεωμετρικήν κυρίως λεγεσθαι και αναλογίαν και πρώτην . . . κοινότερον δε φησι και τάς άλλας μεσότητας ύπ' ενίων καλεΐσθαι αναλογίας).
b The expressions “ antecedents,” literally “ leading (terms),” and “ consequents,” or “ following (terms),” are those used in Euclid v. Def. 11 et seq.
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τώ Β, Γ 'ίσος ό Ε, καί τω Γ ό Ζ. καί οί Δ, Ε, Ζ άρα άνάλογόν είσι,ν.
Ibid. iii. 23. 57, ed. Hultsch 102
MeaoTT/rcs	A Β Γ	Οί περιεχοντες τας μεσότητας τρεις ελάχιστοι αριθμοί
αριθμητική	ΡιΊΧι Ρ·7Χι·<ι Pi Pi Pi	<ΊΙ Οι ΊΧ.
γεωμετρική	ά β ά & ά &	ί β a
αρμονική	β γ ά β * ά ά	r y β
ύπεναντία	β y ά β β ά ά ά	? e β
° This is one of a series of propositions given by Pappus to the following effect. If A, Β, Γ are three terms in geometric proportion, it is possible to form from them three other terms Δ, Ε, Z, being linear functions of Λ, Β, Γ, which satisfy the different proportions. In this case Δ, Ε, Z are also in geometric proportion, but in the other examples Δ, Ε, Z are made to satisfy the harmonic, the subcontrary, and the fifth, sixth, eighth, ninth and tenth means of Pappus’s list. The problems are, of course, problems in indeterminate analysis of the second degree. Pappus does not include solutions for the arithmetic and seventh proportions. Tannery (Memoir ea acientifiques i., pp. 97-98) suggests as the reason that in these cases the equations of the proportions, Δ + Ζ=2Ε and, Δ = Ε +Z, are already linear, there is no need to assume that 126
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Β + Γ, Ε = Β + Γ and Ζ = Γ ; and therefore Δ, E, Z are in [geometric] proportion.0
Ibid. iii. 23. 57, ed. Hultsch 102
Means	Solution in terms of A, Β, Γ	The three least numbers exhibiting the means
Arithmetic	Δ=2Α + 3Β + Γ E = A+2B + Γ Z=	B+ Γ	6, 4, 2
Geometric	Δ= A+2B+ Γ E =	B+ Γ Z =	Γ	4, 2, 1
Harmonic	Δ=2Α + 3Β + Γ E =	2B + Γ Z=	B+ Γ	6, 3, 2
Subcontrary	Δ=2Α + 3Β+ Γ E=2A+2B-h Γ Z =	B+ Γ	6, 5, 2
ΑΓ = Β2, and consequently there is one indeterminate too many. But the complete results are shown in the table reproduced on these pages from Pappus (ed. Hultsch, p. 102, with explanation, pp. 100-104). The first column in the Greek table gives the means which Δ, E, Z are to satisfy. The second column gives the number of times A, Β, Γ have to be taken to form Δ, E, Z respectively. In the case of the geometric progression already considered, the table shows that to form Δ we have to take A once, B twice and Γ once ; to form E we have to take B once and Γ once ; and to form Z we take Γ once. The third column gives the least integral values of Δ, E, Z satisfying the respective proportions (i.e. the values of Δ, E, Z, supposing A, Β, Γ to be each unity); in the case of the geometric proportion the values are 4, 2, 1.
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Μεσότητες	A Β Γ	Ot πβρι/χορτε? τάς μεσότητας τρεις ελάχιστοι αριθμοί
/ €	Ρι Ρι pi "OCi*^i Pi Ρι Ρι	**· Oil •CO.
	Pi Pi Pi Pi "COi^i Ρ· ΡιΊΧι	Γ δ ά
ζ'	_	_	_ α	α a a a a	Ύ β ά
ν'	Pi"C0i TXiTXrx». 1 pl Pl Pl	Γ δ 7
θ’	a	p a ά	a	a ά a	δ 7 β 1 1
»'	Pi Pi Pi pi Pi Pi	7 β ά.
(iv.) Plato on Means between two Squares or two Cubes
Plat. Tim. 31 b-32 b
Δυο δβ μόνω καλώς συνίστασθαι, τρίτου χωρίς ού δυνατόν δεσμόν γάρ εν μέσω δει τι,να άμφοΐν συναγωγόν γίγνεσθαι,. . . . εί μεν ουν επίπεδον μεν, βάθος δε μηδέν έχον εδει, γίγνεσθαι, τό τοΰ παντός σώμα, μία μεσότης αν έξήρκει, τά τε μεθ' 128
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Means	Solution in terms of A, Β, Γ	The three least numbers exhibiting the means
Fifth	Δ= A+3B + Γ E = A+2B + Γ Z =	B+ Γ	5, 4, 2
Sixth	Δ= Α+3Β+2Γ E = A+2B + Γ Z= A+ Β- Γ	6, 4, 1
Seventh	Δ = A + B+ Γ E=	Β + Γ Z =	Γ	3, 2, 1
Eighth	Δ=2Α + 3Β+ Γ E= A+2B+ Γ Ζ =	2B + Γ	6, 4, 3
Ninth	Δ= A+2B+ Γ E= A+ B+ Γ Z=	B+	Γ	4, 3, 2
Tenth	Δ= A+ B+ Γ E=	B+ Γ Z=	Γ	3, 2, 1
N.B.—For the differences between this list of means and that given by Nicomachus, see p. 122 n. c.
(iv.) Plato on Means between two Squares or two Cubes Plato, Timaeus 31 b-32 b
But it is not possible that two things alone be joined without a third ; for in between there must needs be some bond joining the two. . . . Now if the body of the All had had to come into being as a plane surface, having no depth, one mean would have
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αυτής συρδβιν xat έαυτήν, νυν δέ στβρβοβιδή γάρ αυτόν προσήκων εΐναι,, τά δέ στβρβά μία μέν ού~ όέττοτε, 8υο δέ act μεσότητες συναρμόττουσιν.
(ν.) A Theorem of Archytas
Archytas ap. Boeth. De Inst. Mus. iii. 11, ed. Friedlein 285-286
Demonstratio Archytae superparticularem in aequa dividi non posse.
Superparticularis proportio scindi in aequa medio proportionaliter interposito numero non potest. Id vero posterius firmiter demonstrabitur. Quam enim demonstrationem ponit Archytas, nimium fluxa est. Haec vero est huiusmodi. Sit, inquit, superparticularis proportio -Α-B-, sumo in eadem propor-tione minimos *C*DE·. Quoniam igitur sunt minimi in eadem proportione -CDE- et sunt superparticu-lares, -DE· numerus *C· numerum parte una sua eiusque transcendit. Sit haec -D·. Dico, quoniam -D- non erit numerus, sed unitas. Si enim est nu-
a In other words, one mean is sufficient to connect in continuous proportion two square numbers, but two are required to connect cube numbers. Plato’s remarks are equivalent to saying that
a2 : ab = ab : b2 and	a3 : a2b =a2b : ab2 =ab2: ό3.
b The superparticularis ratio (έπψ,όριος λόγος) is the ratio in which one number contains the other and an aliquot
part of it, t.e., is the ratio .
c That is, a geometric mean. Archytas’s proof as preserved by Boethius is substantially identical with that given by Euclid in his Sectio Canonis, prop. 3 (Euclid, ed. Heiberg-130
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sufficed to bind together both itself and its fellowterms ; but now it is otherwise—for it behoved it to be solid in shape, and what brings solids into harmony is never one mean, but always two.°
(v.) A Theorem of Archytas
Archytas as quoted by Boethius, On Music iii. 11, ed. Friedlein 285-286
Archytas’s proof that a superparticular ratio cannot be divided into equal parts.
A superparticular ratio b cannot be divided into equal parts by a mean proportionalc placed between. That will later be more conclusively proved. For the proof which Archytas gives is very loose. It is after this manner. Let there be, he says, a superparticular ratio A :B.d I take C, D + E the least numbers in the same ratio/ Therefore, since C, D + E, are the least numbers in the same ratio and are superparticulars, the number D + E exceeds the number C by an aliquot part of itself and of C. Let the excess be D.f I say that D is not a number but a unit. For, if D is a number and an aliquot Menge viii. 162. 7-26). It is subsequently used by Euclid (prop. 16), to show that the musical tone, whose numerical value is 9 : 8, cannot be divided into two or more equal parts.
d Archytas writes the smaller number first instead of second, as Euclid does.
6 In Archytas’s proof D + E is represented by DE, Euclid, following his usual practice, takes a straight line divided into two parts. To find C, D+E, presupposes Euclid vii. 33.
f i.e., E is supposed equal to C.
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merus ·£>· et pars est eius, qui est -DE- metitur -D· numerus -DE- numerum; quocirca et ·Ε· numerum metietur, quo fit, ut -C· quoque metiatur. Utrumque igitur C· et -DE· numeros metietur ·Ώ· numerus, quod est impossibile. Qui enim sunt minimi in eadem proportione quibuslibet aliis numeris, hi primi ad se invicem sunt, et solam differentiam retinent unitatem. Unitas igitur est -D-. Igitur -DE- numerus C· numerum unitate transcendit. Quocirca nullus incidit medius numerus, qui earn proportionem aequaliter scindat. Quo fit, ut nec inter eos, qui ean-dem his proportionem tenent, medius possit numerus collocari, qui eandem proportionem aequaliter scindat.
(A) Algebraic Equations
(i.) Side- and Diameter-numbers
Theon Smyr., ed. Hiller 42. 10-44. 17
^Ωσττβρ δβ τριγωνικούς καί τετραγωνικούς και πενταγωνικούς καϊ, κατά τά λοιπά σχίσματα λόγους εχουσι δυνάμει οί αριθμοί, ούτως καϊ πλευρικούς καί διαμετρικούς λόγους εύροιμεν αν κατά τούς σπερματικούς λόγους εμφανιζόμενους τοΐς άριθμοΐς. εκ γάρ τούτων ρυθμίζεται τά σχήματα, ώσπερ ουν πάντων τών σχημάτων κατά τον άνωτάτω και σπερματικόν λόγον η μονάς άρχει, ούτως και της διαμέτρου και της πλευράς λόγος εν τη μονάδι εύρίσκεται. οιον εκτίθενται δύο μονάδες, ών την μεν θώμεν είναι διάμετρον, την δε πλευράν, επειδή
α This presupposes Euclid vii. 22.
b This is an inference from Euclid vii. 20. Heath (H.G.M. 132
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part of D + E, the number D measures the number D + E; therefore it measures the number E, that is, the number D measures C also. The number D therefore measures both C and D 4- E, which is impossible. For the least numbers which are in the same ratio as any other numbers whatsoever are prime to one another,® and the only difference they retain is unity. Therefore D is a unit. Therefore the number D + E exceeds the number C by a unit. Hence there is no number which is a mean between the two numbers. For this reason no mean can be placed between the numbers in the same proportion so as to divide that proportion equally?
(A) Algebraic Equations
(i.) Side- and Diameter-numbers
Theon of Smyrna, ed. Hiller 42. 10-44. 17
Even as numbers are invested with power to make triangles, squares, pentagons and the other figures, so also we find side and diameter c ratios appearing in numbers in accordance with the generative principles ; for it is these which give harmony to the figures. Therefore since the unit, according to the supreme generative principle, is the starting-point of all the figures, so also in the unit will be found the ratio of the diameter to the side. To make this clear, let two units be taken, of which we set one to be a diameter and the other a side, since the unit, as the i. 90) considers that this proposition implies the existence, at least as early as the date of Archytas (about 430-365 b.c.), of an Elements of arithmetic in the form which we call Euclidean.
c Or “ diagonal.”
133
GREEK MATHEMATICS
την μονάδα, πάντων ουσαν αρχήν, δει δυνάμει και πλευράν είναι και διάμετρον, και προστίθεται, τη μεν πλευρά διάμετρος, Trj δε διαμέτρω δυο πλευραί, επειδή οσον η πλευρά δις δύναται, ή διάμετρος άπαξ, έγένετο ούν μείζων μεν ή διάμετρος, έλάτ-των δέ η πλευρά, και έπι μεν της πρώτης πλευράς τε καϊ, διαμέτρου εΐη άν το από της μονάδος διαμέτρου τετράγωνον μονάδι μια έλαττον η διπλά-σιον τοΰ άπο της μονάδος πλευράς τετραγώνου* εν ισότητι γάρ αί μονάδες* το δ’ έν τοΰ ενός μονάδι ελαττον η διπλάσιαν. προσθώμεν δη τη μεν πλευρά διάμετρον, τουτέστι τη μονάδι μονάδα* εσται η πλευρά άρα δυο μονάδων* τη δέ διαμέτρω προσ-
θώμεν δυο πλευράς, τουτέστι τη μονάδι δύο μονάδας* εσται η διάμετρος μονάδων τριών* και τό μεν από της δυάδος πλευράς τετράγωνον 8, τό θ* τό θ
δ’ από τής τριάδος διαμέτρου τετράγωνον
άρα μονάδι μεΐζον η διπλάσιον τοΰ από της ρ πλευράς.
Πάλη' προσθώμεν τη μεν β πλευρά διάμετρον την τρίαδα* εσται η πλευρά έ* τη δέ τριάδι διαμέτρω β πλευράς, τουτέστι δις τά β* εσται ζ* εσται τό μέν από της (έ) πλευράς τετράγωνον κε, τό δέ από τής ζ (διαμέτρου) μθ* μονάδι έλασσον ή διπλάσιον τοΰ κε άρα τό μθ. πάλιν άν τη (έ) πλευρά προσθής την ζ διάμετρον, εσται ιβ. καν τη ζ διαμέτρω 134
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beginning of all things, must have it in its capacity to be both side and diameter. Now let there be added to the side a diameter and to the diameter two sides, for as often as the square on the diameter is taken once, so often is the square on the side taken twice. The diameter will therefore become the greater and the side will become the less. Now in the case of the first side and diameter the square on the unit diameter will be less by a unit than twice the square on the unit side ; for units are equal, and 1 is less by a unit than twice 1. Let us add to the side a diameter, that is, to the unit let us add a unit ; therefore the [second] side will be two units. To the diameter let us now add two sides, that is, to the unit let us add two units ; the [second] diameter will therefore be three units. Now the square on the side of two units will be 4, while the square on the diameter of three units will be 9 \ and 9 is greater by a unit than twice the square on the side 2.
Again, let us add to the side 2 the diameter 3 ; the [third] side will be 5. To the diameter 3 let us add two sides, that is, twice 2; the third diameter will be 7. Now the square from the side 5 will be 25, while that from the diameter 7 will be 49 ; and 49 is less by a unit than twice 25. Again, add to the side 5 the diameter 7 ; the result will be 12. And to the 135
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προσθης δις την έ πλευράν, εσται, ιζ. και τοΰ άπο της ι,β τετραγώνου το άπο της ιζ μονάδι, πλέον η διπλάσιον. και κατά το έξης της προσθήκης ομοίως γιγνομένης, εσται, το άνάλογον Εναλλάξ· ποτέ μεν μονάδι, ελαττον, ποτέ δέ μονάδι, πλέον η διπλάσιον το άπο της διαμέτρου τετράγωνον τοΰ άπο της πλευράς* και ρηται αί τοιαΰται και πλευραι και διάμετροι.
Procl. in Plat. Remp., ed. Kroll ii. 27. 11-22
Προετίθεσαν δέ οι Πυθαγόρειοι τούτου τοιόνδε
α In algebraical notation, a pair of side- and diameter-numbers, an, dn are such that
dn2-W=±l, and the law for the formation of any pair of such numbers from the preceding pair is
dn = 2an-i + dn-i an= Un-l + dn-i.
The general proof of the property of these numbers is not given by Theon (doubtless as being well known). It can be exhibited algebraically as follows :
dw2-2an2 = (2an-i + dn-i)2- 2(crn-i+ dn-i)a =	2an_i2- d^2
= -(rfn-i2-2an_12) = +(dn-22- 2αη-22),
by similar reasoning, and so on. Starting with ar = 1, dv = 1 as the first pair of side and diameter numbers, we have
d^ - 2αχ2 = - 1
and therefore by the above equation we have
d22- 2a*2 = + 1,
</82“2α32=- 1,
and so on, the positive and negative signs alternating. The 136
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diameter 7 add twice the side 5 ; the result will be 17. And the square of 17 is greater by a unit than twice the square of 12. Proceeding in this way in order, there will be the same alternating proportion ; the square on the diameter will be now greater by a unit, now less by a unit, than twice the square on the side ; and such sides and diameters are both rational.0
Proclus, Commentary on Plato's Republic > ed. Kroll ii. 27. 11-22
The Pythagoreans proposed this elegant theorem values of the first few pairs in the series are, as Theon correctly indicates,
(1, 1), (2, 3), (5, 7), (12, 17), the last giving, for example, the equation
172- 2.122=289-288 = + 1.
It is clear that the successive side- and diameter-numbers are rational approximations to the sides and hypotenuses of increasing isosceles right-angled triangles (hence the name), and therefore that the successive pairs give closer approximations to λ/2, namely
1	5	7	17
b?» Kj etc.,
and this suggests one reason why the early Greek mathematicians were so interested in them.
The series was clearly known before Plato’s time, for in the famous passage about the geometrical number {Republic 546 c) he distinguishes between the rational and the irrational “ diameter of five.” In a square of side 5, the diagonal or diameter is V50, and this is the “ irrational diameter of five ” ; the “ rational diameter ” was the integral approximation \/50-1=7, which we have seen above to be the third diameter number.
In fact, since the publication of Kroll’s edition of Proclus’s commentary, the belief that these approximations are Pythagorean has been fully confirmed, as the next passage will show.
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θεώρημα γλαφυρόν περί τών διαμέτρων καί πλευρών, ότι, ή μέν διάμετρος προσλαβοΰσα την πλευράν, ής έστιν διάμετρος, γίνεται, πλευρά, ή δέ πλευρά έαυτή συντεθεΐσα και προσλαβοΰσα την διάμετρον την έαυτής γίνεται, διάμετρος. και τοΰτο δει-κνυται δ:ά τών έν τω δευτέρω Στοιχείων γραμμικώς απ' εκείνου, εάν ευθεία τμηθή δίχα, προσλάβη δέ ευθείαν, το άπο της όλης συν τή προσκείμενη και το άπο ταυτης μόνης τετράγωνα δί,πλάσία τοΰ τε από της ήμισείας και τοΰ από της συγκείμενης έκ της ήμι,σείας καϊ, τής προσληφθείσης.
(ii.) The “ Bloom ” of Thymaridas
Iambi, in Nicom. Arith. Introd., ed. Pistelli 62. 18-63. 2
Έντεΰθεν καϊ ή έφοδος τοΰ Θυμαριδείου έπ-
α This is Euclid ii. 10, which asserts that if ΑΓ is bisected at B
A B Γ Δ
and produced to Δ, then
ΑΔ2 + ΔΓ2 = 2AB2 + 2ΒΔ1.
If AB=a?, PA=y, this gives
(2x + y)2 + y2 = 2λ2 + 2(a? + y)2
or	(2o? + y)2- 2(α? + y)2 =2x2- y2.
Therefore, if (a?, y) are a pair of numbers satisfying one of the equations %x2- y2 — ±1,
then (» + y), (2# + y) are another pair of numbers satisfying the other equation.
Proclus is not Quoting exactly the Euclidean enunciation, for which see Euclid, ed. Heiberg-Menge i. 146. 15-22.
* Thymaridas was apparently an early Pythagorean, not 138
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about the diameters and sides, that when the diameter receives the side of which it is diameter it becomes a side, while the side, added to itself and receiving its diameter, becomes a diameter. And this is proved graphically in the second book of the Elements by him [sc. Euclid]. If a straight line be bisected and a straight line be added to it, the square on the whole line including the added straight line and the square on the latter by itself are together double of the square on the half and of the square on the straight line made up of the half and the added straight line.a
(ii.) The ° Bloom ” of Thymaridas b
lamblichus, On Nicomachus's Introduction to Arithmetic, ed. Pistelli 62. 18-63. 2
The method of the “ bloom ” of Thymaridas was later than the time of Plato, who lived at Paros. The name έπάνθημα (flower or bloom) given to his method shows that it must have been widely known in antiquity, though the term is not confined to this particular proposition. It is presumably used to give a sense of distinction, much as we say “ flower of the army.” The Greek is unfortunately most obscure, but the meaning was successfully extracted by Nesselman (Die Algebra der Griechen, pp. 232-236), who is followed by Gow (History of Greek Mathematics, p. 97), Cantor (Vorlesungen i3. 158-159), Loria (Le scienze esatte nelV antica Grecia, pp. 807-809), and Heath (H.G.M., i. 94-96, Diophantus of Alexandria, 2nd ed., pp. 114-116). The “ bloom ” is a rule for solving n simultaneous equations connecting n unknown quantities, and states in effect:
(1) if x + x^ x2 = S, wThile x + x1 = sx, x + x2 = s2, then	ζτ = 51 + ^2“ S;
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ανθήματος έληφθη. ώρϋσμένων γάρ η αορίστων μΕρϋσαμένων ώρι,σμόνον tl καί Ενός ovtlvooovv τοΐς λουποΐς καθ' έκαστον συντΕθύντος, το εκ πάντων άθροίσθΕν πλήθος Επί μΕν Tpca)V μΕτά την εξ άρχης ορϋσθΕΐσαν ποσότητα όλον τω συγκρυθόντυ προσ-νόμΕϋ τ' άφ' ού τό λΕΐπον καθ' Εκαστον τών λοιπών άφαίρΕθησΕταϋ, Επί δε ΤΕσσάρων τό ημυσυ καί Επί πόντΕ τό τρίτον καί Επί ε£ τό τόταρτον καί oel ακολούθως, δυάδος κανταΰθα διαφοράς EπLφaL-νομύνης πρός τε την ποσότητα τών μΕρϋζομύνων καί πρός την τοΰ μορίου κλησίν.
(2) if while
then
x + + .τ2 + .τ3 = S,
X + Xj =	x + x2 = s2, x + x3= s3,
+ ·% + *3 - S
x = —------ - --------.
(3) while generally, if x + xt + x2+ . . +.Tn i = S, while	x + xx = Sp x + x2 = s2 . . . x + χη_χ =sn-i,
lamblichus goes on to show howr other equations can be
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thence taken.a When any determined or undefined quantities amount to a given sum, and the sum of one of them plus every other [in pairs] is given, the sum of these pairs minus the first given sum is, if there be three quantities, equal to the quantity which was added to all the rest [in the pairs] ; if there be four quantities, one-half is so equal ; if there be five quantities, one-third ; if there be six quantities, onefourth, and so on continually, there being always a difference of 2 between the number of quantities to be divided and the denomination of the part.
reduced to this form, so that the rule “ does not leave us in the lurch ” (ού παρόλκβι) in these cases.
One of the most interesting features in this passage is the distinction between the ώρισμόνον, or known quantity, and the αόριστον, or unknown. This anticipates the phrase πλήθος μονάδων άόρι,στον, “ an undefined number of units,” by which Diophantus was later to describe his unknown quantity. Indeed, Thymaridas was already bordering on that indeterminate analysis which Diophantus was so brilliantly to develop ; he has passed beyond the realm of strict arithmetic.
a This passage immediately follows the section describing how gnomons of polygonal numbers are formed; see pp. 86-89 n. a, where it is shown that if n is the number of sides in the polygon, the successive gnomonic numbers differ by n - 2.
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IV. PROCLUS’S SUMMARY
Procl. in Encl, i., ed. Friedlein 64. 16-70. 18
ΈπβΙ δέ χρή τάς άρχάς καυ τών τεχνών καυ τών επιστημών πρός την παρούσαν περίοδον σκοπεΐν, λεγομεν, otl παρ' Αυγυπτυους μεν εύρησθαυ πρώτον η γεωμετρία παρά τών πολλών υστόρηταυ, εκ της τών χωρίων άναμετρησεως λαβοΰσα την γενεσυν. αναγκαία γάρ ην εκείνους αϋτη δυά την άνοδον τοΰ Νείλου τούς προσΐ]κοντας όρους έκαστους άφανί-
α The course of Greek geometry from the earliest days to the time of Euclid is reviewed in the few pages from Proclus’s Commentary on Euclid, Book i., which are here reproduced. This “ Summary ” of Proclus has often been called the “ Eudemian summary,” on the assumption that it is extracted from the lost History of Geometry by Eudemus, the pupil of Aristotle. But the latter part dealing with Euclid cannot have been written by Eudemus, who preceded Euclid, nor is there any stylistic reason for attributing the earlier and later portions to different hands. Heath (The Thirteen Books of Euclid's Elements, i., pp. 37, 38, and H.G.M. i. 119, 120) gives arguments for believing that the author cannot have been Proclus himself, and suggests that the body of the summary was taken by Proclus from a compendium by some writer later than Eudemus, though the earlier portion was based, directly or indirectly, on Eudemus’s History. The summary was written primarily for an understanding of the way in which the elements of geometry had come into being. The more advanced discoveries are therefore omitted or mentioned only in passing. Proclus himself lived from a.d. 410 to 485. On the death of Sy rianus he became head of the 144
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Proclus, On Euclid i., ed. Friedlein 64. 16-70. 18
Since it behoves us to examine the beginnings both of the arts and of the sciences with reference to the present cycle [of the universe], we say that according to most accounts geometry was first discovered among the Egyptians,b taking its origin from the measurement of areas. For they found it necessary by reason of the rising of the Nile, which wiped out Neo-Platonic school at Athens, and his Commentary on Euclid, Book i., seems to be a revised edition of his lectures to beginners in mathematics (Heath, The Thirteen Books of Euclid's Elements, i., p. 31). This commentary is one of the two main sources for the history of Greek geometry, the other being the Collection of Pappus.
b The Egyptian origin of geometry is taught by Herodotus, ii. 109, where it is asserted that Sesostris (Ramses II, c. 1300 b.c.) divided the land among the Egyptians in equal rectangular plots, on which an annual tax was levied ; when therefore the river swept away a portion of a plot, the owner applied for a reduction of tax, and surveyors had to be sent down to report. In this he saw the origin of geometry, and this story may be the source of Proclus’s account, as also of the similar accounts in Heron, Geometrica 2, ed. Heiberg 176. 1-13, Diodorus Siculus i. 69, 81 and Strabo xvii. c. 3. Aristotle also finds the origin of mathematics among the Egyptians, but in the existence of a leisured class of priests, not in a practical need (Metaphysica A 1, 981 b 23). The subject is fully dealt with in H.G.M. i. 121, 122, and an account of Egyptian geometry is given in succeeding pages.
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ζοντος. καί, θαυμαστόν οΰδέν από της χρείας άρζασθαι την εΰρεσιν καϊ, ταυτης και τών άλλων επιστημών, επειδή παν τό έν γενέσει φερόμενον από τοΰ ατελούς εις τό τέλειον πρόεισιν. από αίσθήσεως ουν εις λογισμόν και από τοΰτου επι νουν η μετάβασις γέιοιτο άν εικότως, ώσπερ ουν παρά τοΐς Φοίνιζιν διά τάς έμπορείας και τά συναλλάγματα την αρχήν έλαβεν η τών αριθμών ακριβής γνώσις, οΰτω δη και παρ' Αίγυπτίοις η γεωμετρία διά την είρημένην αιτίαν εΰρηται.
Θαλής δέ πρώτον εις Αίγυπτον έλθών μετηγαγεν εις την Έλλαδα την θεωρίαν ταυτην και πολλά μεν αυτός εΰρεν, πολλών δέ τάς άρχάς τοΐς μετ' αυτόν ύφηγησατο, τοΐς μέν καθολικώτερον έπιβάλλων, τοΐς δέ αισθητικώτερον. μετά δέ τοΰτον Άμε-ριστος1 ό Στησιχόρου τοΰ ποιητοΰ αδελφός, ός έφαφάμενος της περί γεωμετρίαν σπουδής μνη-
1 Μάμβρκο? Friedlein, following a correction in the oldest ms.
a Thales (c. 624-547 b.c.), one of the “ Seven Wise Men ” of ancient Greece, is universally acknowledged as the fount er of Greek geometry, astronomy and philosophy. His greatest fame in antiquity rested on his prediction of the total eclipse of the sun of May 28, 585 b.c., which led to the cessation of hostilities between the Medes and Lydians and a lasting 146
PROCLUS’S SUMMARY everybody’s proper boundaries. Nor is there anything surprising in that the discovery both of this and of the other sciences should have its origin in a practical need, since everything which is in process of becoming progresses from the imperfect to the perfect. Thus the transition from perception to reasoning and from reasoning to understanding is natural. Just as exact knowledge of numbers received its origin among the Phoenicians by reason of trade and contracts, even so geometry was discovered among the Egyptians for the aforesaid reason.
Thales a was the first to go to Egypt and bring back to Greece this study ; he himself discovered many propositions, and disclosed the underlying principles of many others to his successors, in some cases his method being more general, in others more empirical. After him Ameristus,5 the brother of the poet Stesichorus, is mentioned as having touched the study peace (Herodotus i. 74); what Thales probably did was to predict the year in which the eclipse would take place, an achievement by no means beyond the astronomical powers of the age. Thales was noted for his political sense. He urged the separate states of Ionia, threatened by the encroachment of the Lydians, to form a federation with a capital at Teos ; and his successful dissuasion of his fellow-Milesians from accepting the overtures of Croesus, king of the Lydians, may have had an influence on the favourable terms later granted to Miletus by Cyrus, king of the Persians, though the main reason for this preferential treatment was probably commercial. In philosophy Thales taught that the all is water. For his mathematical discoveries, see infra, pp. 164-169.
b The name is uncertain. Friedlein, in suggesting Mamercus, observes that Suidas gives a brother of Stesichorus as Mamertinus, which could easily arise out of Mamercus. Another reading is Mamertius. Nothing more is known about him. Stesichorus, the lyric poet, flourished c. 611 b.c.
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μονευεται,, καί 'Ιππίας ο Ήλβιος ί,στόρησεν ώς επί γεωμετρία δόξαν αυτού λαβόντος. επί δβ τουτοι,ς ΤΙυθαγόρας την περί αυτήν φιλοσοφίαν εις σχήμα παύδβίας βλβυύβρου μετέστησεν, άνωθεν τάς άρχάς αυτής επίσκοπον μένος καί άύλως καί νοερώς τά θεωρήματα δίερευνώμενος, δς δή καί τήν τών άνά λόγον1 πραγματείαν καί τήν τών κοσμικών σχημάτων συ στάσίν άνεΰρεν. μετά δέ τοΰτον ’Αναξαγόρας ο Κλαζομένίος πολλών έφήφατο τών κατά γεωμετρίαν καί Οίνοπίδης ό Χίος, όλίγω νεώτε-ρος ών Άναξαγόρου, ών καί ο Πλάτων έν τοΐς άντερασταΐς έμνημόμευσεν ώς έπϊ τοΐς μαθήμασι. δόξαν λαβόντων.
1 τών άνά λόγον coni. Diels ; τών αλόγων Friedlein.
α The well-known Sophist, born about 460 b.c., whose various accomplishments are described in Plato’s Hippias Minor. He claimed to have gone once to the Olympic Games with everything that he wore made by himself, as well as all kinds of works in prose and verse of his own composition. His system of mnemonics enabled him to remember any string of fifty names which he had heard once. The unmathematical Spartans, however, could not appreciate his genius, and from them he could get no fees. His chief mathematical discovery was the curve known as the quad-ratrix, which could be used for trisecting an angle or squaring the circle (see infra, pp. 336-347).
b The life of Pythagoras is shrouded in mystery. He was probably born in Samos about 582 b.c. and migrated about 529 b.c. to Crotona, the Dorian colony in southern Italy, where a semi-religious brotherhood sprang up round him. This brotherhood was subjected to severe persecution in the fifth century b.c., and the Pythagoreans then took their 148
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of geometry, and Hippias of Elis a spoke of him as having acquired a reputation for geometry. After these Pythagoras b transformed this study into the form of a liberal education, examining its principles from the beginning and tracking down the theorems immaterially and intellectually ; he it was who discovered the theory of proportionals c and the construction of the cosmic figures. After him Anaxagoras of Clazomenae d touched many questions affecting geometry, and so did Oenopides of Chios,e being a little younger than Anaxagoras, both of whom Plato mentioned in the Rivals f as having acquired a reputation for mathematics.
doctrines into Greece proper. Apart from important mathematical discoveries, noticed in a separate chapter, the Pythagoreans discovered the numerical ratios of the notes in the octave, and in astronomy conceived of the earth as a globe moving with the other planets about a central luminary.
c Friedlein’s reading is τών αλόγων, “ irrationals,” but there is grave difficulty in believing that Pythagoras could have developed a theory of irrationals ; in fact, a Pythagorean is said to have been drowned at sea for his impiety in disclosing the existence of irrationals. There is an alternative reading τών αναλογών, and the true reading could easily be τών αναλογίων, or τών άνα λόγον, “ proportionals.”
d c. 500-428 b.c. Clazomenae was a town near Smyrna. All we know about the mathematics of Anaxagoras is that he wrote on the squaring of the circle while in prison (infra, p. 308) and may have written a book on perspective (ATtruvius, De architectura vii. praef. 11).
e Oenopides was primarily an astronomer, and Eudemus is believed to have credited him with the discovery of the obliquity of the ecliptic and the period of the Great Year (Theon of Smyrna, ed. Hiller 198. 14-16). In mathematics Proclus attributed to him the discovery of Eucl. i. 12 and i. 23.
f Plat. Erastae 132 a, b. Socrates finds two lads in the school of Dionysius disputing about Anaxagoras or Oenopides ; they seemed to be drawing circles and indicating certain inclinations by placing their hands at an angle.
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Έ<£’ οΐς 'Ιπποκράτης ο Χίος ό τον τοΰ μηνίσκου τετραγωνισμόν ευρών, και Θεόδωρος ό Χυρηναΐος εγενοντο περί γεωμετρίαν επιφανείς. πρώτος γαρ ό 'Ιπποκράτης τών μνημονευόμενοι και στοιχεία συνέγραφεν. Πλάτων δ’ έπι τούτοις γενόμενος μεγίστην έποίησεν έπίδοσιν τά τε άλλα μαθήματα και την γεωμετρίαν λαβεΐν διά την περί αυτά σπουδήν, δς που δηλός εστι και τά συγγράμματα τοΐς μαθηματικοΐς λόγοις καταπυκνώσας και παν· ταχοΰ τό περί αυτά θαΰμα τών φιλοσοφίας άντεχο-μενων έπεγείρων. εν δε τούτω τω χρόνω και Αεωδάμας ο Θάσιος ην και Άρχύτας ο Ύαραντΐνος και Θεαίτητος ο Αθηναίος, παρ' ών επηυζηθη τά θεωρι^ματα και προηλθεν εις έπιστημονικωτέραν σύστασιν.
Αεωδάμαντος δε νεώτερος ό Χεοκλείδης και ό τούτου μαθητης Αέων, οι πολλά προσευπόρησαν τοΐς προ αυτών, ώστε τον Αεοντα και τά στοιχεία συνθεΐναι τω τε πληθει και τη χρεία τών δεικνυ· μενών έπιμελέστερον, και διορισμούς εύρεΐν, πότε δυνατόν εστι τό ζητούμενον πρόβλημα και πότε αδύνατον. Ενδοξος δβ ό Κνιδύος, Αεοντος μεν όλίγω νεώτερος, εταίρος δέ τών περί Πλάτωνα
° Hippocrates was in Athens from about 450 to 430 b.c. For his mathematical achievements, see infra, pp. 234-253.
b Our chief knowledge of Theodorus comes from the Theaetetns of Plato, whose mathematical teacher he is said to have been (Diog. Laert. ii. 103); see infra, pp. 380-383.
c Proclus (inEucl. i., ed. Friedlein 72 et seq.) explains that the elements in geometry are leading theorems having to those which follow the relation of an all-pervading principle ; he compares them with the letters of the alphabet in relation 150
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After them Hippocrates of Chios,a who discovered the quadrature of the lune, and Theodorus of Cyrene b became distinguished in geometry. For Hippocrates is the first of those mentioned as having compiled elements.c Plato,d who came after them, made the other branches of mathematics as well as geometry take a very great step forward by his zeal for them; and it is obvious how he filled his writings with mathematical arguments and everywhere stirred up admiration for mathematics in those who took up philosophy. At this time also lived Leodamas of Thasos e and Archytas of Taras f and Theaetetus of Athens,9 by whom the theorems were increased and an advance was made towards a more scientific grouping.
Younger than Leodamas were Neoclides and his pupil Leon, who added many things to those known before them, so that Leon was able to make a collection of the elements in which he was more careful in respect both of the number and of the utility of the things proved ; he also discovered diorismi, showing when the problem investigated can be solved and when not.71 Eudoxus of Cnidos, a little younger than Leon and an associate of Plato’s school, was the first to language; and they have, indeed, the same name in Greek.	d See infra, pp. 386-405.
e All we know about him is that Plato is said to have explained or communicated to him the method of analysis (Diog. Laert. iii. 24, Procl. in Eucl. i., ed. Friedlein 211. 19-23).
1 For Archytas, see supra, p. 4 n. a.
° See infra, pp. 378-383.
Λ We have no further knowledge of Neoclides and Leon. A good example of a dlorismos is given in Plato, Meno 86 e—87 b (infra, pp. 394-397), which incidentally shows that Leon was not the first in this field.
151
GREEK MATHEMATICS
γενόμενος, πρώτος τών καθόλου καλούμενων θεωρημάτων τό πλήθος ηύζησεν καί ταΐς τρι,σίν άναλογίαι,ς άλλας τρεις προσέθηκεν καί τά περί την τομήν αρχήν λαβόντα παρά Πλάτωνος* εις πλήθος προηγαγεν καί ταΐς άναλύσεσιν έπ' αυτών χρησάμενος. Άμύκλας δέ ο ' Ιάρακλεώτης, εΐς τών Πλάτωνος εταίρων καί λϊέναι,χμος ακροατής ών Ευδό^ου καί Πλάτωνά δέ συγγεγονώς καί ο αδελφός αύτοΰ Δει,νόστρατος έτί τελεωτέραν έποίησαν την όλην γεωμετρίαν. Θβυδάος* δέ ο λϊάγνης εν τε τοΐς μαθημασίν εδοζεν είναι, διαφόρων καί κατά την άλλην φιλοσοφίαν καί γάρ τά στοιχεία καλώς συνέταζεν καί πολλά τών μερικών1 καθολι,κώτερα έποίησεν. καί μέντοι, καί ό Κυζικηνός 'Αθηναίος κατά τούς αυτούς γεγονώς χρόνους καί έν τοΐς άλλοίς μεν μαθημασί, μάλιστα δέ κατά γεωμετρίαν επιφανής έγένετο. δι,ηγον ουν ούτοί μετ' άλληλων έν Ακαδημία κοι,νάς ποιούμενοι, τάς ζητησει,ς. 'Πρμότι,μος δέ ό Κολοφώνι,ος τά ύπ' Ενδοξου προηυπορημένα καί Θεαι,τήτου προηγαγεν έπϊ πλέον
1 όρι,κών Friedlein.
α For Eudoxus, one of the great mathematicians of all time, see infra, pp. 408-415. He lived c. 408-355 b.c. What the “ so-called general theorems ” may be is uncertain ; Heath {H.G.M. i. 323) suggests theorems which are “ true of everything falling under the conception of magnitude, as are the definitions and theorems forming part of Eudoxus’s own theory of proportion.” The three means which Eudoxus is said to have added to those already known are the three subcontrary means {supra, pp. 114-121). lamblichus {in Nicom., 101. 1-5) also attributes them to Eudoxus, but in other places (113. 16-18, 116. 1-4) he assigns them to Archytas and Hippasus. It is disputed whether the “ section ” to which Eudoxus devoted his attention means sections of solids 152
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to increase the number of the so-called general theorems ; to the three proportions he added another three, and increased the number of theorems about the section, which had their origin with Plato, applying the method of analysis to them.a Amyclas of Heraclea,& one of the friends of Plato, and Men-aechmus,c a pupil of Eudoxus who had associated with Plato, and his brother Dinostratus d made the whole of geometry still more perfect. Theudius e of Magnesia seemed to excel both in mathematics and in the rest of philosophy ; for he made an admirable arrangement of elements and made many particular propositions more general. Again, Athenaeus* of Cyzicus, who lived about those times, became famous in other branches of mathematics but mostly in geometry. They spent their time together in the Academy, conducting their investigations in common. Hermotimus® of Colophon advanced farther the investigations begun by Eudoxus and Theaetetus ; he by planes, which was the older view and that favoured by Tannery (La geometrie grecque, p. 76), or the “ golden section ” (division of a line in extreme and mean ratio, Eucl. ii. 11), a view put forward by Bretschneider in 1870 (Die Geometrie und die Geometer vor Eukleides, pp. 167-169). For discussions of this interesting question see Loria, Le scienze esatte nelV antica Grecia, pp. 139-142, Heath, H.G.M. i. 324-325.
b The correct spelling appears to be Amyntas, though Diogenes Laertius (iii. 46) speaks of Amyclas of Heraclea as a pupil of Plato and in another place (ix. 40) says that a certain Pythagorean Amyclas dissuaded Plato from burning the works of Democritus. Heraclea was in Pontus.
c He discovered the conic sections, see infra, p. 283 n. a.
d He applied the quadratrix (probably discovered by Hippias) to the squaring of the circle.
* No more is known of Theudius, Athenaeus or Her-motimus.
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καί τών στοιχείων πολλά άνευρε και τών τόπων τινά συνέγραφεν. Φίλιππος δέ ο λίεδμαΐος,1 Πλάτωνος ών μαθητής και ύπ' εκείνου προτραπεις εις τά μαθήματα, και τάς ζητήσεις έποιεΐτο κατά τάς Πλάτωνος* ύφηγήσεις και ταΰτα προΰβαλλεν έαυτώ, όσα ωετο τη Πλάτωνος* φιλοσοφία συν· τελεΐν.
Οί μέν ουν τάς ιστορίας άναγράφαντες μέχρι τούτου προάγουσι την της επιστήμης ταυτης τε-λείωσιν. ου πολύ δέ τούτων νεώτερος εστιν Εύ-κλείδης ο τά στοιχεία συναγαγών και πολλά μέν τών Ενδόξου συντάξας, πολλά δέ τών Οεαιτήτου τελεωσάμενος, ετι δέ τά μαλακώτερον δεικνύμενα τοΐς έμπροσθεν εις ανελέγκτους αποδείξεις άναγα-γών. γέγονε δέ οΰτος ο άνήρ έπι του πρώτου ΤΙτολεμαίου* και γάρ ο '"Αρχιμήδης έπιβαλών και τω πρώτω μνημονεύει του Έώκλείδου, και μέντοι καί φασιν ότι ΪΙτολεμαΐος ήρετό ποτέ αυτόν, εΐ τις εστιν περί γεωμετρίαν οδός συντομωτέρα τής στοιχειώσεως· ο δβ άπεκρίνατο, μη είναι βασιλικήν ατραπόν έπι γεωμετρίαν νεώτερος μέν ουν έστι τών περί Πλάτωνα, πρεσβύτερος δέ Έρατοσθένους και
1 Μθ'δαΓο? Friedlein.
α Almost certainly the same as Philippus of Opus, who is said to have revised and published the Laws of Plato and (wrongly) to have written the Epinomis. Suidas notes a number of astronomical and mathematical works by him.
b Not much more is known about the life of Euclid than is contained in this passage (see Heath, The Thirteen Books of Euclid's Elements, vol. i., pp. 1-6 and H.G.M. i. 354-357). The summary of Euclid’s achievement in the Elements is a very fair one, agreeing with the considered judgement of Heath (H.G.M. i. 217): “There is therefore probably little 154
PROCLUS’S SUMMARY discovered many propositions in the elements and compiled some portion of the theory of loci. Philippus of Medma? a disciple of Plato and by him diverted to mathematics, not only made his investigations according to Plato’s directions but set himself to do such things as he thought would fit in with the philosophy of Plato.
Those who have compiled histories carry the development of this science up to this point. Not much younger than these is Euclid, who put together the elements, arranging in order many of Eudoxus’s theorems, perfecting many of Theaetetus’s, and also bringing to irrefutable demonstration the things which had been only loosely proved by his predecessors. This man lived in the time of the first Ptolemy ; for Archimedes, who came immediately after the first Ptolemy, makes mention of Euclid ; and further they say that Ptolemy once asked him if there was in geometry a way shorter than that of the elements ; he replied that there was no royal road to geometry? He is therefore younger than the pupils of Plato, but in the whole compass of the Elements of Euclid, except the new theory of proportion due to Eudoxus and its consequences, which was not in substance included in the recognized content of geometry and arithmetic by Plato’s time, although the form and arrangement of the subject-matter and the method employed in particular cases were different from what we find in Euclid ” (c/. H.G.M. i. 357). As Plato died in 347 b.c., and Archimedes was born in 287 b.c., Euclid must have flourished about 300 b.c. ; Ptolemy I reigned from 306 to 283 b.c. Had not the confusion been common in the Middle Ages, it would scarcely be necessary to point out that this Euclid is to be distinguished from Euclid of Megara, the philosopher, who lived about 400 b.c. A story about there being no royal road to geometry is also told of Menaechmus and Alexander (Stobaeus, Eel. ii. 31, ed. Wachsmuth 115).
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Αρχι,μή8ους. οΰτου γάρ σύγχρονου άλληλους, ώς πού φησυν 'Ερατοσθένης. καυ τη προαυρέσευ 8έ IIλατωνυκός εστυ καυ τη φυλοσοφυα ταύτη οικείος, οθεν 8ή καί, τής συμπάσης Στουχευώσεως τέλος προεστήσατο τήν τών καλούμενων Πλατωνυκών σχημάτων σύστασυν. πολλά μεν ουν καυ άλλα τοΰ άν8ρος τούτου μαθηματυκά συγγράμματα θαυμαστής άκρυβείας καυ επυστημονυκής θεωρίας μεστά, τουαΰτα γάρ καυ τά 'Οπτυκά καυ τά Εατοπτρυκά, τουαΰταυ 8ε καυ αυ κατά μουσυκήν στουχευώσευς, ετυ 8ε το Περί 8υαυρεσεων βυβλίον. 8υαφερόντως δ’ άν τυς αυτόν άγασθείη κατά τήν Γεωμετρυκήν στοι-χευωσυν τής τάζεως ένεκα καυ τής εκλογής τών προς τά στουχευα πεπουημενων θεωρημάτων τε καυ προβλημάτων, καυ γάρ ούχ οσα ενεχώρευ λεγευν άλλ' οσα στουχευοΰν ή8ύνατο παρείληφεν, ετυ 8ε τούς τών συλλογυσμών παντουους τρόπους, τούς μεν
° Eratosthenes was born about 284 b.c. His ability in many branches of knowledge, but failure to achieve the highest place in any, w’on for him the nicknames “ Beta ” and “ Pentathlos.” He became tutor to Philopator, son of Ptolemy Euergetes (see infra, pp. 256-257) and librarian at Alexandria. He wrote a book Platonicus and another On Means (both lost). For his sieve for finding successive prime numbers, see supra, pp. 100-103 and for his solution of the problem of doubling the cube, infra, pp. 290-297. His greatest achievement was his measurement of the circumference of the earth to a surprising degree of exactitude (see Heath, H.G.M. i. 106-108, Greek Astronomy, pp. 109-112).
b It is true that the final book of the Elements, as written by Euclid, dealt with the construction of the cosmic, or Platonic, figures, but the whole work was certainly not designed with a view to their construction. Euclid, however, may quite well have been a Platonist.
c Euclid's Optics survives and is available in the Teubner text in two recensions, one probably Euclid's own, the other 156
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older than Eratosthenes and Archimedes. For these men were contemporaries, as Eratosthenesa somewhere says. In his aim he was a Platonist, being in sympathy with this philosophy, whence it comes that he made the end of the whole Elements the construction of the so-called Platonic figures? There are many other mathematical writings by this man, wonderful in their accuracy and replete with scientific investigations. Such are the Optics and Catoptrics, and the Elements of Music, and again the book On Divisions^ He deserves admiration pre-eminently in the compilation of his Elements of Geometry on account of the order and of the selection both of the theorems and of the problems made with a view to the elements. For he included not everything which he could have said, but only such things as he could set down as elements. And he used all the various forms of syllogisms, some getting their plausibility from the
by Theon of Alexandria. It is possible that Proclus has attributed to Euclid a treatise on Catoptrics {Mirrors) which was really Theon’s ; a treatise by Euclid on this subject is not otherwise known. Two musical treatises attributed to Euclid are extant, the Sectio Canonis (Κατατομή κανόνας) and the Introductio Harmonica (ΚΙσαγωγή αρμονική) ; the latter, however, is definitely by Cleonides, a pupil of Aristoxenus, and it is not certain that the former is Euclid’s own. The book On Divisions (of Figures) has survived in an Arabic text discovered by Woepcke at Paris and published in 1851 ; see R. C. Archibald, Euclid's Book on Division of Figures with a restoration based on Woepcke's text and the Practica Gearn etriae of Leonardo Pisano (Cambridge 1915). A Latin translation (probably by Gherard of Cremona, 1114r-1187) from the Arabic was known in the Middle Ages, but the Arabic cannot have been a direct translation from Euclid’s Greek. The general character of the treatise is indicated by Procl. in Eucl. i., ed. Friedlein 144. 22-26, as the division of figures into like and unlike figures.
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από τών αίτιων λαμβάνοντας την πίστυν, τούς δέ από τεκμηρίων ώρμημένους, πάντα? δέ ανέλεγκτους καυ άκρι,βεΐς καυ προς επιστήμην ουκείους, προς δε τούτους τάς μεθόδους άπάσας τάς διαλεκτικός, την μεν δυαυρετυκήν εν ταΐς εύρέσεσυ τών ευδών, την δε όρυστυκήν εν τοΐς ούσυώδεσυ λόγους, την δέ άπο-δευκτυκήν έν τοΐς από αρχών ευς τά ζητούμενα μεταβάσεσυ, την δέ άναλυτυκήν έν ταΐς από τών ζητούμενων έπυ τάς άρχάς άναστροφαυς. καυ μην καυ τά πουκυλα τών άντυστροφών ευδη τών τε άπλουστέρων καυ τών συνθετωτέρων υκανώς έστυν έν τη πραγματεία ταύτη δυηκρυβωμένα θεωρεΐν, καυ τίνα μέν όλα όλους άντυστρέφευν δύναταυ, τίνα δέ όλα μέρεσυ καυ άνάπαλυν, τίνα δέ ώς μέρη μέρεσυν. έτυ δέ λέγομεν την συνέχευαν τών ευρέσεων, την οικονομίαν καυ τήν τάζυν τών τε προηγουμένων καυ τών επομένων, τήν δύναμυν, μεθ' ής έκαστα παρα-δίδωσυν, ή καυ τό τυχόν προσθευς ή αφελών ουκ έπυστήμης λανθάνευς άποπεσών καυ ευς τό έναντίον φεΰδος καυ τήν άγνουαν ύπενεχθείς; έπευδή δέ πολλά φαντάζεταυ μέν ώ>ς τής αλήθειας άντεχόμενα καυ ταΐς έπυστημονυκαυς άρχαυς ακολουθούντο, φέρεταυ δέ ευς τήν από τών αρχών πλάνην καυ τούς
β Lit. “ causes,” but αίτιον clearly means the same here as αρχή, as often in Aristotle, cf. Met. Δ 1, 1013a 16, ίσαχώς δβ και τά αίτια Aeycrai* πάντα γάρ τά αίτια άρχαί.
b Geometrical conversion is to be distinguished from logical conversion, as described by Aristotle, Cat. xii. 6 and elsewhere. An analysis of the conversion of geometrical propositions is given by Proclus (in Eucl. i., ed. Friedlein, 259. 5 et seq.). In the leading form of conversion (ή προηγούμενη αντιστροφή, also called conversion par excellence, η κυρίως αντίστροφη) the conversion is simple, the hypo-158
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first principles,0 some setting out from demonstrative proofs, all being irrefutable and accurate and in harmony with science. In addition to these he used all the dialectical methods, the divisional in the discovery of figures, the definitive in the existential arguments, the demonstrative in the passages from first principles to the things sought, and the analytic in the converse process from the things sought to the first principles. And the various species of conversions, b both of the simpler (propositions) and of the more complex, are in this treatise accurately set forth and skilfully investigated, what wholes can be converted with wholes, what wholes with parts and conversely, and what as parts with parts. Again, mention must be made of the continuity of the proofs, the disposition and arrangement of the things which precede and those which follow, and the power with which he treats each detail. Have you, adding or subtracting accidentally, fallen away unawares from science, carried into the opposite error and into ignorance ? Since many things seem to conform with the truth and to follow from scientific principles, but lead away from the principles into error and thesis and conclusion of one theorem becoming the conclusion and hypothesis of the converse theorem. The other form of conversion is more complex, being that where several hypotheses are combined into a single enunciation so as to lead to a single conclusion. In the converse proposition the conclusion of the original proposition is combined with the hypotheses of the original proposition, less one, so as to lead to the omitted hypothesis as the new conclusion. An example of the first species of conversion is Euclid i. 6, which is the converse of Euclid i. 5, and Heath’s notes thereon are most valuable {The Thirteen Books of Euclid's Elements, vol. i. pp. 256-257); an example of partial conversion is given by Euclid i. 8, which is a converse to i. 4.
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ότιπολοαοτβρου? έξαπατά, μεθόδους παραδέδωκεν καί της τούτων διορατικής φρονι'^σεως, ας έχοντες γυμνάζειν μεν δυνησόμεθα τούς άρχομένους τής θεωρίας ταυτης ττρος τήν εύρεσήν τών παραλογι-σμών, άνεξαπάτητοι δέ διαμένειν. καϊ τούτο δή το σύγγραμμα, δι' ού τήν παρασκευήν ήμΐν ταύτην έντίθησι, Ύ ευδαρίων έπέγραφεν, τρόπους τε αυτών ποικίλους έν τάξει, διαριθμησάμενος καϊ καθ' έκαστον γυμνάσας ήμών τήν διάνοιαν παντοίοις θεωρήμασι καϊ τω φεύδει τό αληθές παραθεϊς καϊ τη πείρα τον έλεγχον τής απάτης συναρμόσας. τούτο μέν ουν τό βιβλίοΐ’ καθαρτικόν εστι, καϊ γυμναστικόν, ή δέ Στοιχείωσις αυτής τής έπι-στημονικής θεωρίας τών έν γεωμετρία πραγμάτων ανέλεγκτον εχει καϊ τελείαν ύφήγησιν.
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deceive the more superficial, he has handed down methods for the clear-sighted understanding of these matters also, and with these methods in our possession we can train beginners in the discovery of paralogisms and avoid being misled. The treatise in which he gave this machinery to us he entitled [the book] of Pseudaria 9a enumerating in order their various kinds, exercising our intelligence in each case by theorems of all sorts, setting the true side by side with the false, and combining the refutation of the error with practical illustration. This book is therefore purgative and disciplinary, while the Elements contains an irrefutable and complete guide to the actual scientific investigation of geometrical matters.
0 This book is lost. It clearly belonged to elementary geometry.
VOL. i
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The circle is bisected by its diameter
Procl. in Eucl. i., ed. Friedlein 157. 10-13
To μεν ουν δι,χοτομεΐσθαι, τον κύκλον υπό της διαμέτρου πρώτον QaXfjv εκείνον άποδεΐζαί φασι,ν, αίτια δε της δι,χοτομίας η της ευθείας απαρέγκλιτος διά τοΰ κέντρου χώρησι,ς.
The angles at the base of an isosceles triangle are equal
Ibid. 250. 22-251. 2
Λβγβται γάρ δη πρώτος εκείνος επι,στησαι, καί είπεΐν, ώς άρα παντός Ισοσκελούς αί προς τη βάσει γωνίαι, ίσαι είσίν, άρχαϊκώτερον δε τάς ϊσας όμοιας προσει,ρηκεναι,.
β The word “ demonstrate ” (αποδβί^αι) must not be
taken too literally. Even Euclid did not demonstrate this property of the circle, but stated it as the 17th definition of his first book. Thales probably was the first to point out this property. Cantor (Gesch. d. Math, i3., pp. 109, 14-0) and Heath (H.G.M. i. 131) suggest that his attention may have been drawn to it by figures of circles divided into equal sectors by a number of diameters. Such figures are found on Egyptian monuments
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The circle is bisected by its diameter
Proclus, on Euclid i., ed. Friedlein 157. 10-13
They say that Thales was the first to demonstrate a that the circle is bisected by the diameter, the cause of the bisection being the unimpeded passage of the straight line through the centre.
The angles at the base of an isosceles triangle are equal
Ibid. 250. 22-251. 2
[Thales] is said to have been the first to have known and to have enunciated [the theorem] that the angles at the base of any isosceles triangle are equal, though in the more archaic manner he described the equal angles as similar?
and vessels brought by Asiatic tributary kings in the time of the eighteenth dynasty.
b This theorem is Eucl. i. 5, the famous pons asinorum. Heath notes (H.G.M. i. 131) : “It has been suggested that the use of the word ‘ similar ’ to describe the equal angles of an isosceles triangle indicates that Thales did not yet conceive of an angle as a magnitude, but as a figure having a certain shape, a view which would agree closely with the idea of the Egyptian se-qet, ‘ that which makes the nature,’ in the sense of determining a similar or the same inclination in the faces of pyramids.’’
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The vertical and opposite angles are equal
Ibid. 299. 1-5
Τούτο τοίνυν τό θεώρημα δείκνυσυν, otl δυο ευθειών άλλήλας τεμνουσών at κατά κορυφήν γωνίαν coat εΙσίν, εύρημένον μεν, ώς φησυν Εύδημος, υπό Θαλού πρώτου, της δέ επιστημονικής άπο-δείζεως ηνωμένου παρά τω Στοι,χευωτή.
Equality of Triangles
Ibid. 352. 14-18
Εΰδημος δέ έν ταΐς γεωμετρι,καΐς Ιστορίαυς είς Θαλην τούτο ανάγει, τό θεώρημα, τήν γάρ τών έν θαλάττη πλοίων άπόστασιν δυ ου τρόπου φασίν αυτόν δευκνύναυ τούτω προσχρήσθαί φησνν άνα-γκαΐον.
The angle in a semicircle is a right-angle Diog. Laert. i. 24-25
Παρά τε Αιγυπτίων γεωμετρεΐν μαθόντα φησί ΪΙαμφίλη πρώτον καταγράψου κύκλου τό τρίγωνον
° It is Eucl. i. 15.
* The method by which Thales used the theorem referred to, Eucl. i. 26, to find the distance of a ship from the shore, has given rise to many conjectures. The most attractive is that of Heath {The Thirteen Elements of Euclid's Elements, i., p. 305, H.G.M. i. 133). He supposes that the observer had a rough instrument made of a straight stick and a crosspiece fastened to it so as to be capable of turning about the 166
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The vertical and opposite angles are equal
Ibid. 299. 1-5
This theorem, that when two straight lines cut one another the vertical and opposite angles are equal, was first discovered, as Eudemus says, by Thales, though the scientific demonstration was improved by the writer of the Elements*
Equality of Triangles
Ibid. 352. 14-18
Eudemus in his History of Geometry attributes this theorem to Thales. For he says that the method by which Thales showed how to find the distance of ships at sea necessarily involves this method?
The angle in a semicircle is a right-angle
Diogenes Laertius i. 24-25
Pamphila says that, having learnt geometry from the Egyptians, he was the first to inscribe in a circle fastening in such a manner so that it could form any angle with the stick and would remain where it was put. The observer, standing on the top of a tower or some other eminence on the shore, would fix the stick in the upright position and direct the cross-piece towards the ship. Leaving the cross-piece at this angle, he would turn the stick round, keeping it vertical, until the cross-piece pointed to some object on the land, which would be noted. The distance between the foot of the tower and this object would, by Eucl. i. 26, be equal to the distance of the ship. Apparently this method is found in many practical geometries during the first century of printing.
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ορθογώνιον, και θΰσαι βουν. οί δβ Π υθαγόραν φασίν, ών όστιν Απολλόδωρος ο λογιστικός.
° Pamphila was a female writer who lived in the reign of Nero and won much repute by her historical commonplace book (Συμμικτων Ιστορικών υπομνημάτων λόγοι). She may have been right in ascribing to Thales the discovery that the angle in a semicircle is a right angle, but the passage bristles with difficulties. The reference to the sacrifice of an ox is suspiciously like the better-attested story that Pythagoras sacrificed oxen when he discovered a certain theorem. This story is told in a distich by Apollodorus reproduced below (p. 176). In reproducing that distich Plutarch says it is uncertain whether the theorem was that about the square on the hypotenuse of a right-angled triangle or that about the application of areas ; he does not mention the theorem about the angle in a semicircle. Diogenes Laertius probably made a mistake in bringing in Apollodorus ; the reference to the sacrifice of an ox made him think of Apollodorus’s distich
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a right-angled triangle, whereupon he sacrificed an ox. Others say it was Pythagoras, among them being Apollodorus the calculator.a
about Pythagoras, forgetting that they referred to a different proposition.
There are also difficulties on the way of believing that Thales could have discovered the theorem that the angle in a semicircle is a right angle. Euclid (iii. 31) proves this theorem by means of i. 32, that the sum of the angles of any triangle is two right-angles. Now Eudemus, as will be found below, pp. 176-179, attributed to the Pythagoreans the discovery of the theorem that in any triangle the sum of the angles is equal to two right-angles. The authority of Eudemus compels us to believe that Thales did not know this theorem. Could he have proved that the angle in a semicircle is a right angle without previously knowing that the sum of the angles of any triangle is two right-angles ? Heath {H.G.M. i. 136-137) show’s how he could have done so; and so Pamphila, for all her late date, may have preserved a correct tradition.
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(a) General
Apollon. Mirab. 6 ; Diels, Vors. i5. 98. 29-31
Πυθαγόρας λϊνησάρχου υίος τό μει> πρώτον δι,επονεΐτο περί τα μαθήματα καί τούς αριθμούς, ύστερον δε ποτέ καί της Φερεκύδου τερατοποάας ούκ άπέστη.
Aristot. Met. A 5, 985 b 23-26
Έν δε τούτοίς καί προ τούτων οί καλούμενοι, ΠυθαγόρείΟί τών μαθημάτων άφάμενοί πρώτοι ταΰτα τε προηγαγον, καί εντραφεντες εν αύτοΐς τάς τούτων άρχάς τών όντων άρχάς ωηθησαν είναι, πάντων.
Diog. Laert. viii. 24-25
Φησί δ’ ό Αλέξανδρος εν ταΐς τών φιλοσόφων δίαδοχαις καί ταΰτα εύρηκέναι. εν Πυθαγορι,κοΐς ύπομνήμασι,ν. άρχην μεν απάντων μονάδα- εκ δε της μονάδος αόριστον δυάδα ώς άν ύλην τη μονάδι αίτίω ovtc ύποστηναι,· εκ δε της μονάδος καί της αορίστου δυάδος τούς άρι,θμούς· εκ δε τών αριθμών τά σημεία· εκ δε τούτων τάς γραμμάς, εξ ών τά 172
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(a)	General
Apollonius Paradoxographus, On Marvels 6 ; Diels, Vors. i5. 98. 29-31 a
Pythagoras, the son of Mnesarchus, first worked at mathematics and numbers, and later at one time did not hold himself aloof from the wonder-working of Pherecydes.
Aristotle, Metaphysics A 5, 985 b 23-26
In the time of these men [Leucippus and Democritus] and before them the so-called Pythagoreans applied themselves to mathematics and were the first to advance that science ; and because they had been brought up in it they thought that its principles must be the principles of all existing things.
Diogenes Laertius viii. 24-25
Alexander in The Successions of Philosophers says that he found in the Pythagorean memoirs these beliefs also. The principle of all things is the monad; arising from the monad, the undetermined dyad acts as matter to the monad, which is cause ; from the monad and the undetermined dyad arise numbers ; from numbers, points ; from these, lines, out of which
a Apollonius is quoting Aristotle’s book On the Pythagoreans , now lost.
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επίπεδα σήματα· έκ δβ τών έπιπέδων τά στβρεά σχήματα* έκ δβ τούτων τά αισθητά σώματα, ών και τά στοιχεία είναι τέτταρα, πυρ, ύδωρ, γην, αέρα* μεταβάλλειν δβ και τρέπεσθαι δι* όλων, και γίνεσθαι έξ αυτών κόσμον έμψυχο ·, νοερόν, σφαιροειδή, μεσην περιέχοντα τήν γην και αυτήν σφαιροειδή και περιοικουμένην.
Diog. Laert. viii. 11-12
Τούτον και γεωμετρίαν έπι πέρας άγαγεΐν, Μοίριδος πρώτου εύρόντος τάς άρχάς τών στοιχείων αυτής, ώς φησιν Άντικλείδης έν δευτέρω Ilcpt ’Αλεξάνδρου, μάλιστα δέ σχολάσαι τον Πυθαγόραν περί τό αριθμητικόν είδος αυτής τόν τε κανόνα τόν έκ μιας χορδής εύρεΐν. ουκ ήμέλησε δ’ ούδ’ ίατρι,κής. φησι δ' ’Απολλόδωρος ό λογιστικός εκατόμβην θΰσαι αυτόν, εύρόντα ότι, τοΰ ορθογωνίου τριγώνου ή υποτείνουσα πλευρά ΐσον δύνα-ται ταΐς περιεχούσαις. και έστιν επίγραμμα ούτως έχον*
ήνίκα Πυθαγόρης τό περικλεές εΰρετο γράμμα, κεΐν έφ' ότω κλεινήν ήγαγε βουθυσίην.
Procl. in Eucl. i., ed. Friedlein 84·. 13-23
*Όσα δβ πραγματειωδεστέραν έχει, θεωρίαν και συντελεί προς τήν όλην φιλοσοφίαν, τούτων προ-ηγουμένην ποιησόμεθα τήν ύπόμνησιν, ζηλοΰντες τούς Πυθαγορείους, οΐς πρόχειρον ήν και τούτο σύμβολον i( σχάμα και βάμα, άλλ’ ου σχαμα και τριώβολον ” ένδεικνυμενών, ώς άρα δει τήν γεωμετρίαν εκείνην μεταδιώκειν, ή καθ' έκαστον 174.
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arise plane figures ; from planes, solid figures ; from these, sensible bodies, whose elements are four— fire, water, earth, air ; these elements interchange and turn into one another completely, and out of them arises a world which is animate, intelligent, spherical, and having as its centre the earth, which also is spherical and is inhabited round about.
Diogenes Laertius viii. 11-12
He [Pythagoras] it was who brought geometry to perfection, after Moeris had first discovered the beginnings of the elements of that science, as Anti-cleides says in the second book of his History of Alexander. He adds that Pythagoras specially applied himself to the arithmetical aspect of geometry and he discovered the musical intervals on the mono-chord ; nor did he neglect even medicine. Apollo-dorus the calculator says that he sacrificed a hecatomb on finding that the square on the hypotenuse of the right-angled triangle is equal to the squares on the sides containing the right angle. And there is an epigram as follows :
As when Pythagoras the famous figure found, For which a sacrifice renowned he brought.
Proclus, on Euclid i., ed. Friedlein 84. 13-23
Whatsoever offers a more profitable field of research and contributes to the whole of philosophy, we shall make the starting-point of further inquiry, therein imitating the Pythagoreans, among whom there was prevalent this motto, " A figure and a platform, not a figure and sixpence,” by which they implied that the geometry deserving study is that which, at each 175
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θοώρημα βήμα τίθησυν et’s* άνοδον καυ άπαίρου την ψυχήν et’s* ύψος, άλλ’ ούκ βν τοΐς αισθητούς καταβαίνουν άφίησυν καυ τήν σύνοικον τοΐς θνητούς χρείαν άποπληροΰν καυ ταυτης στοχαζομόνην τής οντοΰθον πορυαγωγής καταμολοΐν.
Plut. Non posse suav. vivi sec. Epic. 11, 1094 b
Kat Ιΐυθαγόρας οπυ τω δυαγράμματυ βουν έθυσαν, ως φησυν Απολλόδωρος·
ήνίκα ΥΙυθαγόρας το πορυκλοος ούροτο γράμμα κοΐν οφύ δτω λαμπρήν ήγοτο βουθυσίην.
€tT€ περί τής ύποτουνούσης ώς ίσον δυναταί ταΐς πορυοχούσαυς τήν ορθήν, οΐτο πρόβλημα περί τοΰ χωρίου τής παραβολής.
Plut. Quaest. Conv. viii. 2. 4, 720 a
’Έστί γάρ ον τοΐς γοωμοτρυκωτάτους θοωρήμασι, μάλλον δβ προβλήμασυ, το δυοΐν ουδών δοθόντων άλλο τρίτον παραβάλλουν τω μον ίσον τω δ’ ομουον οφύ ώ καί φασυν οξουροθόντυ θΰσαι, τον ΤΙυθαγόραν. πολύ γάρ αμύλου γλαφυρώτορον τούτο καυ μουσυ-κώτορον οκουνου τοΰ θοωρήματος, δ τήν ύπο-τουνουσαν αποοουξο ταυς πορυ τήν ορσήν υσον δυναμόνην.
(6)	Sum of the Angles of a Triangle
Procl. in Eucl. i., ed. Friedlein 379. 2-16
Έιύδημος δο ό πορυπατητυκος ους τούς Πυ^αγο-ροίους άναπόμπου τήν τοΰδο τοΰ θοωρήματος ού-ροσυν, ότυ τρίγωνον άπαν δυσυν όρθαυς υσας οχου 176
PYTHAGOREAN GEOMETRY theorem, sets up a platform for further ascent and lifts the soul on high, instead of allowing it to descend among sensible objects and so fulfil the common needs of mortal men and in this lower aim neglect conversion to things above.
Plutarch, The Epicurean Life 11, 1094 b
Pythagoras sacrificed an ox in virtue of his proposition, as Apollodorus says—
As when Pythagoras the famous figure found For which the noble sacrifice he brought a—
whether it was the theorem that the square on the hypotenuse is equa* to the squares on the sides containing the right angle, or the problem about the application of the area.
Plutarch, Convivial Questions viii. 2. 4, 720 a
Among' the most geometrical theorems, or rather problems, is this—given two figures, to apply a third equal to the one and similar to the other ; it was in virtue of this discovery they say Pythagoras sacrificed. This is unquestionably more subtle and elegant than the theorem which he proved that the square on the hypotenuse is equal to the squares on the sides about the right angle.
(δ) Sum of the Angles of a Triangle
Proclus, on Euclid i., ed. Friedlein 379. 2-16
Eudemus the Peripatetic ascribes to the Pythagoreans the discovery of this theorem, that any triangle has its internal angles equal to two right
a See supra, p. 168 n. a, and p. 174.
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τάς εντός γωνίας. καί δείκνύναί φησίν αυτούς ούτως το προκείμενον. έστω τρίγωνον το ΑΒΓ, καί ηχθω δίά τοΰ Α τη ΒΓ παράλληλος η ΔΕ. βπβΐ ουν παράλληλοί εϊσίν at ΒΓ, ΔΕ, καί at εναλλάξ ίσαί εϊσίν, ίση άρα η μεν υπό ΔΑΒ τη υπό ΑΒΓ, η δέ υπό ΕΑΓ τη υπό ΑΓΒ. κοινή προσ-κείσθω η ΒΑΓ. at άρα υπό ΔΑΒ, ΒΑΓ, ΓΑΕ, τουτεστιν at υπό ΔΑΒ, ΒΑΕ, τουτεστιν at δύο όρθαΐ ισαι είσΐ ταΐς τοΰ ΑΒΓ τρίγωνου τρισΐ γωνία ίς. at άρα τρεις τοΰ τρίγωνου δύσίν όρθαΐς είσίν ίσαί.
(c)	" Pythagoras’s Theorem ”
Eucl. Elem. i. 47
Έν τοΐς όρθογωνίοίς τρίγώνοίς τό από της την ορθήν γωνίαν ύποτείνούσης πλευράς τετράγωνον ίσον εστι τοΐς από των την ορθήν γωνίαν περί-εχουσών πλευρών τετραγώνοίς.
"Έστω τρίγωνον ορθογώνιον τό ΑΒΓ ορθήν εχον την υπό ΒΑΓ γωνίαν* λέγω ότι τό από της ΒΓ τετράγωνον ίσον εστΙ τοΐς από τών ΒΑ, ΑΓ τετραγώνοίς.
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angles. He says they proved the theorem in question
after this fashion. Let ΑΒΓ be a triangle, and through A let ΔΕ be drawn parallel to ΒΓ. Now since ΒΓ, ΔΕ are parallel, and the alternate angles are equal, the angle ΔΑΒ is equal to the angle ΑΒΓ, and ΕΑΓ is equal to ΑΓΒ. Let ΒΑΓ be added to both. Then the angles ΔΑΒ, ΒΑΓ, ΓΑΕ, that is, the angles ΔΑΒ, BAE, that is, two right angles, are equal to the three angles of the triangle. Therefore the three angles of the triangle are equal to two right angles.
(c) “ Pythagoras’s Theorem ”
Euclid, Elements i. 47
In right-angled triangles the square on the side sub-tending the right angle is equal to the squares on the sides containing the right angle.
Let ΑΒΓ be a right-angled triangle having the angle ΒΑΓ right; I say that the square on ΒΓ is equal to the squares on BA, ΑΓ.
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9Αναγεγράφθω γάρ άπο μεν της ΒΓ τετράγωνον το ΒΔΕΓ, άπο δέ τών ΒΑ, ΑΓ τά ΗΒ, ΘΓ, καί δύά τοΰ Α οποτερα τών ΒΔ, ΓΕ παράλληλος ηχθω ή ΑΛ· καί επεζευχθωαν at ΑΔ, ΖΓ. καί επεί
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For let there be described on ΒΓ the square ΒΔΕΓ, and on BA, ΑΓ the squares HB, ΘΓ [Eucl. i. 46], and through A let AA be drawn parallel to either ΒΔ or ΓΕ, and let ΑΔ, ΖΓ be joined.0 Then, since each of
a In this famous “windmill” figure, the lines AA, BK, ΓΖ meet in a point. Euclid has no need to mention this fact,
but it was proved by Heron ; see infra, p. 185 η. 6. If AA, the perpendicular from
A, meets ΒΓ in M, as in the detached portion of the figure here reproduced, the triangles MBA, ΜΑΓ are similar to the triangle ΑΒΓ and to one another. It follows from Eucl. Elem. vi. 4 and 17 (which do not depend on L 47) that
BA2 = BM . ΒΓ,
and ΑΓ2 = ΓΜ.ΒΓ.
Therefore
BA2 + ΑΓ2 = ΒΓ (BM + ΓΜ) = ΒΓ2.
The theory of proportion developed in Euclid’s sixth book therefore offers a simple method of proving “ Pythagoras’s Theorem.” This proof, moreover, is of the same type as Eucl. Elem. i. 47 inasmuch as it is based on the equality of the square on ΒΓ to the sum of two rectangles. This has suggested that Pythagoras proved the theorem by means of his inadequate theory of proportion, which applied only to commensurable magnitudes. When the incommensurable was discovered, it became necessary to find a new proof independent of proportions. Euclid therefore recast Pythagoras’s invalidated proof in the form here given so as to get it into the first book in accordance with his general plan of the Elements.
For other methods by which the theorem can be proved, the complete evidence bearing on its reputed discovery by Pythagoras, and the history of the theorem in Egypt, Babylonia, and India, see Heath, The Thirteen Books of Euclid's Elements, i., pp. 351-366, A Manual of Greek Mathematics, pp. 95-100.
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ορθή έστω έκατέρα τών υπό ΒΑΓ, ΒΑΗ γωνιών, πρός δη τινι ευθεία τή ΒΑ καί τω πρός αυτή σημείω τω Α δύο εύί?είαι αί ΑΓ, ΑΗ μή έπί τά αυτά μέρη κείμεναί τάς εφεξής γωνίας δυσίν όρθαΐς ϊσας ποίοΰσίν* έπ' ευθείας άρα εστιν ή ΓΑ τή ΑΗ. διά τά αυτά δη καί ή ΒΑ τή ΑΘ έστω επ' ευθείας, καί έπεί ίση έστίν ή υπό ΔΒΓ γωνία τή υπό ΖΒΑ* ορθή γάρ έκατέρα* κοίνή προσκείσθω ή υπό ΑΒΓ* όλη άρα ή υπό ΔΒΑ όλη τή υπό ΖΒΓ έστίν ίση. καί έπεί ίση έστίν ή μεν ΔΒ τή ΒΓ, ή δέ ΖΒ τή ΒΑ, δύο δη αί ΔΒ, ΒΑ δύο ταις ΖΒ, ΒΓ ίσαι είσίν έκατέρα έκατέρα* καί γωνία ή υπό ΔΒΑ γωνία τή υπό ΖΒΓ ίση* βάσίς άρα ή ΑΔ βάσει τή ΖΓ [ε’στιν] ίση, καί τό ΑΒΔ τρίγωνον τω ΖΒΓ τρίγώνω έστίν ίσον* καί [εστι] τοΰ μεν ΑΒΔ τρίγωνου δίπλάσίον τό ΒΛ παραλληλόγραμμον* βάσυν τε γάρ τήν αυτήν έχουσί τήν ΒΔ και έν ταΐς αύταΐς είσί παραλλήλοίς ταΐς ΒΔ, ΑΛ· τοΰ δέ ΖΒΓ τρίγωνου δίπλάσίον τό ΗΒ τετράγωνον* βάσίν τε γάρ πάλίν τήν αυτήν εχουσί τήν ΖΒ καί έν ταΐς αύταΐς είσί παραλλήλοίς ταΐς ΖΒ, ΗΓ. [τά δε τών ίσων διπλάσια ίσα άλλήλοίς εστιν·]1 ίσον άρα έστί καί τό ΒΛ παραλληλόγραμμον τω ΗΒ τετράγωνο). ομοίως δή έπίζευγνυμένων τών ΑΕ, ΒΚ δείχθήσεταί καί τό ΓΛ παραλληλόγραμμον ίσον τω ΘΓ τετραγώνω* όλον άρα τό ΒΔΕΓ τετράγωνον δυσί τοΐς ΗΒ, ΘΓ τετραγώνοίς ίσον έστίν. καί ε’στι τό μέν ΒΔΕΓ τετράγωνον από τής ΒΓ άναγραφέν, τά δέ ΗΒ, ΘΓ από τών ΒΑ, ΑΓ. τό άρα από τής ΒΓ πλευράς τετράγωνον ίσον έστί τοΐς από τών ΒΛ, ΑΓ πλευρών τετραγώνοίς.
Έν άρα τοΐς όρθογωνίοίς τρίγώνοίς τό από τής 182
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the angles ΒΑΓ, BAH is right, it follows that with a straight line BA and at the point A on it, two straight lines ΑΓ, AH, not lying on the same side, make the adjacent angles equal to two right angles ; therefore ΓΑ is in a straight line with AH [Eucl. i. 14]. For the same reasons BA is also in a straight line with ΑΘ. And since the angle ΔΒΓ is equal to the angle ZB A, for each is right, let the angle ΑΒΓ be added to each ; the whole angle ΔΒΑ is therefore equal to the whole angle ΖΒΓ. And since ΔΒ is equal to ΒΓ, and ZB to BA, the two [sides] ΔΒ, BA are equal to the two [sides] ΒΓ, ZB respectively ; and the angle ΔΒΑ is equal to the angle ΖΒΓ. The base ΑΔ is therefore equal to the base ΖΓ, and the triangle ΑΒΔ is equal to the triangle ΖΒΓ [Eucl. i. 4]. Now the parallelogram BA is double the triangle ΑΒΔ, for they have the same base ΒΔ and are in the same parallels ΒΔ, AA [Eucl. i. 41]. And the square HB is double the triangle ΖΒΓ, for they have the same base ZB and are in the same parallels ZB, ΗΓ. Therefore the parallelogram BA is equal to the square HB. Similarly, if AE, BK are joined, it can also be proved that the parallelogram ΓΛ is equal to the square ΘΓ. Therefore the whole square ΒΔΕΓ is equal to the two squares HB, ΘΓ. And the square ΒΔΕΓ is described on ΒΓ, while the squares HB, ΘΓ are described on BA, ΑΓ. Therefore the square on the side ΒΓ is equal to the squares on the sides BA, ΑΓ.
Therefore in right-angled triangles the square on
1 om. Heiberg. The words are equivalent to Common Notion 5, which must also be an interpolation as it is covered by Common Notion 2, καί ear ΐσοι,ς ΐσα προστεθή, τά δλα άστίν ΐσα, “ if equals are added to equals the wholes are equal.”
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την ορθήν γωνίαν ύποτείνούσης πλευράς τετράγωνον ίσον εστϊ, τοΐς από των την ορθήν γωνίαν] περί-
εχουσών πλευρών τετραγώνους* όπερ ε8εί 8εΐζαί.
Procl. in Eucl. i., ed. Friedlein 426. 6-14
Ύών μεν ίστορεΐν τά άρχαΐα βουλομενών ακούοντας τό θεώρημα τοΰτο εις Πυθαγόραν άναπεμ-πόντων έστίν εύρεΐν καί, βουθύτην λεγόντων αυτόν επί τη εύρεσεί. εγώ 8έ θαυμάζω μεν καί τούς πρώτους επίστάντας τη τοΰ8ε τοΰ θεωρήματος άληθεία, μείζόνως 8ε άγαμαί τον Στοίχείωτην, ού μόνον otl 8l’ άπο8είζεως εναργεστάτης τοΰτο κατ-ε8ησατο, άλλ’ otl καί τό καθολίκώτερον αύτοΰ τοΐς άνελεγκτοίς λόγοίς της επιστήμης επίεσεν εν τω εκτω βίβλίω.
Ibid. 429. 9-15
Ύης 8ε τοΰ Στοίχείωτοΰ άπο8είζεως ούσης φανεράς ούδεν ήγοΰμαί 8εΐν προσθεΐναί περιττόν, άλλα άρκεΐσθαί τοΐς γεγραμμενοίς, επεί καί οσοί προσεθεσάν tl πλεόν, ώς οί περί "ΙΙρωνα καί Πάππον, ηναγκάσθησαν προσλαβεΐν tl τών εν τώ εκτω 8ε8είγμενων, ού8ενός ενεκα πραγματείώόους.
° Eucl. vi. 31. In right-angled triangles the figure on the side subtending the right angle is equal to the similar and similarly described figures on the sides containing the right angle.
b By oi irepi *Ηρωνα καί ΙΊάππον Proclus doubtless means, in accordance with his practice elsewhere, I leron and Pappus themselves. Pappus, in Coll. iv. 1, ed. Hultsch 176-178, 184
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the side subtending the right angle is equal to the squares on the sides containing the right angle; which was to be proved.
Proclus, on Euclid i., ed. Friedlein 426. 6-14
If we listen to those who wish to relate ancient history, we find some of them attributing this theorem to Pythagoras and saying that he sacrificed an ox upon the discovery. For my part, while I admire those who first became acquainted with the truth of this theorem, I marvel more at the writer of the Elements, not only because he established it by a most lucid demonstration, but because he insisted on the more general theorem by the irrefutable arguments of science in the sixth book.0
Ibid. 429. 9-15
The proof by the writer of the Elements being clear, I think that it is unnecessary to add anything further, and that we may be content with what has been written, since, in fact, those who have added anything more, such as Heron and Pappus, were compelled to make use of what is proved in the sixth book, with no real object?
generalized “ Pythagoras’s Theorem ” by proving that if any triangle is taken (not necessarily right-angled), and any parallelograms are described on two of the sides, their sum is equal to a third parallelogram. Proclus’s words can, however, hardly refer to this elegant theorem. Heron is known from the Arabic commentary of an-Nairizi on Euclid’s Elements (ed. Besthorn-Heiberg 175-185) to have proved that in Euclid’s figure AA, BK, ΓΖ meet in a point. Heron used three lemmas proved on the principles of Book i. alone, but they would more easily be proved from Book vi. It is quite likely that Proclus refers to this proof.
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(J) The Application of Areas
One of the greatest of Pythagorean discoveries was the method known as the application of areas, which became a powerful engine in the hands of successive Greek geometers. The geometer is said to apply (πα,ραβάλ,λειν) an area to a given straight line when a rectangle or parallelogram equal to the area is constructed on that straight line exactly ; the area is said to fall short or be deficient («AAcureiv) when the rectangle or parallelogram is constructed on a portion of the straight line ; and to exceed {νπ^ρβάλλ^ν} when the rectangle or parallelogram is constructed on the straight line produced. The method is developed in the following propositions of Euclid’s Elements : i. 44, 45 ; ii. 5, 6, 11 ; vi. 27, 28, 29. These proposi-
Procl. in Eucl. i., ed. Friedlein 419. 15-420. 12
Έστι μεν αρχαία, φασίν οί περί τόν Έΰ8ημον, καί της τών Πυθαγορείων μουσης ευρήματα ταΰτα, η τε παραβολή τών χωρίων καί η υπερβολή καί η ελλειψις. άπο 8ε τούτων καί οί νεώτεροί τά ονόματα λαβόντες μετηγαγον αυτά καί επί τάς κωνι,κάς λεγομενας γραμμάς, καί τούτων την μεν παραβολήν, την 8ε υπερβολήν καλεσαντες, την 8ε 186
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tions are equivalent to the solution of quadratic equations, not only in particular cases but in the most general form. The application of areas (παραβολή των χωρίων) is therefore a vital part of the “ geometrical algebra ” of the Greeks, who dealt in figures as familiarly as we do in symbols. This method is the foundation of Euclid’s theory of irrationals and Apollonius’s treatment of the conic sections. The subject will be introduced by Proclus’s comment on Eucl. i. 44, and then the relevant propositions of Euclid will be given, with their equivalents in modern algebraical notation. Though the precise form of the later propositions cannot be due to Pythagoras, depending as they do on a theory of proportion invented bv Eudoxus, there can be no doubt, as Eudemus said, that the method goes back to the Pythagorean school, and most probably to the master himself.
Proclus, on Euclid i., ed. Friedlein 419. 15—420. 12
These things are ancient, says Eudemus, being discoveries of the Muse of the Pythagoreans, I mean the application of areas, their exceeding and their falling short. From these men the more recent geometers took the names that they gave to the so-called conic lines, calling one of these the parabola, one the hyperbola and one 187
GREEK MATHEMATICS
eXXeu/nv, εκείνων των παΧαιών καί θείων άνδρών εν έπυπεδω καταγραφή χωρίων ττρος εύθεΐαν ώρί-σμενην τά υπό τούτων οτημαϋνόμενα τών ονομάτων όρώντων. όταν γάρ εύθείας έκκ^μύνης το δοθεν χωρίον πάστ) τή εύθεία συμπαρατείντ^ς, τότε παραβάλλει εκείνο τό χωρίον φασίν, όταν μεΐζον δε ποίησης τοΰ χωρίου τό μήκος αυτής τής ευθείας, τότε ύττερβάΧΧει,ν, όταν δε ελασσον, ώς τοΰ χωρίου γραφεντος είναι tl τής ευθείας εκτός, τότε εΧ-λείπειν. καί ούτως εν τω εκτω βϋβλίω καί τής υπερβολής ό ΈώκΧείδης μνημονεύεϋ καί τής βλ-Χείφεως, ενταύθα δε τής παραβολής εδεήθη τω δοθεντυ τρυγώνω παρά τήν δοθεΐσαν ευθείαν ίσον εθεΧων παραβαΧεΐν [παραλληλόγραμμον], ΐνα μή μόνον σύστασυν εχωμεν παραλληλογράμμου τω δοθεντυ τρνγώνορ ίσον, αλλά καί παρ' ευθείαν ώρυσμένην παραβολήν.
Eucl. Elem. i. 44
Παρά τήν δοθεΐσαν εύθεΐαν τω δοθεντϋ τρυγώνω ίσον παραΧΧηΧόγραμμον παραβαΧεΐν εν τή δοθείση γωνία εύθυγράμμω.
"Έστω ή μεν δοθεΐσα ευθεία ή ΑΒ, τό δέ δοθεν τρίγωνον τό Γ, ή δε δοθεΐσα γωνία εύθύγραμμος ή Δ· δει δή παρά τήν δοθεΐσαν εύθεΐαν τήν ΑΒ τω δοθεντν τρ^γώνω τω Γ ίσον παραΧΧηΧόγραμμον παραβαΧεΐν εν ίσρ τή Δ γωνία.
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the ellipse, inasmuch as those god-like men of old saw the things signified by these names in the construction, in a plane, of areas upon a finite straight line. For when a straight line is set out and you lay the given area exactly alongside the whole of the straight line, they say that you apply that area ; but when you make the length of the area greater than the straight line, then it is said to exceed, and when you make it less, so that when the area is drawn a portion of the straight line extends beyond it, it is said to fall short. In the sixth book Euclid speaks in this way both of exceeding and of falling short, but here he needed only the application, as he sought to apply to the given straight line an area equal to the given triangle, in order that we might have not only the construction of a parallelogram equal to the given triangle, but also its application to a finite straight line.
Euclid, Elements i. 44
To a given straight line to apply in a given rectilineal angle a parallelogram equal to a given triangle.
Let AB be the given straight Une, Γ the given triangle and Δ the given rectilineal angle ; then it is required to apply to the given straight line AB, in an angle equal to the angle Δ, a parallelogram equal to the given triangle Γ.
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Συνβστάτω τω Γ τριγώνω ίσον παραλληλόγραμμον τό ΒΕΖΗ έν γωνία τη υπό ΕΒΗ, η έστιν ίση ΤΤ) Δ* και κείσθω ώστε έπ' ευθείας βίύαι την BE τη ΑΒ, και διηχθω η ΖΗ έπι τό Θ, και διά τοΰ Α όποτέρα τών ΒΗ, ΕΖ παράλληλος ηχθω η ΑΘ, και έπεζευχθω η ΘΒ. και βπβί €ΐς παραλλήλους τάς ΑΘ, ΕΖ 6υ#6ΐα ένέπεσεν η ΘΖ, αί άρα υπό ΑΘΖ, ΘΖΕ γωνιαι δυσίν όρθαΐς είσιν ισαι. αί άρα υπό ΒΘΗ, ΗΖΕ δύο ορθών ελασσόνες είσιν αί δβ από ελασσονών η δυο ορθών εις άπειρον έκβαλλόμεναι συμπίπτουσιν αί ΘΒ, ΖΕ άρα έκβαλλόμεναι συμπεσοΰνται. έκβεβλησθωσαν καί συμπιπτέτωσαν κατά τό Κ, καί διά τοΰ Κ σημείου όποτέρα τών ΕΑ, ΖΘ παράλληλος ηχθω η ΚΛ, καί έκβεβλησθωσαν αί ΘΑ, ΗΒ έπϊ τά Λ, Μ σημεία, παραλληλόγραμμον άρα έστι τό ΘΛΚΖ, διάμετρος δέ αΰτοΰ η ΘΚ, περί δέ την ΘΚ παραλληλόγραμμα μέν τά ΑΗ, ΜΕ, τά δβ λεγάμενα παραπληρώματα τά ΑΒ, ΒΖ· ίσον άρα έστι τό ΑΒ τω ΒΖ. αλλά τό ΒΖ τω Γ τριγώνω έστιν ίσον και τό ΑΒ άρα τω Γ έστιν ίσον, και έπει ίση έστιν η υπό ΙΊΒΕ γωνία τη υπό ΑΒΜ, αλλά η υπό Η BE τη Δ έστιν ίση, και η υπό ΑΒΜ άρα τη Δ γωνία έστιν ίση.
Παρά την δοθεΐσαν άρα ευθείαν την ΑΒ τω δοθέντι τριγώνω τω Γ ίσον παραλληλόγραμμον παραβέβληται τό ΑΒ έν γωνία τη υπό ΑΒΜ, η έστιν ίση τη Δ· όπερ εδει ποιήσαι.
° Since any rectilineal figure can be divided into triangles, this proposition can be used to solve Euclid’s next problem (i. 45), which is : τω ΰοθζντι, ώΟυγράμμω ϊσον παράλληλό-190
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Let the parallelogram BEZH be constructed, equal to the triangle Γ, in the angle EBH which is equal to Δ [i. 42] ; and let it be placed so that BE is in a straight line with AB, and let ZH be produced to θ, and through A let ΑΘ be drawn parallel to either BH or EZ [i. 31], and let ΘΒ be joined. Then, since the straight line ΘΖ falls upon the parallels ΑΘ, EZ, the angles ΑΘΖ, ΘΖΕ are equal to two right angles [i. 29]. Therefore the angles ΒΘΗ, HZE are less than two right angles. Now the straight lines produced indefinitely from angles less than two right angles will meet. Therefore ΘΒ, ZE, if produced, will meet. Let them be produced and let them meet at K, and through the point K let KA be drawn parallel to either EA or ΖΘ [i. 31], and let ΘΑ, HB be produced to the points A, M. Then ΘΛΚΖ is a parallelogram, ΘΚ is its diameter, and AH, ME are parallelograms, AB, BZ the so-called complements, about ΘΚ. Therefore AB is equal to BZ [i. 43]. But BZ is equal to the triangle Γ, and therefore AB is equal to Γ [Common Notion 1]. And since the angle HBE is equal to the angle ABM [i. 15], while the angle HBE is equal to Δ, therefore the angle ABM is also equal to Δ.
Therefore the parallelogram AB, equal to the given triangle Γ, has been applied to the given straight line AB in the angle ABM which is equal to Δ ; which was to be done.a
γραμμον συστήσασθαι, ev rfj δοθείίτη γωνία ζύθυγράμμω (to construct* in a given rectilineal angle, a parallelogram equal to a given rectilineal figure). The method is obvious and will not here be repeated. Proclus (in Eucl, i., ed. Friedlein 422. 24-423. 5, cited infra, p. 316) observes that it was in consequence of this problem that ancient geometers were led to investigate the squaring of the circle.
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Eucl. Elem. ii. 5
Έαρ	γραμμή τμηθή είς ΐσα καί avtaa, τό
υπό τών άνίσων τής όλης τμημάτων περίεχόμενον ορθογώνιον μετά τοΰ από τής μεταξύ τών τομών τετραγώνου ΐσον εστί τώ από τής ήμι,σείας τε-τραγοινω.
Ευθεία γάρ τις ή ΑΒ τετμήσθω είς μεν ΐσα κατά το Γ, είς δβ άνισα κατά τό Δ* λόγω, δτι τό υπό τών ΑΔ, ΔΒ περϋεχόμενον ορθογώνιον μετά τοΰ από τής ΓΔ τετραγώνου ΐσον εστί τώ από τής ΓΒ τετραγώνω.
Άναγεγράφθω γάρ από τής ΓΒ τετράγωνον τό ΓΕΖΒ, καί επεζεύχθω ή BE, καί δίά μεν τοΰ Δ όποτέρα τών ΓΕ, ΒΖ παράλληλος ηχθω ή ΔΗ, δίά δβ τοΰ Θ όποτέρα τών ΑΒ, ΕΖ παράλληλος πάλι,ν ηχθω ή ΚΜ, καί πάλιν δίά τοΰ Α όποτέρα τών ΓΛ, ΒΜ παράλληλος ηχθω ή ΑΚ. καί επεί ΐσον εστί τό ΓΘ παραπλήρωμα τώ ΘΖ παραπληρώματι,, kolvov προσκείσθω τό ΔΜ* δλον άρα τό ΓΜ όλω τώ ΐσον εστιν. άλλα τό ΓΜ τώ ΑΛ ΐσον i.	ι
εστίν, επεί καί ή ΑΓ τή ΓΒ εστιν ΐση· καί τό ΑΑ άρα τώ ΔΖα ΐσον εστιν. kolvov προσκείσθω τό ΓΘ* δλον άρα τό ΑΘ τώ ΜΝΞ γνώμονι ΐσον εστιν. άλλα τό ΑΘ τό υπό τών ΑΔ, ΔΒ βστιρ* ΐση γάρ ή
α Lit. “ between the sections.”
b The gnomon is indicated in the figure of the mss. by the three points Μ, Ν, Ξ and a dotted curve ; there are thus in the figure two points M which should not be confused. In the next proposition a similar gnomon is described as ΝΞΟ, and perhaps this is what Euclid here wrote.
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Euclid, Elements ii. 5
If a straight line be cut into equal and unequal segments, the rectangle contained by the unequal segments of the whole together with the square on the line between the poiiits of section a is equal to the square on the half
For let a straight line AB be cut into equal segments at Γ, and into unequal segments at Δ; I say
that the rectangle contained by ΑΔ, ΔΒ with the square on ΓΔ is equal to the square on ΓΒ.
For let the square ΓΕΖΒ be described on ΓΒ [i. 46] and let BE be joined, and through Δ let ΔΗ be drawn parallel to either ΓΕ or BZ, and through Θ let KM again be drawn parallel to either AB or EZ, and again through A let AK be drawn parallel to either ΓΛ or BM [i. 31]. Then, since the complement ΓΘ is equal to the complement ΘΖ [i. 43], let ΔΜ be added to each ; therefore the whole ΓΜ is equal to the whole ΔΖ. But ΓΜ is equal to ΑΛ, since ΑΓ is also equal to ΓΒ [i. 36] ; and therefore AA is equal to ΔΖ. Let ΓΘ be added to each ; therefore the whole ΑΘ is equal to the gnomon MNH.6 But ΑΘ is the rect-
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ΔΘ τη ΔΒ* καϊ ό ΜΝΞ άρα γνώμων ΐσος εστϊ τώ υπό ΑΔ, ΔΒ. κουνάν προσκείσθω τό ΛΗ, ο όστίν ίσον τώ από της ΓΔ· ό άρα ΜΝΞ γνώμων καϊ τό ΛΗ ΐσα εστϊ τώ υπό τών ΑΔ, ΔΒ περι,εχομενω όρθογωνίω καϊ τώ από της ΓΔ τετραγώνω. αλλά ό ΜΝΞ γνώμων καϊ τό ΛII όλον εστϊ τό ΓΕΖΒ τετράγωνον, ο έστι,ν από της ΓΒ* τό άρα υπό τών ΑΔ, ΔΒ περι,εχόμενον ορθογώνιον μετά τοΰ από της ΓΔ τετραγώνου ΐσον εστϊ τώ από της ΓΒ τετραγώνω.
Έάν άρα κτλ.
α If the unequal segments are p, q, then this theorem is equivalent to the algebraical proposition
or
PQ +
p+q Λ2 +
2 qJ "A 2 J
p-q\2 2 J
= pq.
This gives a ready means of obtaining the two rules, respectively attributed to the Pythagoreans and Plato (see supra, pp. 90-95) for finding integral square numbers which are the sum of two other integral square numbers. Putting p=n2, q — i.we have
/n2+l\2 /n2-l\2
I ---- I — I	— I = nz
\ 2 J \ 2 J n *
In order that the first two squares may be integers, n must be odd. This is the Pythagorean rule.
Putting	p = 2n2, q = 2,
we have	(n2 + 1 )2 - (n2 - 1 )2 = 4n2.
This is Plato's rule, starting from an even number 2n.
The theorem can be made to yield a result of even greater interest, namely, the geometrical solution of the quadratic equation
ax - x2 = ό2,
as is shown by Heath {The Thirteen Books of Euclid's Ele~ 19±
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angle ΑΔ, ΔΒ ; for ΔΘ is equal to ΔΒ ; and therefore the gnomon MNE is equal to the rectangle ΑΔ, ΔΒ. Let AH, which is equal to the square on ΓΔ, be added to each ; therefore the gnomon MNE and AH are equal to the rectangle contained by ΑΔ, ΔΒ and the square on ΓΔ. But the gnomon MNE and AH are the whole square ΓΕΖΒ, which is described on ΓΒ ; therefore the rectangle contained by ΑΔ, ΔΒ together with the square on ΓΔ is equal to the square on ΓΒ.
Therefore, etc.a
ments, vol. i. p. 384, and H.G.M. i. 151, 152), following Simson; see also Loria, Le scienze esatte nelV antica Grecia, pp. 42-45.
If	AB =a, ΔΒ = x9
then the theorem shows that
(a - x). x = the rectangle ΑΘ — the gnomon ΜΝΞ.
If the area of the gnomon is given (=δ2), then we have
ax- x2 = b2.
To solve this equation geometrically is to find _ the point Δ, and in Pyth- A agorean language this is to apply to a given
B
straight line (a) a rectangle which shall be equal to a given square (b2) and shall fall short by a square figure, that is, to construct the rectangle ΑΘ or the gnomon ΜΝΞ.
Draw ΓΟ perpendicular to AB and equal to 5.
With centre O and radius equal to ΓΒ ( = |a) describe a circle. Provided that b is greater than this circle will cut AB in two points. One of these is the required point Δ, ΔΒ =a?, and the rectangle ΑΘ can be constructed.
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Eucl. Elem. ii. 6
Έάν	γραμμή τμηθη άίχα, προστεθη 8ε
τις αύτη εΰθεΐα επ' βύ^ίίας, τό υπό της όλης συν rfj προσκείμενη καϊ της προσκείμενης περίεχόμενον ορθογώνιον μετά τοΰ άπο της ημίσείας τετραγώνου ΐσον εστϊ τω άπο της συγκείμενης εκ τε της ημίσείας καϊ της προσκείμενης τετραγώνω.
Έύθεΐα γάρ τίς η ΑΒ τετμησθω 8ίχα κατά το Γ σημεΐον, προσκείσθω 8ε τις αύτη ευθεία επ' ευθείας η ΒΔ· λέγω, ότι τό υπό τών ΑΔ, ΔΒ περίεχόμενον
ορθογώνίον μετά τοΰ άπο της ΓΒ τετραγώνου ΐσον εστϊ τω άπο της ΓΔ τετραγώνω.
For by the proposition (ii. 5) just proved,
ΑΔ.ΔΒ + ΓΔ2 = ΓΒ2
= 0Δ2
= ΟΓ2 + ΓΔ2 (i. 47) ΛΑΔ.ΔΒ =0Γ2
or	(a - x)x = b2.
The two points in which the circle cuts AB give two real solutions of the equation, which are coincident when b = Ja and the circle touches AB.
There is no direct evidence that the Pythagoreans, or 196
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Euclid, Elements ii. 6
If a straight line be bisected, and a straight line be added to it in a straight line, the rectangle contained by the whole with the added straight line and the added straight line, together with the square on the half, is equal to the square on the straight line made up of the half and the added straight line.
For let a straight line AB be bisected at the point Γ, and let a straight line ΒΔ be added to it in a straight line ; I say that the rectangle contained by ΑΔ, ΔΒ with the square on ΓΒ is equal to the square on ΓΔ.α
Euclid for that matter, used this proposition to solve geometrically the quadratic equation ax-x2 = b2. But, as will be shown below, the Pythagoreans must have solved a similar equation corresponding to ii. 11, and it may fairly safely be assumed that they solved the equations ax-x2 = b2 corresponding to ii. 5 and the equations ax + x2 = b2 and x2 - ax = b2 corresponding to ii. 6.
° The proof is on the lines of that in the preceding proposition, the rectangle AM being shown equal to the gnomon ΝΞΟ, and can easily be supplied by the reader. If AB=a, BA=a?, and the gnomon ΝΞΟ have a given value (=ό8), then	(a + x).x = b2
or	ax 4- x2 = b2.
To solve this equation geometrically is to apply to a given
straight line (a) a rectangle equal to a given square (b2) and exceeding by a square figure, in short, to find the point Δ.
Continued on pp. 198-199.]	1Q7
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Eucl. Elem. ii. 11
Τήν δοί?€?σαν ευθείαν τεμεΐν ώστε το ΰπο της όλης και τοΰ ετέρου των τμημάτων περιεχόμενον ορθογώνιον ΐσον είναι τω άπο τοΰ λοιποΰ τμήματος τετραγώνω.
"Εστω η δοθεΐσα ευθεία η ΑΒ* δει δή την ΑΒ τεμεΐν ώστε το ΰπο της όλης και τοΰ ετέρου τών
τμημάτων περιεχόμενον ορθογώνιον ΐσον είναι τώ άπο τοΰ λοιποΰ τμήματος τετραγώνω.
Continued from ρ. 197.]
Simson first showed how to do this. Let BP be drawn perpendicular to AB and equal to 6. W ith centre Γ and 198
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Euclid, Elements ii. 11
To cut the given straight line so that the rectangle contained by the tvhole and one of the segments is equal to the square on the remaining segment.
Let AB be the given straight line ; then it is required to cut AB so that the rectangle contained by the whole and one of the segments is equal to the square on the remaining segment.
radius ΓΡ let a circle be drawn cutting AB produced in Δ. Then Δ is the required point.
For by the proposition (ii. 6) just proved,
ΑΔ . ΔΒ + ΓΒ2 = ΓΔ2
= ΓΡ2ί
= ΓΒ2 + ΒΡ*
ΑΔ . ΔΒ =ΒΡ2
i.e. αχ + χ2 = ό2.
Because the circle cuts AB produced in two points there are two real solutions, and as the circle always cuts AB produced there is always a real solution. This bears out the algebraical proof that the equation
ax + x2 = b2
always has two real roots, which are equal when ό=|α.
When we come to deal with Hippocrates’ quadrature of lunes we shall come across the problem: To find x, when x is given by the equation
y/1 ax + x2 = a2.
This could have been solved theoretically by the above methods, and the solution was certainly not beyond the powers of Hippocrates. It seems more probable, however, from the wording of Eudemus’s account, that he used an approximate mechanical solution for his purpose.
This same construction can be used to give a geometrical solution of the equation x2 - ax ~b2. In the figure it has only to be supposed that AB=a and ΑΔ (instead of ΒΔ)=χ. Then the theorem tells us that x(x - a) = the gnomon = 62.
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Άναγεγράφθω γάρ από της ΑΒ τετράγωνον το ΑΒΔΓ, και τετμήσθω η ΑΓ διχα κατά τό Ε σημεΐον, και επεζευχθω η BE, και 8ιηχθω η ΓΑ επι τό Ζ, και κείσθω τη BE ’ίση η ΕΖ, και άναγε-γραφθώ από της ΑΖ τετράγωνον τό ΖΘ, και 8ιηχθω η ΗΘ επι τό Κ· λέγω, ότι η ΑΒ τετμηται κατά τό Θ, ώστε τό υπό τών ΑΒ, ΒΘ περιεχόμενον ορθογώνιον ίσον ποιεΐν τώ από της ΑΘ τετραγώνω.
Έπα γάρ ευθεία ή ΑΓ τετμηται 8ίχα κατά τό Ε, πρόσκειται 8ε αυτή η ΖΑ, τό άρα υπό τών ΓΖ, ΖΑ περιεχόμενον ορθογώνιον μετά τοΰ από της ΑΕ τετραγώνου ίσον εστι τώ από της ΕΖ τετραγώνω. ίση 8ε η ΕΖ τη ΕΒ· τό άρα υπό τών ΓΖ, ΖΑ μετά τοΰ από της ΑΕ ΐσον εστι τώ από ΕΒ. αλλά τώ από ΕΒ ΐσα εστι τά από τών ΒΑ, ΑΕ* όρθη γάρ η προς τώ Α γωνία· τό άρα υπό τών ΓΖ, ΖΑ μετά τοΰ από της ΑΕ ΐσον εστι τοΐς από τών ΒΑ, ΑΕ. κοινόν άφηρησθω τό από της ΑΕ* λοιπόν άρα τό υπό τών ΓΖ, ΖΑ περιεχόμενον ορθογώνιον ΐσον εστι τώ από της ΑΒ τετραγώνω. καί εστι τό μεν υπό τών ΓΖ, ΖΑ τό ΖΚ· ίση γάρ ή ΑΖ τη ΖΗ · τό δβ από της ΑΒ τό ΑΔ· τό άρα ΖΚ ίσον εστι τώ ΑΔ. κοινόν άφηρησθω τό ΑΚ· λοιπόν άρα το ΖΘ τώ ΘΔ ΐσον εστιν. καί εστι τό μεν ΘΔ το υπό τών ΑΒ, ΒΘ* ίση γάρ η ΑΒ τη ΒΔ· τό δε ΖΘ τό από της ΑΘ* τό άρα υπό τών ΑΒ, ΒΘ περιεχόμενον ορθογώνιον ΐσον εστι τώ από ΘΑ τετραγώνω.
Ή άρα κτλ.
α If ΛΒ=α, ΑΘ=α\ then ΑΒ has been so cut at Θ that α(α- x) =x2 or	x2 + ax = a2.
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Let the square ΑΒΔΓ be described on AB, and let ΑΓ be bisected at the point E, and let BE be joined, and let ΓΑ be produced to Z, and let EZ be made equal to BE, and let the square ΖΘ be described on AZ, and let ΗΘ be produced to K ; I say that AB has been so cut at Θ as to make the rectangle contained by AB, ΒΘ equal to the square on ΑΘ.
For, since the straight line ΑΓ has been bisected at E, and ZA is added to it, therefore the rectangle contained by ΓΖ,ΖΑ together with the square on AE is equal to the square on EZ [ii. 6]. But EZ is equal to EB ; therefore the rectangle contained by ΓΖ, ZA together with the square on AE is equal to the square on EB. But the squares on BA, AE are equal to the square on EB, for the angle at A is right [i. 47] ; therefore the rectangle contained by ΓΖ, ZA together with the square on AE is equal to the squares on BA, AE. Let the square on AE be taken away from each; therefore the rectangle contained by ΓΖ, ZA which remains is equal to the square on AB. Now the rectangle ΓΖ, ZA is ZK, for AZ is equal to ZH ; and the square on AB is ΑΔ ; therefore ZK is equal to ΑΔ. Let AK be taken away from each ; therefore the remainder ΖΘ is equal to ΘΔ. Now ΘΔ is the rectangle AB, ΒΘ, for AB is equal to ΒΔ ; and ΖΘ is the square on Αθ ; therefore the rectangle contained by AB, ΒΘ is equal to the square on ΘΑ.
Therefore, etc.a
In other words, the proposition gives a geometrical solution of the equation	x2 + ax=a2
for it enables us to find ΑΘ or x.
This equation is a particular case of the more general proposition	x2 + ax = b2
which, as was explained in the note on p. 197 n. a, can be solved 201
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Eucl. Elem. vi. 27
Πάντων τών παρά την αυτήν εύθεΐαν παρα-βαλλομευίυν παραλληλογράμμων καί έλλευπόντων €?δβσι παραλληλογράμμους όμοίους τε καί ομοίως κείμενους τω άπο της ήμυσείας αναγραφόμενα) μεγυστόν εστυ το άπο της ήμυσείας παραβαλλόμενον ομουον ον τω ^λ/λβίματι.
"Εστω εΰθεΐα η ΛΒ καί τετμησθω άίχα κατά
by a method based on ii. 6. There is good reason to believe, as will be shown below, pp. 222-225, that the Pythagoreans knew how to construct a regular pentagon ABCDE, and it is probable that this theorem was used in the construction, as can be shown if CE is allowed to cut AD in F.
For the Pythagoreans, knowing that the sum of the angles of any triangle is two right angles, would immediately have deduced that the sum of the internal angles of a regular pentagon is six right angles, and that each of the internal angles is therefore £ths of a right angle. It easily follows that the angles CAD, ADC, DCA are respectively fths, |ths and t ths of a right angle, while the angles FCD, CDF, DFC are also respectively ?ths, £ths and £ths of a right angle. From this it follows that the triangles ACD, CDF are similar, while AF=FC=CD.
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Euclid, Elements vi. 27
Of all the parallelograms applied to the same straight line and deficient by p ar allelogrammic figures similar and similarly situated to that described on the half of the straight line, that parallelogram is greatest which is applied to the half of the straight line and is similar to the defect.0.
Let AB be a straight line and let it be bisected
Therefore	AC : CD = CD : DF
or	AD:AF =	AF:FD
or	AD.FD = AF2.
The point F can therefore be found according to the method of ii. 6, and the pentagon constructed, starting from AD.
a This proposition gives the conditions under which it is possible to solve the next proposition, and so full consideration will be left to the note on p. 210. It is the first example we have met of a διορισμό?. It will be remembered that according to Proclus Leon discovered διορισμοί (see supra, p. 150).
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τό Γ, καί παραβεβλησθω παρά την AB ευθεΐαν το ΑΔ παραλληλόγραμμον έλλεΐπον ecSet παράλληλο· γράμμω τώ ΔΒ άναγραφεντί από της ήμίσείας της ΑΒ, τουτέστι, της ΓΒ* λέγω, ότι πάντων τών παρά την ΑΒ παραβαλλόμενων παραλληλογράμμων καί έλλείπόντων εΐδεσί όμοίοίς τε καί ομοίως κείμενοίς τώ ΔΒ μεγίστόν εστί τό ΑΔ. παραβεβλησθω γάρ παρά την ΑΒ ευθεΐαν τό ΑΖ παραλληλόγραμμον ελλεΐπον εΐδεί παραλληλογράμμω τώ ΖΒ όμοίω τε καί ομοίως κείμενω τώ ΔΒ· λέγω, ότι μεΐζόν εστί τό ΑΔ τοΰ ΑΔ.
Έπ€ΐ γάρ όμοίόν εστί τό ΔΒ παραλληλόγραμμον τώ ΖΒ παραλληλογράμμω, περί την αυτήν είσί διάμετρον. ηχθω αυτών διάμετρος η ΔΒ, καί καταγεγράφθω τό σχήμα.
Έπ€6 ουν ίσον εστί τό ΓΖ τώ ZE, kolvov δε τό ΖΒ, όλον άρα τό ΓΘ όλω τώ ΚΕ εστιν ΐσον. αλλά τό ΓΘ τώ ΓΗ εστιν ΐσον, επεί καί η ΑΓ τη ΓΒ. καί τό ΗΓ άρα τώ ΕΚ έστιν ΐσον. kolvov προσκείσθω τό ΓΖ· όλον άρα τό ΑΖ τώ ΛΜΝ γνώμονί εστιν ΐσον ώστε τό ΔΒ παραλληλόγραμμον, τουτέστι τό ΑΔ, τοΰ ΑΖ παραλληλογράμμου μεΐζόν εστιν.
Πάντων άρα τών παρά την αυτήν ευθείαν παραβαλλόμενων παραλληλογράμμων καί ελλείπόντων εΐδεσί παραλληλογράμμοίς όμοίοίς τε καί ομοίως κείμενοίς τώ από της ήμίσείας άναγραφομενω μεγίστόν εστί τό από της ημίσείας παραβληθεν όπερ εδεί δεΐξαί.
Eucl. Elem. vi. 28
Παρά την δοθεΐσαν ευθείαν τώ δοθεντί εΰθυ-204
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at Γ, and let there be applied to the straight line AB the parallelogram ΑΔ deficient by the parallelogrammic figure ΔΒ described on the half of AB, that is, ΓΒ. I say that, of all the parallelograms applied to AB and deficient by figures similar and similarly situated to ΔΒ, ΑΔ is the greatest. For let there be applied to the straight line AB the parallelogram AZ deficient by the parallelogrammic figure ZB similar and similarly situated to ΔΒ. I say that ΑΔ is greater than AZ.
For since the parallelogram ΔΒ is similar to the parallelogram ZB, they are about the same diameter. Let their diameter ΔΒ be drawn and let the figure be described.
Then, since ΓΖ is equal to ZE, and ZB is common, the whole ΓΘ is equal to the whole KE. But ΓΘ is equal to ΓΗ, since ΑΓ is equal to ΓΒ. And therefore ΗΓ is equal to EK. Let ΓΖ be added to each. Then the whole AZ is equal to the gnomon ΛΜΝ, so that the parallelogram ΔΒ, that is, ΑΔ, is greater than the parallelogram AZ.
Therefore of all the parallelograms applied to this straight line and deficient by parallelogrammic figures similar and similarly situated to that described on the half of the straight line the greatest is that applied from the half; which was to be proved.
Euclid, Elements vi. 28
To the given straight line to apply a parallelogram 205
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γράμμω ΐσον παραλληλόγραμμον παραβαλεΐν έλλεΐπον εΐδεί παραλληλογράμμω ομοίω τω δοθέντί· δεΐ δέ τό δίδόμενον εύθυγραμμον [ω δει ΐσον παραβαλεΐν]1 μη μεΐζον εΐναί τοΰ από της ημίσείας αναγραφόμενου όμοιου τω έλλείματί [τού τε από της ημίσείας καί ω δεΐ όμοίον έλλείπείν].1
’"Εστω η μεν δοθεΐσα εύθεΐα η ΑΒ, τό δε δοθέν εύθυγραμμον, ω δεΐ ΐσον παρά την ΑΒ παραβαλεΐν τό Γ μη μεΐζον [ον] τοΰ από της ημίσείας της ΑΒ αναγραφόμενου όμοιου τω έλλείμματί, ω δε δεΐ όμοίον έλλείπείν, τό Δ* δεΐ δη παρά την δοθεΐσαν εύθεΐαν την ΑΒ τω δοθέντί εύθυγράμμω τω Γ ΐσον παραλληλόγραμμον παραβαλεΐν έλλεΐπον εΐδεί παραλληλογράμμω όμοίω όντί τω Δ.
Ύετμησθω η ΑΒ δ/χα κατά τό Ε σημεΐον, καί άναγεγράφθω από της ΕΒ τω Δ όμοίον καί ομοίως κείμενον τό ΕΒΖΗ, καί συμπεπληρώσθω το ΑΗ παραλληλόγραμμον.
Et μεν ουν ΐσον έστί τό ΑΗ τω Γ, γεγονός άν εΐη τό έπίταχθέν παραβέβληταί γάρ παρά την δοθεΐσαν εύθεΐαν την ΑΒ τω δοθέντί εύθυγράμμω τω Γ ΐσον παραλληλόγραμμον τό ΑΗ έλλεΐπον εΐδεί παραλληλογράμμω τω ΗΒ όμοίω όντί τω Δ. εΐ δέ ού,
1 The bracketed words are interpolations by Theon in his recension of the Elements (Heiberg).
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equal to the given rectilineal figure and deficient by a parallelogrammic figure similar to the given one ; thus the given rectilineal figure must be not greater than the [parallelogram] described on the halfi [of the straight line] and similar to the defect.
Let AB be the given straight line, Γ the given rectilineal figure, to which the figure to be applied
to AB is required to be equal, being not greater than the [parallelogram] described on the half [of the straight line] and similar to the defect, and Δ the [parallelogram] to which the defect is required to be similar ; then it is required to apply to the given straight line AB a parallelogram equal to the given rectilineal figure Γ and deficient by a parallelogrammic form similar to Δ.
Let AB be bisected at the point E, and on E let EBZH be described similar and similarly situated to Δ [vi. 18], and let the parallelogram AH be completed.
If then AH is equal to Γ, that which was enjoined will have been done ; for there has been applied to the given straight line AB a parallelogram AH equal to the given rectilineal figure Γ and deficient by a parallelogrammic figure IIB similar to Δ. But if not,
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μεΐζον έστω τό ΘΕ τοΰ Γ. ΐσον δέ τό ΘΕ τώ ΗΒ· μεΐζον άρα καϊ τό ΗΒ τοΰ Γ. ω δη μεΐζον εστι τό ΗΒ τού Γ, ταύτη τή υπεροχή ΐσον, τώ δέ Δ όμοίον καϊ ομοίως κείμενον τό αυτό συνεστάτω τό ΚΑΜΝ. αλλά τό Δ τώ ΗΒ [βστιν] όμοίον καϊ τό ΚΜ άρα τώ ΗΒ εστιν όμοίον. έστω ουν ομόλογος ή μεν ΚΛ τη HE, ή 8ε ΛΜ τη ΗΖ. καϊ επεϊ ΐσον εστϊ τό ΗΒ τοΐς Γ, ΚΜ, μεΐζον άρα εστϊ τό ΗΒ τού ΚΜ· μείζων άρα εστϊ καϊ ή μεν HE της ΚΛ, η 8ε ΗΖ της ΛΜ. κείσθω τη μεν ΚΛ ΐση η ΗΞ, τη 8ε ΛΜ ΐση η ΗΟ, καϊ συμπεπληρώσΟω τό ΞΗΟΠ παραλληλόγραμμον ΐσον άρα καϊ όμοιόν εστι [τό Η Π] τώ ΚΜ [αλλά τό ΚΜ τώ ΗΒ όμοιόν εστιν]. καϊ τό ΗΠ άρα τώ ΗΒ όμοι,ον εστιν· περϊ την αυτήν άρα διάμετρόν εστι τό Η Π τώ ΗΒ. έστω αυτών διάμετρος η ΗΠΒ, καϊ καταγεγράφθω τό σχήμα.
Έαέι ουν ΐσον εστϊ τό ΒΗ τοΐς Γ, ΚΜ, ών τό Η Π τώ ΚΜ εστιν ΐσον, λοιπός άρα ό ΥΧΦ γνώμων λοιπώ τώ Γ ΐσος εστιν. καϊ επεϊ ΐσον εστϊ τό ΟΡ τώ ΞΣ, κοινόν προσκείσθω τό ΠΒ· όλον άρα τό ΟΒ όλω τώ ΞΒ ΐσον εστιν. άλλα τό ΞΒ τώ ΤΕ εστιν ΐσον, επεϊ καϊ πλευρά η ΑΕ πλευρά τη ΕΒ εστιν ΐση· καϊ τό ΤΕ άρα τώ ΟΒ εστιν ΐσον. κοινόν προσκείσθω τό ΞΣ· όλον άρα τό ΤΣ όλω τώ ΦΧΥ γνώμονί εστιν ΐσον. άλλ’ ό ΦΧΥ γνώμων τω i εοειχυη ίσος· και το 1 2j αρα τω I εστιν ΐσον.
Ηαρά την δοθεΐσαν άρα εύθεΐαν την ΑΒ τώ δοθέντί εύθυγράμμω τώ Γ ΐσον παραλληλόγραμμον παραβέβληταί τό ΣΤ έλλεΐπον εΐδεί παραλληλογράμμου τώ IIΒ όμοίω όντι τώ Δ [επειδή-208
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let ΘΕ be greater than Γ. Now ΘΕ is equal to HB and therefore HB is greater than Γ. Let ΚΛΜΝ be constructed at once equal to the excess by which HB is greater than Γ and similar and similarly situated to Δ [vi. 25]. But Δ is similar to HB ; therefore KM is also similar to HB [vi. 21]. Let KA correspond to HE, AM to HZ. Now, since HB is equal to Γ 4-KM, HB is therefore greater than KM. Therefore HE is greater than ΚΛ, and HZ than AM. Let HS be made equal to ΚΛ, and HO equal to AM, and let the parallelogram ΞΗΟΠ be completed. Therefore it is equal and similar to KM. Therefore ΗΠ is also similar to HB. Therefore ΗΠ is about the same diameter as HB [vi. 26]. Let ΗΠΒ be their diameter, and let the figure be described.
Then since BH is equal to Γ + KM, and in these ΗΠ is equal to KM, therefore the remainder, the gnomon ΥΧΦ, is equal to Γ. And since OP is equal to ΞΣ, let ΠΒ be added to each. Therefore the whole of OB is equal to the whole of SB. But SB is equal to TE, since the side AE is also equal to the side EB [i. 36]. Therefore TE is also equal to OB. Let S2 be added to both. Therefore the whole of ΤΣ is equal to the whole of the gnomon ΦΧΥ. But the gnomon ΦΧΥ was proved equal to Γ. Therefore ΤΣ is also equal to Γ.
Therefore to the given straight line AB there has been applied the parallelogram ΣΤ equal to the given rectilineal figure Γ and deficient by a parallelo-209
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nep το ΠΒ τώ ΗΠ ορ,οίόν cotipj· onep ε8ει ποίησαί.
Eucl. Elem. vi. 29
ΙΙαρά την 8οθεΐσαν ευθεΐαν τω 8οθεντι> εύθυ-γράμμω ΐσον παραλληλόγραμμον παραβαλεΐν ύπερ-βάλλον εΐ8εί παραλληλογράμμω όμοίω τω 8οθεντί.
Έστω η μεν 8οθεΐσα εύθεΐα η ΑΒ, τό δέ 8οθεν εύθύγραμμον, ω 8εΐ ΐσον παρά την ΑΒ παραβαλεΐν,
° If ΑΒ=α, ΣΠ=α·, while the sides of the given parallelogram Δ are in the ratio b : (\ and the angle of Δ is a, then
ΣΒ = -.r, and
c
(the parallelogram ΤΣ)=(ΐΗβ parallelogram TB)
- (the parallelogram ΠΒ)
b
— ax sin a —x. x sin a.
c
If the area of the given rectilineal figure Γ is S, the proposition tells us that
b 2 . Q
ax sin a—x* sin a = b.
c
To construct the parallelogram ΤΣ is therefore equivalent to solving geometrically the equation
Heath (The Thirteen Books of Euclid' Elements, vol. u 210
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grammic form ΠΒ similar to Δ; which was to be done.®
Euclid, Elements vi. 29
To the given straight line to apply a parallelogram equal to the given rectilineal figure and exceeding by a parallelogrammic figure similar to the given one.
Let AB be the given straight line, Γ the given
rectilineal figure to which the figure to be applied to
pp. 263-264), shows how the geometrical method is precisely equivalent to the algebraical method of completing the square on the left-hand side, and he demonstrates how the two solutions can be obtained geometrically, though Euclid, consistently with his practice, gives one only.
For a real solution it is necessary, as every schoolboy knows, that
S c a2 sin a 0*4
i.e, S >
i.e. S > HE sin a. EB
i.e. S > parallelogram HB.
This is precisely the result obtained in vi. 27.
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τό Γ, ω δβ δβΖ όμοίον ύπερβάλλειν, τό Δ· δβ? δη παρά την ΑΒ εύθεΐαν τω Γ εύθυγράμμω ΐσον παραλληλόγραμμον παραβαλεΐν ύπερβάλλον εΐδεί παραλληλογράμμω όμοίω τω Δ.
Ύετμησθω η ΛΒ δίχα κατά τό Ε, και άναγε-γράφθω από της ΕΒ τω Δ όμοίον και ομοίως κείμενον παραλληλόγραμμον τό ΒΖ, και συναμφο-τεροις μεν τοΐς ΒΖ, Γ ΐσον, τω 8ε Δ όμοίον και ομοίως κείμενον τό αυτό συνεστάτω τό ΗΘ. ομόλογος δέ έστω η μεν ΚΘ τη ΖΛ, η δέ ΚΗ τη ΖΕ. και έπει μεΐζόν εστι, τό ΗΘ του ΖΒ, μείζων άρα εστι και η μεν ΚΘ της ΖΛ, η 8ε ΚΗ της ΖΕ. εκβεβλησθωσαν αί ΖΛ, ΖΕ, καί τη μεν ΚΘ ΐση έστω η ΖΛΜ, τη δέ ΚΗ ΐση η ΖΕΝ, καί συμ-πεπληρώσθω τό ΜΝ* τό ΜΝ άρα τω ΗΘ ΐσον τε εστι, καί όμοίον. αλλά τό ΗΘ τω ΕΛ έστω όμοι,ον· καί τό ΜΝ άρα τω ΕΛ όμοιόν εστιν περί την αυτήν άρα διάμετρόν εστι, τό ΕΛ τω ΜΝ. ηγθω αυτών διάμετρος η ΖΞ, και καταγεγράφθω τό σχη/ια.
Έττβί ΐσον εστι τό ΗΘ τοΐς ΕΛ, Γ, αλλά τό ΗΘ τω ΜΝ ΐσον εστιν, και τό ΜΝ άρα τοΐς ΕΛ, Γ ΐσον εστιν. κοινόν άφηρι'ισθω τό ΕΛ· λοιπός άρα ό ΨΧΦ γνώμων τω Γ εστιν ΐσος. και έπει ΐση εστιν η ΑΕ τη ΕΒ, ΐσον εστι και τό ΑΝ τω ΝΒ, τουτέστι τω ΛΟ. κοινόν προσκείσθω τό ΕΞ* όλον άρα τό ΑΞ ΐσον εστι τω ΦΧΨ γνώμονι. αλλά ό ΦΧΨ γνώμων τω Γ ΐσος εστιν και τό ΑΞ άρα τω Γ ΐσον εστιν.
Παρά την δοθεΐσαν άρα εύθεΐαν την ΑΒ τω δοθέντί εύθυγράμμω τω Γ ΐσον παραλληλόγραμμον παραβέβληταί τό ΑΞ ύπερβάλλον εΐδεί παράλληλο-212
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AB is required to be equal, and Δ that to which the excess is required to be similar ; then it is required to apply to the straight line AB a parallelogram equal to the rectilineal figure Γ and exceeding by a parallelogrammic figure similar to Δ.
Let AB be bisected at E, and let there be described on EB the parallelogram BZ similar and similarly situated to Δ, and let ΗΘ be constructed at once equal to the sum of ΒΖ, Γ and similar and similarly situated to Δ. Let ΚΘ correspond to ΖΛ and KH to ZE. Now since ΗΘ is greater than ZB, ΚΘ is therefore greater than ΖΛ, and KH than ZE. Let ΖΛ, ZE be produced, and let ΖΛΜ be equal to ΚΘ, and ZEN equal to KH, and let MN be completed ; therefore MN is both equal to ΗΘ and similar. But ΗΘ is similar to ΕΛ ; therefore MN is similar to ΕΛ [vi. 21]; and therefore ΕΛ is about the same diameter with MN [vi. 26]. Let their diameter Z3 be drawn, and let the figure be described.
Since ΗΘ is equal to ΕΛ + Γ, while ΗΘ is equal to MN, therefore MN is also equal to ΕΛ + Γ. Let ΕΛ be taken away from each ; therefore the remainder, the gnomon ΨΧΦ, is equal to Γ. And since AE is equal to EB, AN is also equal to NB [i. 36], that is, to Λ0 [i. 43]. Let ΕΞ be added to each ; therefore the whole of ΑΞ is equal to the gnomon ΦΧΨ. But the gnomon ΦΧΨ is equal to Γ ; therefore ΑΞ is also equal to Γ.
Therefore to the given straight line AB there has been applied a parallelogram ΑΞ equal to the given rectilineal figure Γ and exceeding by a parallelo-
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γράμμω τώ Π Ο όμοίω ovtl τώ Δ, έπβι καί τω ΕΛ έστω ομωον τό ΟII · δπβρ έ'δβύ ποίησαί.
(e) The Irrational
Schol. i. in Eucl. Elem. x., Eucl. ed. Heiberg v. 415. 7-417. 14
τΗλ#ον δέ την άρχην έπί την της συμμετρίας ζητησίν οί Πυθαγόρειοί πρώτοι αυτήν έξευρόντες εκ της τών αριθμών κατανοησεως. κοίνοΰ γαρ απάντων όντος μέτρου της μονάόος καί έπί τών μεγεθών κοινόν μετρον εύρεΐν ουκ ήόυνήθησαν. αίτιον δέ τό πάντα μεν καί όποιονοΰν αριθμόν καθ' όποιασοΰν τομάς όιαιρουμενον μόριόν τί κατα-λιμπάνειν έλάχιστον καί τομής άνεπίόεκτον, παν δέ μέγεθος επ' άπειρον όιαιρουμενον μη κατα-λιμπάνειν μόριον, ο δύά τό είναι έλάχιστον τομήν ουκ έπώέξεταί, αλλά καί εκείνο επ' άπειρον τεμνό-μενον ποιεΐν άπειρα μόρια, ών έκαστον επ' άπειρον τμηθησεται, καί απλώς τό μέν μέγεθος κατά μέν τό μερίζεσθαί μετέχειν της τοΰ απείρου άρχης, κατά δέ την ολότητα της τοΰ πέρατος, τόν δέ αριθμόν κατά μέν τό μερίζεσθαί της τοΰ πέρατος,
α If the angle of Δ is α and its sides are in the ratio ό : c9 while AB =a and ΟΞ = x, then
(parallelogram ΛΞ) = (parallelogram ΑΠ) + (parallelogram ΒΞ) b
= ax sin a 4- x . x sin a. c
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grammic form ΓΙΟ similar to Δ, since 0Π is similar to EA ; which was to be done.a
(e) The Irrational b
Euclid, Elements x., Scholium i., Eucl. ed. Heiberg v. 415. 7-417. 14
The Pythagoreans were the first to make inquiry into commensurability, having first discovered it as a result of their observation of numbers ; for though the unit is a common measure of all numbers they could not find a common measure of all magnitudes. The reason is that all numbers, of whatsoever kind, howsoever they be divided leave some least part which will not suffer further division ; but all magnitudes are divisible ad infinitum and do not leave some part which, being the least possible, will not admit of further division, but that remainder can be divided ad infinitum so as to give an infinite number of parts, of which each can be divided ad infinitum ; and, in sum, magnitude partakes in division of the principle of the infinite, but in its entirety of the principle of the finite, while number in division partakes of the
But by the proposition, if S is the area of Γ (parallelogram AE) = S,
5 2 S .·. ax + -x2 = ------------------·
c sm a
To construct the parallelogram ΑΞ is therefore equivalent to solving geometrically this quadratic equation. There is always a real solution, and so no διορισμό? is necessary as in the case of the preceding proposition. Heath {The Thirteen Books of Euclid's Elements, vol. ii. pp. 266-267) again shows how the procedure is equivalent to the algebraic method of completing the square. Euclid’s solution corresponds to the root with the positive sign.
b For further notices see supra, pp. 110-111, p. 149 n. c.
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κατά δβ την ολότητα της τοΰ απείρου . . . τών γάρ Πυθαγορείων λόγος τον πρώτον την περί τούτων θεωρίαν εις τούμφανές εζαγαγόντα ναυαγίω περί,-πεσεΐν.
(y) The Five Regular Solids
Phil. ap. Stob. Eel, 1, proem. 3, ed. Wachsmuth 18. 5; Diels, Vors. i5. 412. 15-413. 2
Kat τα μεν τάς σφαίρας σώματα πέντε έντι, τά εν τά σφαίρα πυρ (και)> ύδωρ καί γά καί άηρ, καί ό τάς σφαίρας όλκάς,1 πέμπτον.
Aet. Plac, ii. 6. 5 ; Diels, Vors. i5. 403. 8-12
Πυθαγόρας πεντε σχημάτων όντων στερεών, άπερ καλείται, καί μαθηματικά, εκ μεν τοΰ κύβου φησί γεγονεναϋ την γην, εκ δέ της πυραμίδος τό πΰρ, εκ δέ τοΰ οκταέδρου τον αέρα, εκ δέ τοΰ είκοσαέδρου τό ύδωρ, εκ δέ τοΰ δωδεκαέδρου την τοΰ παντός σφαίραν.
1 όλκάς: ολκός coniecit Wilamowitz.
° A regular solid is one having all its faces equal polygons and all its solid angles equal. The term is usually restricted to those regular solids in which the centre is singly enclosed. There are five, and only five, such figures—the pyramid, cube, octahedron, dodecahedron and icosahedron. They can all be inscribed in a sphere. Owing to the use made of them in Plato’s Timaeus for the construction of the universe they were often called by the Greeks the cosmic or Platonic figures. As noted above (p. 148), Proclus attributes the construction of the cosmic figures to Pythagoras, but Suidas (infra, p. 378) says Theaetetus was the first to write on them. The theoretical construction of the regular solids and the calculation of their sides in terms of the radius of the circumscribed sphere occupies Book xiii. of Euclid’s Elements. It 216
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finite, but in its entirety of the infinite. . . . There is a legend that the first of the Pythagoreans who made public the investigation of these matters perished in a shipwreck.
(y) The Five Regular Solids61
Philolaus, cited by Stobaeus, Extracts 1, proem. 3, ed.
Wachsmuth 18. 5 ; Diels, Vors. i5. 412. 15-413. 2
There are five bodies pertaining to the sphere—the fire, water, earth and air in the sphere, and the vessel of the sphere itself as the fifth?
Aetius, Placita ii. 6. 5 ; Diels, Vors. i5. 403. 8-12
Pythagoras, seeing that there are five solid figures, which are also called the mathematical figures, says that the earth arose from the cube, fire from the pyramid, air from the octahedron, water from the icosahedron, and the sphere of the universe from the dodecahedron?
calls for mathematical knowledge which the Pythagoreans did not possess ; but there is no reason why the Pythagoreans should not have constructed them practically in the manner of Plato by putting together triangles, squares or pentagons. The passages here given almost compel that conclusion.
The subject is fully treated in Die filnf Platonischen Korper, by Eva Sachs (Philologische Untersuchungen, 2les Heft, 1917). Archimedes, according to Pappus, Coll, v., ed. Hultsch 352-358, discovered thirteen semi-regular solids, whose faces are all regular polygons, but not all of the same kind.
b In place of όλκάς Wilamowitz suggests ολκός, which is derived from Ιλκω and could be translated “ envelope.” This fragment, it will be noted, does not identify the regular splids with the elements in the sphere, but it is consistent with that identification, for which the earliest definite evidence is Plato’s Timaeus.
c Aetius’s authority is probably Theophrastus.
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Plat. Tim. 53 c-55 c
Πρώτον μεν δή πυρ καί γή καί ύδωρ καί σώματά εστϊ, δήλόν που καί παντί. τό
αηρ otl δέ τοΰ
σώματος εΐδος παν καί βάθος έχει. το δέ βάθος αν πάσα ανάγκη την επίπεδον περι,ει,ληφέναι, φύσι,ν. η δέ ορθή τής επίπεδου βάσεως εκ τριγώνων συνεστηκε. τά δέ τρίγωνα πάντα εκ δυοΐν άρχεταί τριγώνουν, μίαν μεν ορθήν εχοντος εκατερου γωνίαν, τάς δέ οξείας- ών το μεν ετερον εκατέρωθεν εχει μέρος γωνίας ορθής πλευραΐς ΐσαίς δίηρημενης, το δέ ετερον άνίσοίς άνίσα μέρη νενεμημένης. . . .
Totv δή 8υοΐν τριγώνουν το μεν ισοσκελές μίαν ε'ίληχε φύουν, το δέ πρόμηκες άπεράντους. προ-αφετεον ουν αυ τών απείρων το κάλλίστον, εί αελλομεν άρξεσθαί κατά τρόπον. άν ουν τις εχη κάλλίον εκλεξάμενος είπεΐν εις τήν τούτων σύ-στάσίν, εκείνος οΰκ εχθρός ών αλλά φίλος κρατεί· τίθεμεθα δ’ ουν τών πολλών τριγώνων κάλλίστον εν, ύπερβάντες τάλλα, εξ ου τό Ισόπλευρον τρίγωνον εκ τρίτου συνεστηκεν. . . .
Οΐον δέ έκαστον αυτών γεγονεν εΐδος καί εξ όσων συμπεσόντων αριθμών, λέγείν άν επόμενον είη. άρξεί δή τό τε πρώτον είδος καί σμίκρότατον συνίστάμενον· στοίχεΐον δ’ αΰτοΰ τό τήν υποτείνουσαν τής ελάττονος πλευράς διπλάσιάν όχον μήκεί· συνδυο δε τοίουτων κατά διάμετρον συντιθέμενων καί τρΙς τούτου γενομενου, τάς διαμέτρους
a This passage is put into the mouth of Timaeus of Locri, a Pythagorean leader, and in it Plato is generally held to be reproducing Pythagorean ideas.
b i.e., the rectangular isosceles triangle and the rectangular scalene triangle.
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Plato, Timaeus 53 c-55 c a
In the first place, then, it is clear to everyone, I think, that fire and earth and water and air are bodies. Now in every case the form of a body has depth. Further, it is absolutely necessary that depth should be bounded by a plane surface ; and the rectilinear plane is composed of triangles. Now all triangles have their origin in two triangles, each having one right angle and the others acute ; and one of these triangles has on each side half a right angle marked off by equal sides, while the other has the right angle divided into unequal parts by unequal sides? . . .
Of the two triangles, the isosceles has one nature only, but the scalene has an infinite number ; and of these infinite natures the fairest must be chosen, if we would make a suitable beginning. If, then, anyone can claim that he has a fairer one for the con
struction of these bodies, he is no foe but shall prevail
as a friend ; but we shall pass over all the rest and
lay down as the fairest of the many triangles that from which the equilateral triangle arises as a third
when two are conjoined. . . ,c
In the next place we have to describe the form in which each kind has come into existence and from
what numbers it is compounded. A beginning must be made with that kind which is primary and has the smallest components, and its element is the triangle whose hypotenuse is twice as long as the lesser side. When a pair of these triangles are joined diagonally and this is done three times, by drawing the hypo-
c i.e., the “ fairest ” of rectangular scalene triangles is half of an equilateral triangle, the sides being in the proportion 1, V3, 2.
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και τάς βραχείας πλευράς εις ταύτόν ώς κέντρον έρεισάντων, έν Ισόπλευρον τρίγωνον εξ εξ τόν αριθμόν όντων γέγονεν.
Τρίγωνα δβ ισόπλευρα συνιστάμενα τετταρα κατά σύντρεις επιπέδους γωνίας μίαν στερεόν γωνίαν ποιεί, της άμβλυτάτης τών επίπεδων γωνιών εφεξής γεγονυΐαν τοιουτων δέ άποτελεσθεισών τεττάρων πρώτον είδος στερεόν, όλου περιφερούς διανεμητικόν εις ΐσα μέρη και όμοια, συνίσταται. δεύτερον δε εκ μεν τών αυτών τριγώνων, κατά δε ισόπλευρα τρίγωνα οκτώ συστάντων, μίαν άπεργασαμενων στερεόν γωνίαν εκ τεττάρων επίπεδων και γενομενών εξ τοιουτων τό δεύτερον αύ σώμα ούτως έσχε τέλος. τό δε τρίτον εκ δις εξήκοντα τών στοιχείων συμπαγεντων, στερεών δέ γωνιών δώδεκα, υπό πέντε επιπέδων τριγώνων ισοπλεύρων περιεχομένης έκάστης, είκοσι βάσεις έχον ισοπλεύρους τριγώνους γέγονεν.
Kat τό μέν έτερον άπηλλακτο τών στοιχείων
α As in the accompanying diagram, the triangles AOF, ‘COD, AOE, BOD, COE, BOF
are joined together so as to form the equilateral triangle ABC. As Plato has already observed, an equilateral triangle can also be made out of two such triangles.
A. E. Taylor (A Commentary on Plato's Timaeus, pp. 374-375), first pointed out the correct meaning of κατά διάμβτρον, “ diagonally.” Previously, following
Boeckh, editors had supposed that it meant “ so that their hypotenuses coincide,” e.g., triangle AOF is placed κατά άιΑμ,ζτρον with triangle AOE; Plato almost certainly meant that triangles AOF, COD are κατά διάμετρον.
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tenuses and shorter sides to a common centre, from those triangles, six in number, there is produced one equilateral triangle.a
Now when four equilateral triangles are put together so that the three plane angles meet in a point, they make one solid angle, which comes next in order to the most obtuse of the plane angles b ; and when four such angles are formed, the first solid figure c is constructed, dividing the whole of the circumscribed sphere into equal and similar parts. The second solid d is formed from the same triangles, but is constructed out of eight equilateral triangles, which make one solid angle from four planes ; when six such solid angles have been produced, the second body is in turn completed. The third solid e is made up of twice sixty of the elemental triangles and of twelve solid angles, each solid angle being comprised by five plane equilateral triangles, and the manner of its formation gives it twenty equilateral triangular bases.
Now the first of the elemental triangles w as dropped
b The three plane angles together make two right angles, which is “ the most obtuse of the plane angles.”
c i.e., the regular tetrahedron or pyramid, which has four faces, each an equilateral triangle, and four solid angles, each formed by three of the equilateral triangles ; Plato later makes it the element of fire.
d i.e., the regular octahedron, which has eight faces, each an equilateral triangle, and six solid angles, each formed by four of the equilateral triangles ; Plato later makes it the element of air.
e i.e., the icosahedron, which has twenty faces, each an equilateral triangle (and is therefore made up of 120 elemental rectangular scalene triangles, inasmuch as six such triangles are put together to form one equilateral triangle), and twelve solid angles, each formed by five of the equilateral triangles ; Plato later made it the element of water.
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ταΰτα γέννησαν, το δβ Ισοσκελές τρίγωνον έγέννα την τοΰ τετάρτου φύσω, κατά τέτταρα συνι,στα-μενον, εις τό κέντρον τάς όρθάς γωνίας συνάγον, εν Ισόπλευρον τετράγωνον άπεργασάμενον* εξ δέ τοι,αΰτα συμπαγέντα γωνίας οκτώ στερεάς άπ-ετέλεσε, κατά τρεΐς επιπέδους όρθάς συναρμοθείσης έκάστης· τό δέ σχήμα τοΰ συστάντος σώματος γέγονε κυβικόν, εξ έπι,πέδους τετραγώνους ισοπλεύρους βάσεις έχον· ετι, δβ οΰσης συστασεως μι,άς πέμπτης, επί τό παν ο θεός αύτη κατεχρη-σατο έκεΐνο δι,αζωγραφών.
Iambi. De Vita Pythag. 18. 88, ed. Deubner 52. 2-8
Περί δ’ Τππάσου μάλιστα, ώς ην μεν τών Πυθαγορείων, δίά δβ τό έξενεγκεΐν καί γράφασθαί πρώτως σφαίραν την εκ τών δώδεκα πενταγώνων άπώ)λετο κατά θάλατταν ώς άσεβησας, δόξαν δέ λάβοι, ώς ευρών, εΐναι, δέ πάντα εκείνου τοΰ άνδρός*
° As in the accompanying figure, the four isosceles scalene
triangles AOB, DOC, BOC, DOA placed about the common vertex O form the square ABCD. The fourth figure is the cube, which has six faces, each a square (and is therefore made up of twenty-four of the elemental rectangular isosceles triangles), and eight solid angles, each formed by three of the squares ; Plato later makes it
the element of earth.
b i.e., the regular dodecahedron. This requires, however, 222
PYTHAGOREAN GEOMETRY when it had produced these three solids, the nature of the fourth being produced by the isosceles triangle. When four such triangles are joined together, with their right angles drawn towards the centre, they form one equilateral quadranglea ; and six such quadrangles, put together, made eight solid angles, each composed of three plane right angles ; and the shape of the body thus constructed was cubic, having six plane equilateral quadrangular bases. As there still remained one compound figure, the fifth,b God used it for the whole, broidering it with designs.0
lamblichus, On the Pythagorean Life 18. 88, ed. Deubner 52. 2-8
It is related of Hippasus that he was a Pythagorean, and that, owing to his being the first to publish and describe the sphere from the twelve pentagons, he perished at sea for his impiety, but he received credit for the discovery, though really it all belonged to a new element, the regular pentagon. It has twelve faces, each a regular pentagon, and twenty solid angles, each formed by three pentagons. The following passages give evidence that the Pythagoreans may have known the properties of the dodecahedron and pentagon. A number of objects of dodecahedral form have survived from pre-Pytha-gorean days.
c This has often been held, following Plutarch, to refer to the twelve signs of the Zodiac, but A. E. Taylor {A Commentary on Plato's Timaeus, p. 377) rightly points out that the dodecagon, not the dodecahedron, would be the appropriate symbol for the Zodiac. He finds a clue to the meaning in Timaeus Locrus 98 e, where it is pointed out that of the five regular solids inscribable in the same sphere the dodecahedron has the maximum volume and “ comes nearest ” to the sphere. Burnet finds the real allusion to the mapping of the apparently spherical heavens into twelve pentagonal regions.
223
GREEK MATHEMATICS προσαγορεύουσν γάρ ουτω τον ΐΐυθαγόραν καί ού κα,λοΰσίν ονόματα.
Luc. Pro Lapsu inter Salut. 5, ed. Jacobitz i. 330. 11-14
Kat to ye τρι,πλοΰν αύτοΐς τρίγωνον, το δι* άλληλων, το πεντάγραμμον, ω συμβόλω προς τούς όμοδόζους εχρώντο, ύγίει,α προς αυτών ώνομάζετο.
° lamblichus tells the same story, almost word for word, in JDe communi Mathematica Scientia c. 25 (ed. Festa 77. 18-24); the only substantial difference is the substitution of the word ίξαγώνων for πενταγώνων, which is a slip. The story recalls the passage given above (p. 216) about the Pythagorean who perished at sea for revealing the irrational. He may very well have been the same person as Hippasus, for the irrational would quickly come to light in a study of the regular solids.
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HIM (for in this way they refer to Pythagoras, and they do not call him by his name)?
Lucian, On Slips in Greetings 5, ed. Jacobitz i. 330. 11-14
The triple interlaced triangle, the pentagram, which they (the Pythagoreans) used as a password among members of the same school, was called by them Health?
b Gf. the scholium to Aristophanes, Clouds 609. The pentagram is the star-pentagon, as in the adjoining diagram. The fact that this was a familiar symbol among them lends some plausibility to the belief that they know how to construct the dodecahedron out of twelve pentagons.
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VIL DEMOCRITUS
Plut. De Comm. Notit. 39. 3, 1079 e
Έτί τοίνυν όρα τινα τρόπον άπήντησε Δημοκρίτω, δι,αποροΰντι. φυσι,κώς καί έπι,τυχώς, βΖ κώνος τε-μνοίτο παρά την βάσι,ν επνπεδω, τί χρη δι,ανοεΐσθαί τάς τών τμημάτων έπι,φανείας, ΐσας η άνίσους γι,νομένας; civlool μεν γάρ ούσαι, τον κώνον ανώμαλον παρέξουσί, πολλάς άποχαράξει,ς λαμβάνοντα βαθμοει,δεΐς καί τραχύτητας· ίσων δ’ ούσών, ίσα τμήματα εσται.) καί φανεΐται, τό τοΰ κυλίνδρου πεπονθώς ό κώνος, εξ ίσων συγκείμενος καί ούκ άνίσων κύκλων, όπερ έστίν άτοπώτατον.
Archim. Meth., Archim. ed. Heiberg ii. 430. 1-9
Διόπερ καί τών θεωρημάτων τούτων, ών Ένδοξος εξηύρηκεν πρώτος την άπόδει,ξι,ν, περί τοΰ κώνου καί της πυραμίδας, ότι. τρίτον μέρος ό μεν κώνος
α Plutarch tells this on the authority of Chrysippus. Democritus came from Abdera. He was born about the same time as Socrates, and lived to a great age. Plato ignored him in his dialogues, and is said to have wished to burn all his works. The two passages here given contain all that is definitely known of his mathematics, but w’e are informed that he wrote a book On the Contact o f a Circle and a Sphere ; another on Geometry; a third entitled Geometrica ; a fourth on Numbers; a fifth On Irrational Lines and Solids; and a sixth called ’Εμπετάσματα, which would deal with the 228
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Plutarch, On the Common Notions 39. 3, 1079 e
Consider further in what manner it occurred to Democritus,0 in his happy inquiries in natural science, to ask if a cone were cut by a plane parallel to the base/ what must we think of the surfaces forming the sections, whether they are equal or unequal ? For, if they are unequal, they will make the cone irregular, as having many indentations, like steps, and unevennesses ; but if they are equal, the sections will be equal, and the cone will appear to have the property of the cylinder, and to be made up of equal, not unequal, circles, which is v^ery absurd.0
Archimedes, Method, Archim. ed. Heiberg ii. 430. 1-9
This is a reason why, in the case of those theorems concerning the cone and pyramid of which Eudoxus first discovered the proof, the theorems that the cone
projection of the armillary sphere on a plane. As his mathematical abilities were obviously great, it is unfortunate that our information is so meagre.
b A plane indefinitely near to the base is clearly indicated by what follows.
c This bold inquiry first brought the conception of the indefinitely small into Greek mathematics. The story harmonizes with Archimedes’ statement that Democritus gave expressions for the volume of the cone and pyramid.
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του κυλίνδρου, η δβ πυραμϊ,ς τοΰ πρίσματος, τών βάσιν εχόντων την αυτήν καί ύψος ίσον, ου μακράν άπονείμαι, αν τις Δημοκρίτω μερίδα πρώτω την απόφασήν την περί τοΰ είρημενου σχήματος χωρίς άποδείξεως άποφηναμενω.
SM
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is a third part of the cylinder, and the pyramid of the prism, having the same base and equal height, no small share of the credit should be given to Democritus, who was the first to make the assertion with regard to the said figure,® though without proof.
• So the Greek. Perhaps “ type of figure.”
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(a) General
Philop. in Phy 9. A 2 (Aristot. 185 a 16), ed. Vitelli
31. 3-9
* Ιπποκράτης Χΐός τις ών Έμπορος, ληστρική νηι περιπεσών και πάντα άπολεσας, ήλθεν Άθήναζε γραφόμενος τούς ληστάς, και πολύν παραμενων εν Άθήναις διά την γραφήν χρόνον, εφοίτησεν εις φιλοσόφους, και εις τοσοΰτον εξεως γεωμετρικής ήλθεν, ώς επιχειρησαι εύρεΐν τόν κύκλου τετραγωνισμόν. και αυτόν μεν ούχ εΰρε, τετραγωνίσας δε τόν μηνίσκον ωηθη φευδώς εκ τούτου και τόν κύκλον τετραγωνίζειν εκ γάρ τοΰ τετραγωνισμού τοΰ μηνίσκου και τόν τοΰ κύκλου τετραγωνισμόν ωηθη συλλογίζεσθαι.
(δ) Quadrature or Lunes
Simpl. in Phy9. A 2 (Aristot. 185 a 14), ed. Diels
60. 22-68. 32
Ό μεντοι Έΰδημος εν τη Γεωμετρική ιστορία ουκ επι τετραγωνικής πλευράς δεΐζαί φησι τόν Ίπποκράτην τόν τοΰ μηνίσκου τετραγωνισμόν, 234
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(a)	General
Philoponus, Commentary on Aristotle's Physics A 2 (185 a 16), ed. Vitelli 31. 3-9
Hippocrates of Chios was a merchant who fell in with a pirate ship and lost all his possessions. He came to Athens to prosecute the pirates and, staying a long time in Athens by reason of the indictment, consorted with philosophers, and reached such proficiency in geometry that he tried to effect the quadrature of the circle. He did not discover this, but having squared the lune he falsely thought from this that he could square the circle also. For he thought that from the quadrature of the lune the quadrature of the circle also could be calculated.0
(6)	Quadrature of Lunes
Simplicius, Commentary on Aristotle's Physics A 2 (185 a 14), ed. Diels 60. 22-68. 32
Eudemus, however, in his History of Geometry says that Hippocrates did not demonstrate the quadrature
’ A lune (meniscus) is the figure included between two intersecting arcs of circles. It is unlikely that Hippocrates himself thought he had squared the circle, but for a discussion of this point see infra, p. 310 n. b.
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άλλα καθόλου, ώζ άν τίζ είποί. εΐ γάρ πας μηνίσκος την εκτός περίφέρει,αν η ΐσην εχει, ημικυκλίου η μείζονα η έλάττονα, τετραγωνίζει δβ ο *Ιππο-κράτης καί τον ΐσην ημικυκλίου εχοντα καϊ τον μείζονα καϊ τον έλάττονα, καθόλου άν εΐη δεδει,χώς ώς δοκεΐ. έκθήσομαί δε τά υπό τοΰ Γύδημου κατά λεζι,ν λεγάμενα ολίγα τινά προσπθεϊς (βΖς)1 σαφή-νει,αν από της τών Γύκλείδου Στοιχείων άναμνη-σεως διά, τον ύπομνηματι,κον τρόπον τοΰ Γύδημου κατά τό αρχαϊκόν έθος συντόμους εκθε μενού τάς αποδόσεις, λέγει, δε ώδε εν τω δευτέρω βι,βλίω της Γεωμετρικής Ιστορίας.
1 €1? add. Usener.
° As Alexander asserted. Alexander, as quoted by Simplicius in Phys. (ed. Diels 56. 1-57. 24), attributes two quadratures to Hippocrates.
(1)	(2)
Tn the first, AB is the diameter of a circle, ΑΓ, ΓΒ are sides of a square inscribed in it, and ΑΕΓ is a semicircle described on ΑΓ. Alexander shows that
lune ΑΕΓ= triangle ΑΓΔ.
In the second, AB is the diameter of semicircle and on ΓΔ, equal to twice AB, a semicircle is described. ΓΕ, EZ, ΖΔ are sides of a regular hexagon, and ΓΠΕ, ΕΘΖ, ΖΚΔ are semicircles described on ΓΕ, EZ, ΖΔ. Alexander shows that 236
HIPPOCRATES OF CHIOS
of the lune on the side of a square a but generally, as one might say. For every lune has an outer circumference equal to a semicircle or greater or less, and if Hippocrates squared the lune having an outer circumference equal to a semicircle and greater and less, the quadrature would appear to be proved generally. I shall set out what Eudemus wrote word for word, adding only for the sake of clearness a few things taken from Euclid’s Elements on account of the summary style of Eudemus, who set out his proofs in abridged form in conformity with the ancient practice. He writes thus in the second book of the History of Geometryb
lune ΓΗΕ + lune ΕΘΖ + lune ΖΚΔ 4- semicircle AB = trapezium ΓΕΖΔ.
The proofs are easy. Alexander goes on to say that if the rectilineal figure equal to the three lunes (“ for a rectilineal figure was proved equal to a lune ”) is subtracted, the circle will be squared. The fallacy is obvious and Hippocrates could hardly have committed it. This throws some doubt on the whole of Alexander’s account, and Simplicius himself observes that Eudemus’s account is to be preferred as he was “ nearer to the times ” of Hippocrates.
b It is not always easy to distinguish what Eudemus wrote and what Simplicius has added. The task was first attempted by Allman {Hermathena iv., pp. 180-228 ; Greek Geometry from Thales to Euclid, pp. 64-75). Diels, in his edition of Simplicius published in 1882, with the help of Usener, printed in spaced type what they attributed to Eudemus. In 1883 Tannery {Memoir es scientifiques i., pp. 339-370) edited what he thought the Eudemian passages. Heiberg {Philologus xliii., pp. 336-344) gave his views in 1884. Rudio discussed the question exhaustively in 1907 {Der Bericht des Simplicius uber die Quadraturen des Antiphon und Hippokrates), but unfortunately his judgement is not always trustworthy. Heath (H.G.M. i. 183-200) has an excellent analysis. In the following pages I have given only such passages as can safely be attributed to Eudemus and omitted the rest.
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“ Καί οι τών μηνίσκων δέ τετραγωνισμοί δδ-ζαντες βΓναι τών ούκ επιπόλαιων διαγραμμάτων διά την οικειότητα την πρός τον κύκλον ύφ' ’Ιππο-κράτους έγράφησάν τε πρώτου και κατά τρόπον εδοζαν άποδοθηναι· διόπερ επι πλέον άφώμεθά τε και διέλθωμεν. άρχην μεν ουν εποιησατο και πρώτον εθετο τών πρός αυτούς χρησίμων, ότι τον αυτόν λόγον έχει τά τε όμοια τών κύκλων τμήματα πρός άλληλα και αι βάσεις αυτών δυνάμει, τοΰτο δε εδείκνυεν εκ τοΰ τάς διαμέτρους δεΐξαι τον αυτόν λόγον εχούσας δυνάμει τοΐς κύκλοις.
Δειχθέντος δε αύτώ τούτου πρώτον μεν έγραφε μηνίσκου την εκτός περιφέρειαν εχοντος ημικυκλίου
τινα τρόπον γενοιτο άν τετραγωνισμός, άπεδίδου δέ τοΰτο περί τρίγωνον ορθογώνιόν τε και ισοσκελές ημικύκλιον περιγράφας και περί την βάσιν τμήμα κύκλου τοΐς υπό τών έπιζευχθεισών άφαι~ ρουμενοις όμοίον. όντος δέ τοΰ περί την βάσιν τμήματος ίσου τοΐς περί τάς έτερας άμφοτέροις, και κοινοΰ προστεθεντος τοΰ μέρους τοΰ τριγώνου τοΰ υπέρ τό τμήμα τό περί την βάσιν, ΐσος εσται ό μηνίσκος τώ τ ριγώνω. ΐσος ουν ό μηνίσκος τώ τριγώνω δειχθεις τετραγωνίζοιτο άν. ούτως μέν 238
HIPPOCRATES OF CHIOS
** The quadratures of lunes, which seemed to belong to an uncommon class of propositions by reason of the close relationship to the circle, were first investigated by Hippocrates, and seemed to be set out in correct form; therefore we shall deal with them at length and go through them. He made his starting-point, and set out as the first of the theorems useful to his purpose, that similar segments of circles have the same ratios as the squares on their bases.0 And this he proved by showing that the squares on the diameters have the same ratios as the circles?
” Having first shown this he described in what way it was possible to square a lune whose outer circumference was a semicircle. He did this by circumscribing about a right-angled isosceles triangle a semicircle and about the base a segment of a circle similar to those cut off by the sides? Since the segment about the base is equal to the sum of those about the sides, it follows that when the part of the triangle above the segment about the base is added to both the lune will be equal to the triangle. Therefore the lune, having been proved equal to the triangle, can be squared. In this way, taking
•	Lit. ** as the bases in square.”
*	This is Eucl. xii. 2 (see infra, pp. 458-465). Euclid proves it by a method of exhaustion, based on a lemma or its equivalent which, on the evidence of Archimedes himself, can safely be attributed to Eudoxus. We are not told how Hippocrates effected the proof.
*	As Simplicius notes, this is the problem of Eucl. iii. 33 and involves the knowledge that similar segments contain equal angles.
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ουν ημικυκλίου την έζω τοΰ μηνίσκου περιφέρειαν ύποθέμενος έτετραγώνισεν ό 'Ιπποκράτης τον μηνίσκον ευκόλως.
ΕΓτα έφεζης μείζονα ημικυκλίου υποτίθεται συστησάμενος τραπέζιον τάς μέν τρεις έχον πλευράς
ΐσας άλλήλαις, την δέ μίαν την μείζω τών παραλλήλων τριπλασίαν εκείνων έκάστης δυνάμει, και τό τε τραπέζιον περιλαβών κύκλω και περί την με-γίστην αύτοΰ πλευράν ομοιον τμήμα περιγράφας τοΐς υπό τών ίσων τριών άποτεμνομένοις από τοΰ κύκλου. οτι δέ μεΐζόν έστιν ημικυκλίου τό λεχθέν τμήμα, δηλον άχθείσης έν τώ τραπεζίω διαμέτρου, ανάγκη γάρ ταύτην υπό δύο πλευράς υποτείνουσαν τοΰ τραπεζίου της υπολοίπου μιας μείζονα η δι^ 240
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a semicircle as the outer circumference of the. lune, Hippocrates readily squared the lune.
° Next in order he assumes [an outer circumference] greater than a semicircle [obtained by], constructing a trapezium having three sides equal to one another while one, the greater of the parallel sides, is such that the square on it is three times the square on each of those sides, and then comprehending the trapezium in a circle and circumscribing about a its greatest side a segment similar to those cut off from the circle by the three equal sides? That the said segmentc is greater than a semicircle is clear if a diagonal is drawnin the trapezium. For this diagonal, subtending two sides of the trapezium, must be such that the square on it is greater than double the square on
* i.e.· “ describing οή.”
b Simplicius here inserts a proof that a circle can be described about the trapezium.
c i.e., the segment bounded by the outer circumference. Eudemus is going to show that the angle in *it is acute and therefore the segment is greater than a semicircle, ,	■ , ;
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πλασίαν είμαι δυνάμει. η άρα ΒΓ μέίζον η διπλάσιον δύναται ΐκατίρας τών ΒΑ, ΑΓ, ώστε και της ΓΔ. και την μεγίστην άρα τών τοΰ τραπεζίου πλευρών την ΒΔ άναγκαΐον ελαττον δυνασθαι της τε δια-μύτρου και τών ετε'ρων πλευρών ε’κείνη?, ΰφ' ην υποτείνει μετά της διαμέτρου η λεχ^εΐσα. αί γάρ ΒΓ, ΓΔ μεΐζόν η τριπλάσιον διίνανται της ΓΔ, η δε ΒΔ τριπλάσιον, όζεΐα άρα ε’στιν η επί της μίίζονος τοΰ τραπεζίου πλευράς βίβηκυΐα γωνία, μίΐζον άρα ημικυκλίου ε’στί τό τμήμα εν ω εστιν. orrfp εστιν η ΐξω π^ριφίρ^ια τοΰ μηνίσκου.
“ Εί δε ε’λάττων ημικυκλίου (.ίη, προγράφας τοιόνδε τι ο 'Ιπποκράτης τούτο κατεσκεύασεν·
έστω κύκλος ου διάμετρος ίφ' ή [η]1 ΑΒ, κίντρον δε αυτού ε'<^’ ω Κ· καί η μ*ν ίφ' ή ΓΔ δίχα τε καί προς όρθάς τεμνε'τω την (φ' ή ΒΚ· η ίφ* ΕΖ κ^ίσθα) ταυτης μεταξύ καί της ττ^ριφ^ρ^ίας τό Β νςύουσα τών τοΰ κέντρου ημιολία οΰσα
1 η om. Diels.
• A proof is supplied in the text, probably by Simplicius though Diels attributes it to Eudemus. The proof is that, since ΒΔ is parallel to ΑΓ but greater than it, ΔΓ and BA produced will meet in Z. Then ΖΑΓ is an isosceles triangle.
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one of the remaining sides. Therefore the square on ΒΓ is greater than double the square on either BA, ΑΓ, and therefore also on ΓΔ.α Therefore the square on ΒΔ, the greatest of the sides of the trapezium, must be less than the sum of the squares on the diagonal and that one of the other sides which is subtended by the said [greatest] side together with the diagonal? For the squares on ΒΓ, ΓΔ are greater than three times, and the square on ΒΔ is equal to three times, the square on ΓΔ. Therefore the angle standing on the greatest side of the trapezium c is acute. Therefore the segment in which it is is greater than a semicircle. And this segment is the outer circumference of the lune?
" If [the outer circumference] were less than a semicircle, Hippocrates solved e this also, using the following preliminary construction. Let there be a circle with diameter AB and centre K. Let ΓΔ bisect BK at right angles ; and let the straight line EZ be placed between this and the circumference verging towards B so that the square on it is one-and-a-half so that the angle ΖΑΓ is acute, and therefore the angle ΒΑΓ is obtuse.
6 i.e. ΒΔ2<ΒΓ2+ΓΔ2.
•	i.e. the angle ΒΓΔ.
Λ Simplicius notes that Eudemus has omitted the actual squaring of the lune, presumably as being obvious. Since ΒΔ2=3ΒΑ2
(segment on ΒΔ) =3 (segment on BA)
= sum of segments on BA, ΑΓ, ΓΔ.
Adding to each side of the equation the portion of the trapezium included by the sides BA, ΑΓ and ΓΔ and the circumference of the segment on ΒΔ, we get
trapezium ABAF = lune bounded by the two circumferences and so the lune is “ squared.”
•	Lit “ constructed.”
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δυνάμει, η δέ ε</>’ ΕΗ ηχθω παρά την εφ* fj ΑΒ. καί άπο τοΰ Κ επεζενχθωσαν επι τά Ε, Ζ. συμπι-πτετω δέ εκβαλλόμενη η Επί το Ζ επι,ζευχθεΐσα τη εφ' η ΕΗ κατά τό Η καί πάλι,ν από τοΰ Β επί τά Ζ, Η επεζενχθωσαν. φανερόν 8η otl η μεν εφ* η ΕΖ εκβαλλόμενη επί τό Β πεσειται (ύποκειται γάρ η ΕΖ επί τό Β νενονσα), η δέ εφ' ή ΒΗ ΐση εσταυ τη εφ' ή ΕΚ.
Τούτων ουν ούτως εχόντων τό τραπεζύόν φημL εφΕ ον ΕΚΒΗ περι,ληφεταυ κύκλος.
Γίερυγεγράφθω1 8η περί τό ΕΖΗ τρίγωνον τμήμα κύκλον, 8ηλον otl εκάτερον των T/Zj, ΖΛΙ ομοϋον εκάστω τών ΕΚ, KB, ΒΗ τμημάτων.
Τούτων όντως εχόντων ό γενόμενος μηνίσκος ον εκτός πεpLφερεLa η ΕΚΒΗ ΐσος cotol τώ εύ-θνγράμμω τώ σvγκεLμεvω εκ τών τριών τpLγώvωv τών ΒΖΗ, ΒΖΚ, ΕΚΖ. τά γάρ άπο τών εvθεLώv εφΕ αΐς EZ, ΖΗ άφαϋρονμενα εντός τοΰ μηνίσκον 5 t λ > Λ	/	/	>/	9	\	1
απο τον ενννγραμμον τμήματα ίσα εστϊ τοΐς έκτος
1 ΤΙεριγεγράφθω . . . τμημάτων. In the text of Simplicius this sentence precedes the one above and Simplicius’s comments thereon. It is here restored to the place which it must have occupied in Eudemus’s History.
° This is the first example we have had to record of the type of construction known to the Greeks as veuaets, inclinations or vergings. The general problem is to place a straight line so as to verge towards (pass through) a given point and so that a given length is intercepted on it by other lines. In this case the problem amounts to finding a length x such that, if Z be taken on ΓΔ so that BZ=a? and BZ be produced to 244
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times the square on one of the radii.a Let EH be drawn parallel to AB, and from K let [straight lines] be drawn joining E and Z. Let the straight line [KZ] joined to Z and produced meet EH at H, and again let [straight lines] be drawn from B joining Z and H. It is then manifest that EZ produced will pass through B—for by hypothesis EZ verges towards B—and BH will be equal to EK.
“ This being so, I say that the trapezium EKBH can be comprehended in a circle.
“ Next let a segment of a circle be circumscribed about the triangle EZH ; then clearly each of the segments on EZ, ZH will be similar to the segments on EK, KB, BH.
“ This being so, the lune so formed, whose outer circumference is EKBH, will be equal to the rectilineal figure composed of the three triangles BZH, BZK, EKZ. For the segments cut off from the rectilineal figure, inside the lune, by the straight lines EZ, ZH are (together) equal to the segments outside meet the circumference in E, then EZ2 = #AK2, or EZ = \/f AK. If this is done, EB . ΒΖ = AB . ΒΓ = AK2
or	(x + a). x = a2, where AK = a.
In other words, the problem amounts to solving the quadatric equation	x2 4- y/ %ax = a2.
This would be recognized by the Greeks as the problem of “applying to a straight line of length	a rectangle
exceeding by a square figure and equal in area to a2,” and could have been solved theoretically by the Pythagorean method preserved in Eucl. ii. 6. Was this the method used by Hippocrates ? Though it may have been, the authorities prefer to believe he used mechanical means (JELG.M. i. 196, Rudio, loc cit., p. 59, Zeuthen, Geschichte d. Math.y p. 80). He could have marked on a ruler a length equal to AK and moved it about until it was in the required position.
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του εύθυγράμμου τμήμασι,ν άφαι,ρουμένοι,ς υπό τών ΕΚ, KB, ΒΗ. έκάτερον γάρ τών έντός ήμι,όλι,όν εστι,ν έκάστου τών έκτος. ήμι,ολία γάρ1 ύπόκει,ται, η ΕΖ της εκ τοΰ κέντρου, τουτέστι, της ΕΚ καί ΚΒ καί ΒΗ. εΐ ουν ο μεν μηνίσκος τά τρία τμήματά εστι, καί τοΰ εΰθυγράμμου τό παρά τά δύο τμήματα, τό 8έ εΰθυγραμμον μετά τών 8υο τμημάτων εστί χωρίς τών τρι,ών, εστι, 8ε τά 8υο τμήματα τοΐς τρισϊ,ν ΐσα, ΐσος αν εΐη ο μηνίσκος τώ εύθυγράμμω.
“ "Οτι, 8ε ουτος ό μηνίσκος ελάττονα ημικυκλίου την εκτός εχει, περιφέρειαν, 8είκνυσι, διά τού την ΕΚ Η γωνίαν εν τώ εκτός οΰσαν τμηματι, άμβλεΐαν είναι,, ότι, 8ε άμβλεΐά έστι,ν η υπό ΕΚΗ γωνία, 8είκνυσι,ν ούτως· επεί1 2 η μέν έφ' η ΕΖ ήμι,ολία εστί τών έκ τοΰ κέντρου 8υνάμει,, η 8έ έφ' ή ΚΒ μείζων της έφ' ή η διπλάσιά 8υνάμει,, φανερόν otl καί η έφέ ή ΚΕ εσται, της έφ' ή K7j άρα μείζων η 8ι/πλασία 8υνάμει,. η 8έ έφ' ή ΕΖ μείζων έστί 8υνάμει, τών έφέ αϊς ΕΚ, ΚΖ. αμβλεία άρα έστϊ,ν η προς τώ Κ γωνία, έλαττον άρα ημικυκλίου τό τμήμα έν ω έστιν.
Ούτως μέν ουν ο "Ιπποκράτης πάντα μηνίσκον έτετραγώνισεν, εΐπερ καί τόν ημικυκλίου καί τόν
1 δυνάμβι must be understood after ήμι,ολία γάρ. as Bret-schneider first pointed out, but Diels and Rudio think that Simplicius probably omitted it as obvious, here and in his own comments.
2 end . . . ςστι,ν. Eudemus purports to give the proof in Hippocrates’ own words. Unfortunately Simplicius's version is too confused to be worth reproducing. The proof is here given as reconstructed by Rudio. That it is substantially the proof given by Hippocrates is clear.
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the rectilineal figure cut off by EK, KB, BH. For each of the inner segments is one-and-a-half times each of the outer, because, by hypothesis, the square on EZ is one-and-a-half times the square on the radius, that is, the square on EK or KB or BH. Inasmuch then as the lune is made up of the three segments and the rectilineal figure le»t the two segments—the rectilineal figure including the two segments but not the three—while the sum of the two segments is equal to the sum of the three, it follows that the lune is equal to the rectilineal figure.
“ That this lune has its outer circumference less than a semicircle, he proves by means of the angle EKH in the outer segment being obtuse. And that the angle EKH is obtuse, he proves thus.
Since	EZa = # EK·
and »	KB2> 2BZ2,
it is manifest that EK2> 2KZ2.
Therefore	EZ2> EK2 + KZ«.
The angle at K is therefore obtuse, so that the segment in which it is is less than a semicircle.
“ Thus Hippocrates squared every lune, seeing that [he squared] not only the lune which has for its outer circumference a semicircle, but also the lune in which
• This is assumed. Heath (H.G.M. i. 195) supplies the following proof:
By hypothesis, EZ2 = |KB2.
Also, since A, Ε, Ζ, Γ are concyclic,
EB . BZ = AB . ΒΓ = ΚΒ2
or	EZ . ZB + BZ* = KB’= ?EZ*.
It follows that EZ>ZB and that KB’>2BZ*.
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μείζονα ημικυκλίου και τον έλάττονα εχοντα την έκτος περνφέρεναν.
“ ’Αλλά μηνίσκον άμα καί κύκλον έτετραγώνι,σεν ούτως· έστωσαν περί κέντρον έφέ ού Κ δυο κύκλοι^ ι	·
η δε του έκτος διάμετρος εζ απλασία δυνάμει της τοΰ εντός και εξαγώνου εγγραφεντος εις τον εντός kjjkXqv,τρΰ εφ' αΰ ΑΒΓΔΕΖ αί τε εφ' ών KA, ΚΒ, ΚΓ εκ τοΰ κέντρου έπι,ζευχθεΐσαί έκβεβλησθα^σαν έως της τοΰ έκτος κύκλου περι,φερείας καί at έφ' ών ΗΘ, ΘΙ, (HI)1 έπεζεύχθωσαν καί δηλον otl καί at ΗΘ, ΘΙ έξαγώνου είσΐ πλευροί τοΰ εις τον μείζονα κύκλον έγγραφο μένου. καί περί την έφ' η HI τμημα.ομοίον τω άφαυρουμένω ύπδ της έφ' ΗΘ περυγεγράφθω, έπεί ουν την μέν έφ' η HI τρίτ πλασίαν, ανάγκη εΐναυ δυνάμα της έφ' fl ΘΗ του έζαγώνου πλευράς (η γάρ ύπο δύο τοΰ έζαγώνου πλευράς υποτείνουσα μετά άλλης μϋάς ορθήν πεpL·
1 HI add. Usener.
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the outer circumference is greater, and that in which it is less, than a semicircle.
“ But he also squared a lune and a circle together in the following manner. Let there be two circles
with K as centre, such that the square on the diameter of the outer is six times the square on the diameter of the inner. Let a [regular] hexagon ΑΒΓΔΕΖ be inscribed in the inner circle, and let KA, KB, ΚΓ be joined from the centre and produced as far as the circumference of the outer circle, and let ΗΘ, ΘΙ, HI be joined. Then it is clear that ΗΘ, ΘΙ are sides of a [regular] hexagon inscribed in the outer circle. About HI let a segment be circumscribed similar to the segment cut off by ΗΘ. Since then ΗΙ2 = 3θΗ2 (for the square on the line subtended by two sides of the hexagon, together with the square on one other •	249
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εχουσα γωνίαν την εν ήμικυκλίω Ισον δύναται τη διαμέτρω, η δβ διάμετρος τετραπλάσιον δύναται της τοΰ εξαγώνου ΐσης ούσης τη εκ τοΰ κέντρου διά τό τά μήκει διπλάσια efvai δυνάμει τετραπλάσια), η δε ΘΗ εζαπλασία της εφ' ΑΒ, δηλον ότι το τμήμα το περί την εφ' f) HI περιγραφεν ίσον είναι συμβαίνει τοΐς τε άπο τοΰ έκτος κύκλου υπό τών εφ' αΐς ΗΘ, ΘΙ άφαιρουμενοις και τοΐς άπο τοΰ εντός υπό τών τοΰ εξαγώνου πλευρών άπασών. η γάρ HI της ΗΘ τριπλάσιον δύναται, ίσον δε τη ΗΘ δύναται η ΘΙ, δύναται δε έκατέρα τούτων ΐσον και αί εξ πλευραι τοΰ εντός εξαγώνου, διότι και η διάμετρος τοΰ εκτός κύκλου έξαπλάσιον υπό· κειται δύνασθαι της τοΰ εντός, ώστε ό μεν μηνίσκος έφ' ου ΗΘΙ τοΰ τριγώνου ελάττων άν εϊη εφ' ου τά αυτά γράμματα τοΐς υπό τών τοΰ εξαγώνου πλευρών άφαιρουμενοις τμημασιν από τοΰ εντός κύκλου, τό γάρ επι της HI τμήμα ΐσον ην τοΐς τε ΗΘ, ΘΙ τμημασι και τοΐς υπό τοΰ εξαγώνου άφαι· ρουμένοις. τά ουν ΗΘ, ΘΙ τμήματα ελάττω εστι τοΰ περί την HI (τμήματος τοΐς)1 τμημασι [καί]1 τοΐς υπό τοΰ εξαγώνου άφαιρουμενοις. κοινού ουν προστεθεντος τοΰ ύπερ τό τμήμα τό περί την HI μέρους τοΰ τριγώνου, εκ μεν τούτου καί τού περί την HI τμήματος τό τρίγωνον εσται, εκ δε τοΰ αυτού καί τών ΗΘ, ΘΙ τμημάτων ό μηνίσκος, εσται ουν ελάττων ό μηνίσκος τοΰ τριγώνου τοΐς υπό τοΰ εζαγώνου άφαιρουμενοις τμημασιν. ό άρα
1	τμήματος τοΐς add. Bretschneider.
1	καί om. Bretschneider.
• If ΗΛ be a side of the hexagon, then ΙΛ is a diameter and the angle ΙΗΛ is right. Therefore HF + HA’ = IA% 250	*
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side, is equal, since they form a right angle in the semicircle, to the square on the diameter, and the square on the diameter is four times the side of the hexagon, the diameter being twice the side in length and so four times as great in square °), and ΘΗ2 = 6 AB2, it is manifest that the segment circumscribed about HI is equal to the segments cut off from the outer circle by ΗΘ, ΘΙ, together with the segments cut off from the inner circle by all the sides of the hexagon? For HI2 = 3 ΗΘ2, and ΘΙ2 = ΗΘ2, while ΘΡ and ΗΘ2 are each equal to the sum of the squares on the six sides of the inner hexagonal, since, by hypothesis, the diameter of the outer circle is six times that of the inner. Therefore the lune ΗΘΙ is smaller than the triangle ΗΘΙ by the segments taken away from the inner circle by the sides of the hexagon. For the segment on HI is equal to the sum of the segments on ΗΘ, ΘΙ and those taken away by the hexagon. Therefore the segments [on] ΗΘ, ΘΙ are less than the segment about HI by the segments taken away by the hexagon. If to both sides there is added the part of the triangle which is above the segment about HI? out of this and the segment about HI will be formed the triangle, while out of the latter and the segments [on] ΗΘ, ΘΙ wall be formed the lune. Therefore the lune will be less than the triangle by the segments taken away by the hexagon. For the lune and the
and so HI2+ΘΗ2 = ΙΛ2=4ΘΗ2 (since ΙΛ=2ΘΗ). Consequently ΗΙ2=3ΘΗ2.
* For (segment on HI) =3 (segment on ΗΘ)
= 2 (segment on ΗΘ) + 6 (segment on AB)
= (segments on ΗΘ, ©I) + (all segments of inner circle).
• the figure bounded by ΗΘ, ΘΙ and the arc IH.
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μηνίσκος καϊ τά υπό τοΰ εζαγώνου άφαίρούμ^να τμήματα ΐσα εστϊν τώ τριγώνω. καϊ kolvov προσ-τεθεντος τοΰ εζαγώνου τό τρίγωνον τοΰτο καϊ τό εξάγωνον ΐσα εστϊ τώ τε μηνίσκω τώ λεχθεντυ καϊ τώ κύκλω τώ εντός. εί ουν τα είρημένα ευθύ-γραμμα δυνατόν τετραγαηασθήναϋ, καϊ τόν κύκλον άρα μετά τοΰ μηνίσκου
(c) Two Mean Proportionals
Procl. in Eucl. i., ed. Friedlein 212. 24-213. 11
eH δβ απαγωγή μετάβασίς εστιν απ' άλλου προβλήματος η θεωρήματος επ' άλλο, ου γνω-σθεντος ή πορυσθεντος καϊ τό προκείμενον εσταϋ καταφανές, οιον ώσπερ καϊ τοΰ δLπλaσLaσμoΰ τοΰ κύβου ζητηθεντος μετεθεσαν τήν ζήτησυν είς άλλο, ω τοΰτο επετaL, τήν εύρεσυν τών δύο μέσων, καϊ τό λουττόν εζήτουν, πώς αν δύο δοθευσών εύθευών δύο μέσαί άνάλογον εΰρεθεΐεν. πρώτον δε φασϋ τών άπορουμενων δυαγραμμάτων τήν απαγωγήν πoLήσaσθaL Ίπποκράτην τόν Χίον, δς καϊ μηνίσκον ετετραγώνυσε καϊ άλλα πολλά κατά γεωμετρίαν εΰρεν ευφυής περϊ τά δυαγράμματα εΐπερ τνς άλλος γενόμενος.
α u
α What Hippocrates showed was that if -=^=^, then
252
HIPPOCRATES OF CHIOS segments taken away by the hexagon are equal to the triangle. When the hexagon is added to both sides, this triangle and the hexagon will be equal to the aforesaid lune and to the inner circle. If then the aforementioned rectilineal figures can be squared, so also can the circle with the lune.”
(c) Two Mean Proportionals
Proclus, on Euclid i., ed. Friedlein 212. 24-213. 11
Reduction is a transition from one problem or theorem to another, whose solution or construction makes manifest also that which is propounded, as when those who sought to double the cube transferred the investigation to another [problem] which it follows, the discovery of the two means, and from that time forward inquired how between two given straight lines two mean proportionals could be found. They say the first to effect the reduction of the difficult constructions was Hippocrates of Chios, who also squared a lune and discovered many other things in geometry, being unrivalled in the cleverness of his constructions.α
-3=t, so	5= 2α, a cube of side x is twice the size of
X 0
a cube of side a. For a fuller discussion, see infra, p. 258 n. 5. It has been supposed from this passage that Hippocrates discovered the method of geometrical reduction, but this is unlikely.
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IX. SPECIAL PROBLEMS
1.	DUPLICATION OF THE CUBE
(a) General
Theon Smyr., ed. Hiller 2. 3-12
Ερατοσθένης μέν γαρ έν τω έπι,γραφομένω ΤΙλατωνίκω φησι,ν otl, Δηλίοι,ς τοΰ θεού χρήσαντος έπί απαλλαγή λοίμοΰ βωμόν τοΰ όντος δίπλασίονα κατασκευάσαι,, πολλην άρχι,τέκτοσι,ν έμπεσεΐν απορίαν ζητοΰσι,ν όπως χρη στερεόν στερεού γενέσθαι, διπλάσιον, άφικέσθαι τε πευσομένους περί τούτου Πλάτωνος, τόν δέ φάναι αύτοΐς, ώς άρα ού διπλάσιου βωμού ο θεός δεόμενος τοΰτο Δηλίοις έμαντεύσατο, προφέρων δέ και όνειδίζων τοΐς Έλ-λησιν άμελοΰσι μαθημάτων και γεωμετρίας ώλι-γωρηκόσιν.
Eutoc. Comm, in Archim. de Sphaera et Cyl. ii., Archim. ed. Heiberg iii. 88. 4-90. 13
BaotAec Πτολεμαίω Ερατοσθένης χαίρειν.
Τών αρχαίων τινά, τραγωδοποιών φασιν εισαγα-γεΐν τόν Μίνω τω Γλαυκω κατασκευάζοντα τάφον,
α Wilamowitz (Gott. Nachr., 1894) shows that the letter is a forgery, but there is no reason to doubt the story it relates, which is indeed amply confirmed ; and the author must be thanked for having included in his letter a proof and an 256
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L DUPLICATION OF THE CUBE
(a)	General
Theon of Smyrna, ed. Hiller 2. 8-12
In his work entitled Platonicus Eratosthenes says that, Avhen the god announced to the Delians by oracle that to get rid of a plague they must construct an altar double of the existing one, their craftsmen fell into great perplexity in trying to find how a solid could be made double of another solid, and they went to ask Plato about it. He told them that the god had given this oracle, not because he wanted an altar of double the size, but because he wished, in setting this task before them, to reproach the Greeks for their neglect of mathematics and their contempt for geometry.
Eutocius, Commentary on Archimedes' Sphere and Cylinder ii., Archim. ed. Heiberg iii. 88. 4-90. 13
To King Ptolemy Eratosthenes sends greeting.0
They say that one of the ancient tragic poets represented Minos as preparing a tomb for Glaucus, epigram, taken from a votive monument, which are the genuine work of Eratosthenes (infra, pp. 294-297). The monarch addressed is Ptolemy Euergetes, to whose son, Philopator, Eratosthenes was tutor.
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πυθόμενον δέ, otl πανταχοΰ έκατόμπεδος εϊη, είπεΐν*
μϋκρόν γ* έλεξας βασιλικού σηκόν τάφον δυπλάσυος έστω, τοΰ καλού δέ μη σφαλείς δίπλαζ’ έκαστον κώλον εν τάχεί τάφου.
έδόκευ δέ δνημαρτηκένατ τών γάρ πλευρών διπλα-σcaσθεLσώv το μεν επίπεδον γίνεται. τετpaπλάσLOV, τό δέ στερεόν οκταπλάσιον. έζητεΐτο δέ καϊ παρά τοΐς γεωμέτραυς, τίνα άν τυς τρόπον τό δοθέν στερεόν δναμενον έν τώ αυτώ σχήματϋ ?ππλασίά-σευεν, καϊ εκαλείτο τό τοι,οΰτον πρόβλημα κύβου δυπλασίασμός- ύποθέμενοί γάρ κύβον έζητούν τοΰτον δLπλaσLάσaL. πάντων δέ δϋαπορούντων έπϊ πολύν χρόνον πρώτος 'Ιπποκράτης ό Χίος έπενόησεν, otl, εάν εύρεθη δυο εΰθευών γραμμών, ών η μείζων της ελάσσονος έστί δίπλασία, δύο μέσας άνάλογον λαβεΐν έν συνεχεΐ αναλογία, δϋπλασυασθησεταυ ό κύβος, ώστε τό άπόρημα αύτώ είς έτερον ούκ έλασσον άπόρημα κατέστρεφεν. μετά χρόνον δέ Τϋνάς φaσLV Δηλίους έπίβαλλο μένους κατά χρησμόν δLπλaσLάσaL τννά τών βωμών έμπεσεΐν είς τό αυτό άπόρημα, δϋαπεμφαμένους δέ τούς παρά τώ Π λά-ram έν Ακαδημία γεωμέτρας άζνοΰν αύτοΐς εύρεΐν τό ζητούμενον. τών δέ φLλoπόvως έπcδLδόvτωv εαυτούς καϊ ζητούντων δύο τών δοθευσών δύο μέσας
° Valckenaer attributed these lines to Euripides, but Wilamowitz has shown that they cannot be from any play by Aeschylus, Sophocles or Euripides and must be the work of some minor poet.
b For if x, y are mean proportionals between a, b9
then
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and as declaring, when he learnt it was a hundred feet each way : “ Small indeed is the tomb thou hast chosen for a royal burial. Let it be double, and thou shalt not miss that fair form if thou quickly doublest each side of the tomb.”a He seems to have made a mistake. For when the sides are doubled, the surface becomes four times as great and the solid eight times. It became a subject of inquiry among geometers in what manner one might double the given solid, while it remained the same shape, and this problem was called the duplication of the cube ; for, given a cube, they sought to double it. When all were for a long time at a loss, Hippocrates of Chios first conceived that, if two mean proportionals could be found in continued proportion between two straight lines, of which the greater was double the lesser, the cube would be doubled/ so that the puzzle was by him turned into no less a puzzle. After a time, it is related, certain Delians, when attempting to double a certain altar in accordance with an oracle, fell into the same quandary, and sent over to ask the geometers who were with Plato in the Academy to find what they sought. When these men applied themselves diligently and sought to find two mean proportionals between two given straight lines,
Therefore	y-— = —
* a x
and, eliminating y,	x3—a2b
a3 ci so that	=
This property is stated in Eucl. Elem. v. Def. 10.
If ό =2a, then x is the side of a cube double a cube of side a. Once this was discovered by Hippocrates, the problem was always so treated.
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λαβεΐν ’Αρχύτας μέν ο Ύαραντΐνος λέγεται διά τών ήμικυλίνδρων εΰρηκέναι, Ενδοξος δβ διά τών καλούμενων καμπύλων γραμμών συμβέβηκε δέ πάσιν αύτοΐς άποδεικτικώς γεγραφέναι, χειρουργήσαι δέ καϊ είς χρείαν πεσεΐν μη δύνασθαι πλην έπϊ βραχύ τι τόν Μέναιχμον καϊ ταΰτα δυσχερώς. έπινενόηται δέ τΐ£ ύφ' ημών οργανική ληψις ραδία, δύ ης εύρησομεν δύο τών δοθεισών ου μόνον δύο μέσας, άλλ’ όσας αν τις έπιτάξη.
(δ) Solutions given by Eutocius
Eutoc. Comm, in Archim. de Sphaera et Cyl. ii., Archim. ed. Heiberg iii. 54. 26-56. 12
Eis την σύνθεσιν τοΰ αζ
Τούτου ληφθέντος έπεϊ δι* άναλύσεως αντώ προέβη τά τοΰ προβλήματος, ληξάσης της άναλύσεως είς τό δεΐν δύο δοθεισών δύο μέσας άνάλογον προσευρεΐν έν συνεχεΐ αναλογία φησϊν έν τη συνθέσει,· “ εύρήσθωσαν.” την δέ εύρεσιν τούτων ύπ* αύτοΰ μέν γεγραμμένην ουδέ όλως εύρίσκομεν, πολλών δέ κλεινών άνδρών γραφαΐς έντετυχηκαμεν τό πρόβλημα τοΰτο έπαγγελλομέναις, ών την Ενδόξου τοΰ Κνιδίου παρητησάμεθα γραφήν, έπειδή φησιν μέν έν προοιμίοις διά καμπύλων γραμμών αυτήν ηύρηκέναι, έν δέ τη αποδείξει προς τώ μη κεχρησθαι καμπύλαις γραμμαΐς αλλά και
α “ Given a cone or cylinder, to find a sphere equal to the cone or cylinder ” (Archim. ed. Heiberg i. 170-174).
b This is a great misfortune, as we may be sure Eudoxus would have treated the subject in his usual brilliant fashion. 260
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Archytas of Taras is said to have found them by the half-cylinders, and Eudoxus by the so-called curved lines ; but it turned out that all their solutions were theoretical, and they could not give a practical construction and turn it to use, except to a certain small extent Menaechmus, and that with difficulty. An easy mechanical solution was, however, found by me, and by means of it I will find, not only two means to the given straight lines, but as many as may be enjoined.
(6)	Solutions given by Eutocius
Eutocius, Commentary on Archimedes'' Sphere and Cylinder ii., Archim. ed. Heiberg iii. 54. 26-56. 12
On the Synthesis of Prop. 1 °
With this assumption the problem became for him one of analysis, and when the analysis resolved itself into the discovery of two mean proportionals in continuous proportion between two given straight lines he says in the synthesis : “ Let them be found.” How they were found we nowhere find described by him, but we have come across writings of many famous men dealing with this problem. Among them is Eudoxus of Cnidos, but we have omitted his account/ since he says in the preface that he made his discovery by means of curved lines, but in the demonstration itself not only did he not use curved
Tannery (Memoir es scientifiques, vol. i. pp. 53-61) suggests that Eudoxus’s construction was a modified form of that by Archytas, for which see infra, pp. 284-289, the modification being virtually projection on the plane. Heath {H.G.M. i. 249-251) considers Tannery’s suggestion ingenious and attractive, but too close an adaptation of Archytas’s ideas to be the work or so original a mathematician as Eudoxus.
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δίηρημένην αναλογίαν ευρών ώς συνβχβΓ χρτ)ται* όπερ ην άτοπον ύπονοησαι,, τί λέγω περί Ενδόξου, άλλα περϊ τών καϊ μετρίως περϊ γεωμετρίαν αν-εστραμμένων. ΐνα δη η τών είς ημάς έληλυθότων άνδρών έννοια εμφανής γένηται, δ έκαστου της εύρέσεως τρόπος καϊ ενταύθα γραφησεται.
Ibid. 56. 13-58. 14
Ώς Πλάτων
Δυο δοθείσών ευθειών δύο μέσας άνάλογον εύρεΐν
"Εστωσαν αί δοθεΐσαί δυο εύθεΐαι, αί ΑΒΓ πρός
α The complete list of solutions given by Eutocius is: Plato, Heron, Philon, Apollonius, Diodes, Pappus, Sporus, Menaechmus (two solutions), Archytas, Eratosthenes, Nicomedes.
0 It is virtually certain that this solution is wrongly attributed to Plato. Eutocius alone mentions it, and if it had been known to Eratosthenes he could hardly have failed to 262
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lines but he used as continuous a discrete proportion which he found. That would be a foolish thing to imagine, not only of Eudoxus, but of any one moderately versed in geometry. In order that the ideas of those men who have come down to us may be made manifest, the manner in which each made his discovery will be described here also.®
Ibid. 56. 13-58. 14
(i.) The Solution of Plato *
Given two straight lines, tofnd two mean proportionals in continuous proportion.
Let the two given straight lines be AB, ΒΓ, percite it along with those of Archytas, Menaechmus and Eudoxus. Furthermore, Plato told the Delians, according to Plutarch’s account, that Eudoxus or Helicon of Cyzicus would solve the problem for them : he did not apparently propose to tackle it himself. And Plutarch twice says that Plato objected to mechanical solutions as destroying the good of geometry, a statement which is consistent with his known attitude towards mathematics.
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όρθάς άλληλαι,ς, ών δε? δυο μέσας άνάλογον εύρεΐν. έκβεβλησθωσαν επ' ευθείας έπϊ τά Δ, Ε, καϊ κατεσκευάσθω όρθη γωνία η υπό ΖΗΘ, καϊ έν ένϊ σκέλει, οΐον τώ ΖΗ, κι,νείσθω κανών ο ΚΛ έν σωληνί tlvl όντι έν τώ ΖΗ ούτως, ώστε παράλληλον αυτόν όι,αμένει,ν τώ ΗΘ. carat δέ τούτο, έάν καϊ έτερον κανόνων νοηθη συμφυές τώ ΘΗ, παράλληλον δέ τώ ΖΗ, ώς τό ΘΜ. σωληνωθεωών γάρ τών άνωθεν έπι,φανειών τών ΖΗ, ΘΜ σωλήσι,ν πελεκι,νοεώέσι,ν καϊ τύλων συμφυών γενομένων τώ ΚΛ είς τούς είρημένους σωλήνας εσται, η κίνησι,ς τοΰ ΚΛ παράλληλος άεϊ τώ ΗΘ. τούτων ουν κατεσκευασμένων κείσθω τό έν σκέλος της γωνίας τυχόν τό ΗΘ φαΰον τοΰ Γ, καϊ μεταφερέσθω η τε γωνία καϊ ο ΚΛ κανών έπϊ τοσοΰτον, άχρι,ς άν τό μεν Η σημεΐον έπϊ της ΒΔ ευθείας η τοΰ ΗΘ σκέλους φαύοντος τοΰ Γ, ο δέ ΚΛ κανών κατά μεν τό Κ φαύη της BE ευθείας, κατά δέ τό λοι,πόν μέρος τοΰ Α, ώστε είναι,, ώς εχει, έπϊ της καταγραφής, την μεν ορθήν γωνίαν θέσι,ν έχουσαν ώς την υπό 264
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pendicular to each other, between which it is required to find two mean proportionals. Let them be produced in a straight line to Δ, E, let the right-angle ΖΗΘ be constructed, and in one leg, say ZH, let the ruler ΚΛ be moved in a kind of groove in ZH, in such a way that it remains parallel to ΗΘ. This will come about if another ruler be conceived fixed to ΘΗ, but parallel to ZH, such as ΘΜ. If the upper surfaces of ZH, ΘΜ are grooved with axe-like grooves,a and there are notches on ΚΛ fitting into the aforementioned grooves, the motion of ΚΛ will always be parallel to ΗΘ. When this instrument is constructed, let one leg of the angle, say ΗΘ, be placed so as to touch Γ, and let the angle and the ruler ΚΛ be turned about until the point H falls upon the straight line ΒΔ, while the leg ΗΘ touches Γ, and the ruler KA touches the straight line BE at K, and in the other part touches A, so that it comes about, as in the figure, that the right angle takes up the position of the angle ΓΔΕ, while
• The grooves are presumably after the manner of the
accompanying diagram, or, as we should say, the notches and the grooves are dove-tailed.
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ΓΔΕ, τόΐ’ Se ΚΛ κανόνα θεσι,ν εχει,ν, οΐαν εχεί η ΕΑ· τούτων γαρ γεναμενων εσται τό προκείμενον. ορθών γαρ ούσών τών προς τοΐς Δ, Ε έστύΡ, ώς η ΓΒ προς ΒΔ, η ΔΒ προς BE καί η ΕΒ προς ΒΑ.
Ibid. 58. 15-16
ΓΩ$· σΗρων εν Νίηχανι,καΐς είσαγωγαΐς καί εν τοΐς ϋελοποακοΐς
Papp. Coll. iii. 9. 26, ed. Hultsch 62. 26-64. 18 ; Heron, Meeh. i. 11, ed. Schmidt 268. 3-270. 15
"Εστωσαν γάρ αί δοθεΐσαί εύθεΐαί αί ΑΒ, ΒΓ προς όρθάς άλλήλαι,ς κείμενα!,, ών δεΐ δύο μεσας άνάλογον εύρεΐν.
β The account may become clearer from the accompanying diagram in which the instrument is indicated in its final
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the ruler ΚΛ takes up the position EA.a When this is done, what was enjoined will be brought about. For since the angles at Δ, E are right, ΓΒ :ΒΔ = ΔΒ : BE = EB : BA. [Eucl. vi. 8, coroll.]
Ibid. 58. 15-16
(ii.) The Solution of Heron in his “ Mechanics ” and “ Construction of Engines of War ” b
Pappus, Collection iii. 9. 26, ed. Hultsch 62. 26-64. 18 ;
Heron, Mechanics i. 11, ed. Schmidt 268. 3-270. 15
Let the two given straight lines between which it is required to find two mean proportionals be AB, ΒΓ lying at right angles one to another.
position by dotted lines. ΗΘ is made to pass through Γ and the instrument is turned until the point H lies on AB produced. The ruler is then moved until its edge ΚΛ passes through A. If K does not then lie on ΓΒ produced, the instrument has to be manipulated again until all conditions are fulfilled: (1) ΗΘ passes through Γ; (2) H lies on AB produced ; (3) KA passes through A ; (4) K lies on ΓΒ produced. It may not be easy to do this, but it is possible.
b Heron’s own words have been most closely preserved by Pappus, whose version is here given in preference to Eutocius’s, which includes some additions by the commentator. Schmidt also prefers Pappus’s version in his edition of the Greek fragments of Heron’s Mechanics in the Teubner edition of Heron's works (vol. ii., fasc. 1). The proof in the Belopoeica (edited by Wescher, Poliorcetique des Grecsy pp. 116-119) is extant. Philon of Byzantium and Apollonius gave substantially identical proofs.
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Συμπεπληρώσθω τό ΑΒΓΔ παραλληλόγραμμον, καί όκβ^βλησθωσαν αί ΛΓ, ΔΑ, καί επεζευχθωσαν αί ΔΒ, ΓΑ, καί παρακείσθω κανόνων προς τω Β σημείω καί κυνείσθω τεμνον τάς ΓΕ, ΑΖ, άχρι,ς ού η από τοΰ Η (άχθεΐσα)1 επί την της ΓΕ τομήν ΐση γενηται τη από τοΰ Η επί την της ΑΖ τομήν, γεγονετω, καί έστω η μεν τοΰ κανονιού θεσι,ς η ΕΒΖ, ίσαί δέ αί EH, ΗΖ. λέγω ουν otc αί ΑΖ, ΓΕ μεσαι, άνάλογόν είσιν τών ΑΒ, ΒΓ.
Έπβί γάρ ορθογώνιόν εστυν τό ΑΒΓΔ παραλληλόγραμμον, αί τεσσαρες ευθεΐαν αί ΔΗ, ΗΑ, ΗΒ, ΗΓ ίσαί άλληλαις είσιν. επεί ουν ΐση η ΔΗ τη ΑΗ καί όυηκταί η ΗΖ, τό άρα υπό ΔΖΑ μετά τοΰ από ΑΗ ΐσον εστίν τω από ΗΖ. δίά τά αυτά 8η καί τό υπό ΔΕΓ μετά τοΰ από ΓΗ ΐσον εστίν τω από HE. καί είσίν ίσαί αί HE,
1 αχθ€Ϊσα add. Hultsch.
ο The full proof requires ΙΙΘ to be drawn perpendicular to ΔΖ so that Θ bisects ΔΑ.
Then	ΔΖ . ΖΑ + ΑΘ2 = ΖΘ2.	[Eucl. ii. 6
Add ΗΘ2 to each side.
Then	ΔΖ . ZA 4- AH2 = HZ2. [Eucl. i. 47
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Let the parallelogram ΑΒΓΔ be completed, and let ΔΓ, ΔΑ be produced and let ΔΒ, ΓΑ be joined,
and let a ruler be placed at B and moved about until the sections ΓΕ, AZ cut off [from ΔΓ, ΔΑ produced] are such that the straight line drawn from H to the section ΓΕ is equal to the straight line drawn from H to the section AZ. Let this be done, and let the position of the ruler be EBZ, so that EH, HZ are equal. I say that AZ, ΓΕ are mean proportionals between AB, ΒΓ.
For since the parallelogram ΑΒΓΔ is right-angled, the four straight lines ΔΗ, HA, ΗΒ, ΗΓ are equal one to another. Since ΔΗ is equal to AH, and HZ has been drawn (from the vertex of the isosceles triangle ΑΗΔ to the base), therefore a
ΔΖ. ZA + AH2 = HZ2.
For the same reasons
ΔΕ.ΕΓ + ΓΗ2 = ΗΕ2.
But HE, HZ are equal.
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HZ. Ισον άρα καί τό υπό ΔΖΑ μετά τοΰ από ΑΗ τώ υπό ΔΕΓ μετά τοΰ από ΓΗ. ών τό από ΓΗ ϊσον έστίν τώ από ΗΑ. λοι,πόν άρα τό υπό ΔΕΓ ΐσον έστίν τώ υπό ΔΖΑ. ώς άρα η ΕΔ πρός ΔΖ, η ΖΑ πρός ΓΕ. ώς δβ η ΕΔ πρός ΔΖ, η τε ΒΑ πρός ΑΖ καί η ΕΓ πρός ΓΒ, ώστε εσταί καί ώς η ΑΒ πρός ΑΖ, η τε ΖΑ πρός ΓΕ καί η ΓΕ πρός ΓΒ. τών άρα ΑΒ, ΒΓ μεσαι. άνάλογόν βισιρ αί ΑΖ, ΓΕ.]
Eutoc. Comm, in Archim,. De Sphaera et Cyl. ii., Archim. ed. Heiberg iii. 66. 8-70. 5
Ώ$* Αίοκλης εν τώ Hept πυρίων
Έρ κύκλω ηχθωσαν δυο δίάμετρού πρός όρθάς αί ΑΒ, ΓΔ, καί δυο περίφέρειαι, ΐσαί άπεώη-φθωσαν εφ' εκάτερα τοΰ Β αί ΕΒ, ΒΖ, καί δίά τοΰ Ζ παράλληλος τη ΑΒ ηχθω η ΖΗ, /cat βπ-εζευχθω η ΔΕ. λέγω, otl τών ΓΗ, ΗΘ δυο μεσαυ άνάλογόν είσ& αί ΖΗ, ΗΔ.
"Ηχθω γάρ διά τοΰ Ε τη ΑΒ παράλληλος η
α Another fragment from the Πβρι πυρίων of Diodes is preserved by Eutocius (pp. 160 et seq.). It contains a solution by means of conics of the problem of dividing a sphere by a plane in such a way that the volumes of the resulting segments shall be in a given ratio, and refers both to Archi-
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Therefore
And
Therefore
Therefore
ΔΖ.ΖΑ + ΑΗ2 = ΔΕ.ΕΓ + ΓΗ2.
AH2 =	ΓΗ2.
ΔΖ . ΖΑ = ΔΕ . ΕΓ.
ΕΔ : ΔΖ = ΖΑ : ΓΕ.
But (by similar triangles)
ΕΔ : ΔΖ = ΒΑ : ΑΖ = ΕΓ : ΓΒ, so that AB : AZ = ΖΑ : ΓΕ = ΓΕ : ΓΒ. Therefore AZ, ΓΕ are mean proportionals between ΑΒ,ΒΓ.]
Eutocius, Commentary on Archimedes'’ Sphere and Cylinder ii., Archim. ed. Heiberg iii. 66. 8-70. 5
(iii.) The Solution of Diocles in his Book On Burning Mirrors ” a
In a circle let there be drawn two diameters AB, ΓΔ at right angles, and on either side of B let there c?	o’
be cut off two equal arcs EB, BZ, and through Z let Zll be drawn parallel to AB, and let ΔΕ be joined. 1 say that ZH, ΗΔ are two mean proportionals between ΓΗ, ΗΘ.
For let EK be drawn through E parallel to AB ;
medes and to Apollonius. Diocles must therefore have flourished later than these geometers. It appears also, from allusions in Proclus’s commentary on Eucl. i., that the curve known to Geminus as the cissoid was none other than the curve here described and used by Diocles for finding two mean proportionals, though the identification is not certain (see Loria, Le scienze esatte nelV antica Grecia, pp. 410-415, Heath, H.G.M. i. 264). In that case, Diocles preceded Geminus, who flourished about 70 b.c. It is probable therefore that Diocles lived towards the end of the second century or the beginning of the first century b.c.
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ΕΚ· ΐση άρα εστίν η μεν EK τη ZH, η δβ ΚΓ ττ) ΗΔ. carat γάρ τοΰτο άηλον από τοΰ Λ επί τά Ε, Ζ επι,ζευχθει,σών εύθει,ών* taat γάρ γίνονται, αί ΰπο ΓΛΕ, ΖΛΔ, /cat όρθαΐ αί προς τοΐς Κ, Η* καί πάντα άρα πάσι,ν 8ta τδ την ΛΕ τη ΛΖ ΐσην εΐναι,* καί λοι,πη άρα η ΓΚ τη ΗΔ ίση εστίν. επεί ουν εστι,ν, ώς η ΔΚ προς ΚΕ, η ΔΗ προς ΗΘ, άλλ’ ώς η ΔΚ προς ΚΕ, ή ΕΚ προς ΚΓ· μίση γάρ ανάλογου η ΕΚ τών ΔΚ, ΚΓ· ώς άρα ή ΔΚ προς ΚΕ και ή ΕΚ προς ΚΓ, ούτως η ΔΗ
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EK will therefore be equal to ZH, and ΚΓ to ΗΔ; this will be clear if straight Unes are drawn joining
Λ to E, Z ; for the angles ΓΛΕ, ΖΛΔ are equal, and the angles at K, H are right ; and therefore, since ΛΕ = AZ, all things will be equal to all ; and therefore the remaining element ΓΚ is equal to ΗΔ. Now since
ΔΚ : ΚΕ = ΔΗ : ΗΘ, but	ΔΚ:ΚΕ = ΕΚ:ΚΓ (for EK is a
mean proportional between ΔΚ, ΚΓ), therefore ΔΚ : KE = EK : ΚΓ = ΔΗ : ΗΘ.
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πρός ΗΘ. καί όσην ΐση η μεν ΔΚ τη ΓΗ, η δέ ΚΕ τη ΖΗ, η δέ ΚΓ τη ΗΔ* ώς άρα η ΓΗ πρός ΗΖ, ή ΖΗ πρός Η Δ καί η ΔΗ πρός ΗΘ. εάν δή παρ' εκάτερα τοΰ Β ληφθώσιν περιφερειαι ΐσαι αί MB, ΒΝ, και διά μεν τοΰ Ν παράλληλος άχθη τη ΑΒ η ΝΞ, επιζευχθη δέ η ΔΜ, έσονται πάλιν τών ΓΞ, ΞΟ μ,έσαι άνάλογον αί ΝΞ, ΞΔ. πλβιονων ουν ούτως καί συνεχών παραλλήλων εκβληθεισών μεταξύ τών Β, Δ καί ταΐς άπολαμβανομεναις ύπ' αυτών περιφερείαις πρός τώ Β ίσων τεθεισών από τοΰ Β ώς επί τό Γ καί επί τά γενάμενα σημεία επιζευχθεισών ευθειών από τοΰ Δ, ώς τών όμοιων ταΐς ΔΕ, ΔΜ, τμηθησονται αί παράλληλοι αί μεταξύ τών Β, Δ κατά τινα σημεία, επι της προκειμενης καταγραφής τά Ο, Θ, εφ' ά κανόνος παραθεσει επιζεύξαντες ευθείας εξομεν καταγε-
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And	ΔΚ = ΓΗ, KE=ZH, ΚΓ = ΗΔ;
therefore ΓΗ:HZ=ZH:ΗΔ=ΔΗ: ΗΘ.
If then on either side of B there be cut off equal arcs MB, BN, and NS be drawn through N parallel to AB, and ΔΜ be joined, NS, ΞΔ, will again be mean proportionals between ΓΞ, SO. If in this way more parallels are drawn continually between Β, Δ, and arcs equal to the arcs cut off between them and B are marked off from B in the direction of Γ, and straight lines are drawn from Δ to the points so obtained, such as ΔΕ, ΔΜ, the parallels between B and Δ will be cut in certain points, such as 0, Θ in the accompanying figure. Joining these points with straight lines by applying a ruler we shall describe in the
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γραμμένην ev τώ κύκλω τι,νά γραμμήν, εφ' εάν ληφθη τυχόν σημεΐον καί δι? αύτοΰ παράλληλος άχθη τη ΛΒ, έσται η άχθεΐσα καί η απολαμβανόμενη ύπ' αυτής από της διαμέτρου προς τώ Δ μέσαι, άνάλογον της τε απολαμβανόμενης υπ* αυτής από της διαμέτρου προς τώ Γ σημείω καί τοΰ μέρους αυτής τοΰ από τοΰ εν τη γραμμή σημείου επί την ΓΔ διάμετρον.
Τούτων προκατεσκευασμενων εστωσαν al δο-
° Lit. “ line.” It is noteworthy that Diocles, or Eutocius, conceived the curve as made up of an indefinite number of
small straight lines, a typical Greek conception which has all the power of a theory of infinitesimals while avoiding its logical fallacies. The Greeks were never so modern as in this conception.
The curve described by Diocles has two branches, sym-276
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circle a certain curve,” and if on this any point be taken at random, and through it a straight line be drawn parallel to ΛΒ, the line so drawn and the portion of the diameter cut off by it in the direction of Δ will be mean proportionals between the portion of the diameter cut off by it in the direction of the point Γ and the part of the parallel itself between the point on the curve and the diameter ΓΔ.
With this preliminary construction, let the two
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θεΐσαί δυο εύ^ειαι, ων Sec δύο μέσας ανάλογου εΰρεΐν, αί A, Β, καί έστω κύκλος, έν ω δυο διάμετροι πρός δρθάς άλλήλαι,ς αί ΓΔ, ΕΖ, και γεγράφθω έν αΰτώ η διά των συνεχών σημείων γραμμή, ώς προείρηταυ, ή ΔΘΖ, καί γεγονέτω, ώς η Α προς την Β, η ΓΗ προς ΗΚ, καί έπι-ζευχθεΐσα η ΓΚ καί έκβληθεΐσα τεμνέτω την γραμμήν κατά τό Θ, καί διά τοΰ Θ τη ΕΖ παράλληλος ηχθω η ΛΜ* διά άρα τά προγεγραμμενα τών ΓΛ, ΑΘ μέσαι άνάλογόν είσω αί ΜΛ, ΑΔ. καί έπεί έστω, ώς η ΓΑ πρός ΑΘ, ούτως η ΓΗ πρός ΗΚ, ώς δέ η ΓΗ πρός IIΚ, ούτως η Α πρός την Β, εάν έν τώ αΰτώ λόγω ταΐς ΓΛ, ΛΜ, ΛΔ, ΛΘ παρεμβάλωμεν μέσας τών A, Β, ώς τάς Ν, Ξ, έσονται είλημμέναυ τών A, Β μέσαι ανάλογου αί Ν, Ξ· οπερ έ'δει εύρείν.
Ibid. 78. 13-80. 24
Ώς Μέναιχμος
Έστωσαν αί δομείσαι δύο εύάειαι αί Α, Ε· δει δή τών A, Ε δύο μέσας άνάλογον εΰρεΐν.
Γεγονέτω, καί έστωσαν αί Β, Γ, καί έκκείσθω θέσεc ευθεία η ΔΗ πεπερασμένη κατά τό Δ, καί πρός τώ Δ τη Γ ΐση κείσθω η ΔΖ, καί ηχθω πρός όρθάς η ΖΘ, καί τη Β ΐση κείσθω η ΖΘ. έπεί ουν τρεΐς εύθεΐαυ άνάλογον αί Α, Β, Γ, τό υπό τών Α, Γ ίσον έστί τώ άπο της Β· τό άρα υπό
metrical about the diameter CI) in the accompanying figure, and proceeding to infinity. There is a cusp at C and the tangent to the circle at D is an asymptote. If OC is the axis of x, and OA the axis of y, while tne radius of the circle is a, then by definition the Cartesian equation of the curve is 278
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given straight lines, between which it is required to find two mean proportionals, be A, B, and let there be a circle in which ΓΔ, EZ are two diameters at right angles to each other, and let there be drawn in it through the successive points a curve ΔΘΖ, in the aforesaid manner, and let A : Β = ΓΗ : HK, and let Γ, K be joined, and let the straight line joining them be produced so as to cut the line in Θ, and through Θ let AM be drawn parallel to EZ ; therefore by what has been written previously MA, ΛΔ are mean proportionals between ΓΑ, ΛΘ. And since ΓΛ : Λθ = ΓΗ : HK and ΓΗ : HK = A : B, if between A, B we place means Ν, Ξ in the same ratio as ΓΑ, AM, ΛΔ, Λθ,σ then Ν, Ξ will be mean proportionals between A, B ; which was to be found.
Ibid. 78. 13-80. 24
(iv.) The Solutions of Menaechmus
Let the two given straight lines be A, E ; it is required to find two mean proportionals between A, E.
Assume it done, and let the means be Β, Γ, and let there be placed in position a straight line ΔΗ, with an end point Δ, and at Δ let ΔΖ be placed equal to Γ, and let ΖΘ be drawn at right angles and let ΖΘ be equal to B. Since the three straight lines A, Β, Γ are in proportion, Α.Γ = B2 ; therefore the rectangle com-
a-Vx a-x 2 r , \ f or y2 (α + α)=(α- a?)3.
ya2-x2 y
The curve was called by the Greeks the cissoid (κισσοεώης γραμμή) because the portion within the circle reminded them of a leaf of ivy (κισσός).
a i.e., if we take ΓΛ : AM= A : Ν, AM ; ΛΔ= Ν : Ξ and ΛΔ:ΛΘ=Ξ : B.
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όοθείσης της Α καί της Γ, τουτέστι, της ΔΖ, ΐσον έστί τω άπο της Β, τουτβστί τω άπο της ΖΘ. επί παραβολής άρα το Θ δύά τοΰ Δ γεγραμμένης. ηχθωσαν παράλληλοι, αί ΘΚ, ΔΚ. καί έπεί όοθέν το υπό Β, Γ—ΐσον γάρ εστι, τω υπό A, Ε—όοθεν άρα καί τό υπό ΚΘΖ. επί υπερβολής άρα τό Θ έν άσυμπτώτοίς ταΐς ΚΔ, ΔΖ. όοθέν άρα τό Θ’ ώστε και, το
Συντε^ησεται δη ούτως, εστωσαν αί μεν δο-θεΐσαι (ύθεΐαι αί Α, Ε, η δε τη θίαα ΔΗ ττί-ττερασμίνη κατά το Δ, και γεγράφθω διά τοΰ Δ
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prehended by the given straight line A and the straight line Γ, that is, ΔΖ, is equal to the square on
-------------------A
----------------B
B, that is, to the square on ΖΘ. Therefore Θ is on a parabola drawn through Δ. Let the parallels ΘΚ, ΔΚ be drawn. Then since the rectangle Β . Γ is given —for it is equal to the rectangle A . E—the rectangle ΚΘ . ΘΖ is given. The point Θ is therefore on a hyperbola with asymptotes ΚΔ, ΔΖ. Therefore Θ is given ; and so also is Z.
Let the synthesis be made in this manner. Let the given straight lines be A, E, let ΔΗ be a straight line given in position with an end point at Δ, and let
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παραβολή, ής άζων μεν ή ΔΗ, όρθια δβ τού βιδους πλευρά ή Α, αί δε καταγόμεναν επν τήν ΔΗ εν ορθή γωνία δυνάσθωσαν τά παρά τήν Α παρα-κείμενα χωρία πλάτη εχοντα τάς απολαμβανόμενος υπ' αυτών προς τω Δ σημενω. γεγράφθω καν έστω ή ΔΘ, καν ορθή ή ΔΚ, καν εν ασύμπτωτους ταΐς ΚΔ, ΔΖ γερράφθω υπερβολή, άφ' ής αί παρά τάς ΚΔ, ΔΖ άχθεΐσαν πονήσουσνν τό χωρίον ΐσον τω υπό Α, Ε· τεμεν δή τήν παραβολήν, τεμνετω κατά τό Θ, καν κάθετον ήχθωσαν αί ΘΚ, ΘΖ. επεν ουν τό από ΖΘ ΐσον εστί τω υπό Α, ΔΖ, εστνν, ώς ή Α προς τήν ΖΘ, ή ΘΖ προς ΖΔ. πάλνν, επεν τό υπό A, Ε ΐσον εστϊ τω υπό ΘΖΔ, εστνν, ώς ή Α προς τήν ΖΘ, ή Τ^Α προς τήν Ε. άλλ’ ώς ή Α προς τήν ΖΘ, ή ZQ προς ΖΔ· καν ώς άρα ή Α προς τήν ΖΘ, ή 7^Q προς 7jA καν ή ΖΔ προς Ε. κείσθω τή μεν ΘΖ ΐση ή Β, τή δέ ΔΖ ΐση ή Γ. εστνν άρα, ώς ή Α προς τήν Β, ή Β προς τήν Γ καν ή Γ προς Ε. αν Α, Β, Γ, Ε άρα εζής άνάΛογόν ενσνν* όπερ εδεν εύρενν.
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there be drawn through Δ a parabola whose axis is ΔΗ, and latus rectum A, and let the squares of the ordinates drawn at right angles to ΔΗ be equal to the areas applied to A having as their sides the straight lines cut off by them towards Δ. Let it be drawn, and let it be ΔΘ, and let ΔΚ be perpendicular [to ΔΗ], and in the asymptotes ΚΔ, ΔΖ let there be drawn a hyperbola, such that the straight lines drawn parallel to ΚΔ, ΔΖ will make an area equal to the rectangle comprehended by A, E. It will then cut the parabola. Let it cut at Θ, and let ΘΚ, ΘΖ be drawn perpendicular. Since then
ΖΘ2 = Α.ΔΖ, it follows that
Α :ΖΘ = ΘΖ : ΖΔ.
Again, since A . E = ΘΖ . ΖΔ,
it follows that
Α :ΖΘ = ΖΔ : E.
But	A : ΖΘ = ΖΘ : ΖΔ.
Therefore A : ΖΘ = ΖΘ : ΖΔ = ΖΔ : Ε.
Let B be placed equal to ΘΖ, and Γ equal to ΔΖ. It follows that
A : B = B : Γ = Γ : E.
A, Β, Γ, E are therefore in continuous proportion : which was to be found.*
° If a, x, y, b are in continuous proportion, a x y	2 r	r
-=-=p and x2=ay, y2=bx, xy = ab.
Therefore x, y may be determined as the intersection of the parabola y2 = bx and the hyperbola xy = ab. This is the 283
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Ibid. 84. 12-88. 2
fH ’Αρχύτου εΰρησι,ς, ώς Ευδημ,ος ιστορεί
Έστωσαν αί δοθεΐσαί δυο ευθεΐαν αί ΑΔ, Γ· δβ? δη τών ΑΔ, Γ δυο μέσας άνάλογον εύρεΐν.
Γεγράφθω περί την μείζονα την ΑΔ κύκλος ό ΑΒΔΖ, καί τη Γ ΐση ένηρμόσθω η ΑΒ καί έκβλη-θεΐσα συμπι/πτέτω τη άπο τοΰ Δ εφαπτομένη τοΰ κύκλου κατά το Π, παρά δέ την ΠΔΟ ηχθω η
analytical expression of the solution given above, where E=a and Α = ό. Menaechmus gave a second solution, reproduced by Eutocius, determining x9 y as the intersection of the parabolas x2 = ay9 y2=bx.
This is the earliest known use of conic sections in the history of Greek mathematics, and Menaechmus is accordingly credited with their discovery. But the names parabola and hyperbola were not used by him ; they are due to Apollonius ; Menaechmus would have called them, with Archimedes, sections of a right-angled and obtuse-angled cone.
From the equations given above it follows that
x2 + y2 - bx - ay = 0
is a circle passing through the points common to the parabolas
x2 = ay9 y2 = bx.
It follows that x9 y may be determined by the intersection of this circle with the hyperbola xy=ab.
This is, in effect, the proof given by Heron, Philon and Apollonius. For, in the figure on p. 269, if ΔΖ, ΔΕ are the co-ordinate axes, ΑΒ=α, ΒΓ = ό, then x2 + y2-bx-ay=O is the circle passing through A, Β, Γ, and xy=ab is the hyperbola having ΔΖ, ΔΕ as asymptotes and passing through B. 284
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(v.) The Solution of Archytas, according to Eudemus
Let the two given straight lines be ΑΔ, Γ; it is required to find two mean proportionals between ΑΔ, Γ.
Let the circle ΑΒΔΖ be described about the greater straight line ΑΔ, and let AB be inserted equal to Γ and let it be produced so as to meet at Π the tangent to the circle at Δ. Let BEZ be drawn parallel to ΠΔΟ,
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BEZ, και νενοήσθω ήμικυλίνδριον ορθόν έπι τοΰ ΑΒΔ ημικυκλίου, έπι δέ της ΑΔ ημικύκλιον ορθόν έν τώ τοΰ ήμικυλινδρίου παραλληλόγραμμα) κείμενον* τοΰτο 8η τό ημικύκλιον περιαγόμενον ώς από τοΰ Δ έπι τό Β μένοντος τοΰ Α πέρατος της διαμέτρου τεμεΐ την κυλινδρικήν έπιφάνειαν εν τη περιαγωγη και γράψει εν αύτη γραμμήν τινα· πάλιν δέ, εάν της ΑΔ μενούσης τό ΑΠΔ τρίγωνον περιενεχθη την εναντίαν τώ ημικυκλίω κίνησιν, κωνικήν ποιήσει επιφάνειαν τη ΑΠ ευθεία, η δη περιαγομένη συμβαλεΐ τη κυλινδρική γραμμή κατά τι σημεΐον άμα δέ και τό Β περιγράφει ημικύκλιον έν τη τοΰ κώνου επιφάνεια, έχέτω δη θέσιν κατά τον τόπον της συμπτώσεως τών γραμμών τό μεν κινούμενον ημικύκλιον ώς την τοΰ ΔΚΑ, τό δέ άντιπεριαγόμενον τρίγωνον την τοΰ ΔΛΑ, τό δέ της είρημένης συμπτώσεως σημεΐον έστω τό Κ, έστω δέ και διά τοΰ Β γραφόμενον ημικύκλιον τό ΒΜΖ, κοινή δέ αύτοΰ τομή και τοΰ ΒΔΖΑ κύκλου έστω η ΒΖ, και από τοΰ Κ έπι τό τοΰ ΒΔΑ ημικυκλίου επίπεδον κάθετος ηχθω* πεσεΐται δη έπι την τοΰ κύκλου περιφέρειαν διά τό ορθόν έστάναι τον κύλινδρον, πιπτέτω και έστω η κι, και η από τοΰ I έπι τό Λ έπιζευχθεΐσα συμβαλέτω τη ΒΖ κατά τό Θ, η δέ ΑΛ τώ ΒΜΖ ι^μικυκλίω κατά τό Μ, έπεζεύχθωσαν δέ και αι ΚΔ, ΜΙ, ΜΘ. έπει ούν έκάτερον τών ΔΚΑ, ΒΜΖ ημικυκλίων ορθόν έστι πρός τό υποκείμενον έπίπεδον, και η κοινή άρα αυτών τομή η ΜΘ πρός όρθάς έστι τώ τοΰ κύκλου έπιπέδω* ώστε και πρός την ΒΖ ορθή όσην η ΜΘ. τό άρα υπό τών ΒΘΖ, του~
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and let a right half-cylinder be conceived upon the semicircle ΑΒΔ, and on ΑΔ a right semicircle lying in the parallelogram of the half-cylinder. When this semicircle is moved about from Δ to B, the end point A of the diameter remaining fixed, it will cut the cylindrical surface in its motion and will describe in it a certain curve. Again, if ΑΔ be kept stationary and the triangle ΑΙΙΔ be moved about with an opposite motion to that of the semicircle, it will make a conic surface by means of the straight line ΑΠ, which in its motion will meet the curve on the cylinder in a certain point; at the same time B will describe a semicircle on the surface of the cone. Corresponding to the point in which the curves meet let the moving semicircle take up a position Δ'ΚΑ,α and the triangle moved in the opposite direction a position ΔΛΑ ; let the point of the aforesaid meeting be K, and let BMZ be the semicircle described through B, and let BZ be the section common Jo it and the circle ΒΔΖΑ, and let there be drawn from K a perpendicular upon the plane of the semicircle ΒΔΑ ; it will fall upon the circumference of the circle because the cylinder is right. Let it fall, and let it be KI, and let the straight line joining I to A meet BZ in Θ ; let AA meet the semicircle BMZ in M, and let ΚΔ, MI, ΜΘ be joined. Therefore since each of the semicircles Δ'ΚΑ, BMZ is at right angles to the underlying plane, their common section ΜΘ is also at right angles to the plane of the circle ; so that ΜΘ is also at right angles to BZ. Therefore the rectangle contained by
a In the text and figure of the mss. the same letter is used to indicate the initial and final positions of Δ ; for convenience they are distinguished in the figure and translation as Δ, Δ'. It would make the figure easier to grasp if Λ could be written ΓΓ (for Λ is the final position of Π).
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τόττι τό υπό ΑΘ1, ΐσον έστϊ τώ από ΜΘ* δμ,οιον άρα έστϊ τό ΑΜΙ τρίγωνον έκατέρω τών ΜΙΘ, ΜΑΘ, xat όρθη ή υπό IMA. έστιν δέ καϊ ή υπό ΔΚΑ ορθή. παράλληλου άρα είσϊν αί ΚΔ, ΜΙ, και εσται, άνάλογον, ώς ή ΔΑ προς ΑΚ, τουτεστιν ή ΚΑ προς ΑΙ, ούτως η ΙΑ προς AM, 8ta την ομοιότητα τών τριγώνων, τέσσαρες άρα αί ΔΑ, AK, AI, AM έξης άνάλογόν είσι,ν. καί έστιν η AM ΐση τή Γ, επεί καϊ τή ΑΒ* δυο άρα δοθεισών τών ΑΔ, Γ δύο μέσαι άνάλογον ηΰρηνται αί ΑΚ, ΑΙ. __________
α The above solution is a remarkable achievement when it is remembered that Archytas flourished in the first half of the fourth century b.c., at which time Greek geometry was still in its infancy. It is quite easy, however, for us to represent the solution analytically. If ΑΔ is taken as the axis of x9 the perpendicular to ΑΔ at A in the plane of the paper as the axis of y9 and the perpendicular to these lines as the axis of z, and if ΑΔ =α, Γ =ό, then the point K is determined as the intersection of the following three curves :
(1)	The cylinder	x2 + y2 = ax,
(2)	the curve formed by the motion of the half-circle about A (a tore of inner diameter nil)
x2 + y2 4- z2 = αχ/x2 + y\
(3)	the cone	x2 + y2 + z2 = ^2x2.
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ΒΘ, ΘΖ, which is the same as the rectangle contained by Αθ, ΘΙ, is equal to the square on ΜΘ ; therefore the triangle AMI is similar to each of the triangles ΜΙΘ, ΜΑΘ, and the angle IMA is right. The angle Δ'ΚΑ is also right. Therefore ΚΔ', MI are parallel, and owing to the similarity of the triangles the following proportion holds :
ΔΆ : AK = KA : AI = IA : AM.
Therefore the four straight lines ΔΑ, AK, AI, AM are in continuous proportion. And AM is equal to Γ, since it is equal to AB ; therefore to the two given straight lines ΑΔ, Γ, two mean proportionals, AK, AI, have been founds
Since K is the point of intersection,
AK = y^2 + y2 + z2, AI =
From (2) it follows directly that
AK2=a. AI a AK l'e’’	AK—AI‘
From (1) and (3) it follows that
x2 + i/2 + z2=^/-^
_________ φ2 !
.·. V a2 + y2 + z2 = —g—
AI2
i.e..	AK = -f
b
AK AI
or	AT=T
a AK AI — ZZZ	’ ΣΞΖ -a
AK AI b ’
and AK, AI are mean proportionals between a and b.
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*Ω? Έρατοσ^όη·?? . . .
Δεδόσ^ωσαν δυο άυισοι βύ^εΐαι, ών δει δυο μέσας άνάλογον εΰρεΐν έν συνεχεΐ αναλογία, αι ΑΕ, ΔΘ, καί κείσθω έπί τίνος ευθείας τής ΕΘ
προς ορθάς ή ΑΕ, καί «πί τής ΕΘ τρία συνεστάτω παραλληλόγραμμα εφεξής τά ΑΖ, ΖΙ, ΙΘ, καί ήχθωσαν διάμετροι, εν αύτοΐς αι ΑΖ, ΑΗ, ΙΘ* εσονται δή αυται παράλληλοι, μένοντος δή τοΰ μέσου παραλληλογράμμου τοΰ ΖΙ συνωσθήτω τό μεν ΑΖ επάνω τοΰ μέσου, τό δέ ΙΘ υποκάτω, καθάπερ επι τοΰ δευτέρου σχήματος, έως ου γένηται τά Α, Β, Γ, Δ κατ’ ευθεΐαν, και διήχθω διά τών Α, Β, Γ, Δ σημείων ευθεία και συμ-πιπτετω τή ΕΘ εκβληθείση κατά τό Κ· εσται δή, ώς ή ΑΚ προς ΚΒ, εν μέν ταΐς ΑΕ, ΖΒ παραλ-290
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(vi.) The Solution of Eratosthenes . . ·
Let there be given two unequal straight lines AE, △Θ between which it is required to find two mean proportionals in continued proportion, and let AE be placed at right angles to the straight line ΕΘ, and upon ΕΘ let there be erected three successive parallelograms & AZ, ZI, ΙΘ, and let the diagonals AZ, ΛΗ, ΙΘ be drawn therein ; these will be parallel. While the middle parallelogram ZI remains stationary, let the other two approach each other, AZ above the middle one, ΙΘ below it, as in the second figure,0 until A, B, Γ, Δ lie along a straight line, and let a straight Une be drawn through the points A, Β, Γ, Δ, and let it meet ΕΘ produced in K ; it will follow that in the parallels AE, ZB
AK : KB = EK : KZ
a This is the letter falsely purporting to be by Eratosthenes of which the beginning has already been cited, supra, pp. 256-261. The extract here given (δεδόσ^ωσαν . . .) starts in Heiberg’s text at 90. 30. Eratosthenes’ solution is given, with variations, by Pappus, Collection iii. 7, ed. Hultsch 56. 18-58. 22.
b Pappus says triangles in his account; it makes no difference.
c See p. 294.
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λήλους ή ΕΚ πρός ΚΖ, έν δέ ταις ΑΖ, ΒΗ παραλλήλους ή ΖΚ πρός ΚΗ. ώς άρα ή ΑΚ πρός ΚΒ, ή ΕΚ πρός ΚΖ καί η ΚΖ πρός ΚΗ. ττάλιν, έπεΖ εστιν, ώς ή ΒΚ πρός ΚΓ, έν μέν τα?? ΒΖ, ΓΗ παραλλήλους ή ΖΚ πρός ΚΗ, εν δέ ταΐς ΒΗ, ΓΘ παραλλήλους ή IIΚ πρός ΚΘ, ώς άρα ή ΒΚ πρός ΚΓ, ή ΖΚ πρός ΚΗ καυ ή ΗΚ πρός ΚΘ. αλλ’ ώς ή ΖΚ πρός ΚΗ, ή ΕΚ πρός ΚΖ· και ώς άρα ή ΕΚ πρός ΚΖ, ή ΖΚ πρός ΚΗ καυ ή ΗΚ πρός ΚΘ. αλλ’ ώς ή ΕΚ πρός ΚΖ, ή ΑΕ πρός ΒΖ, ώς δέ ή ΖΚ πρός ΚΗ, ή ΒΖ πρός ΓΗ, ώς δέ ή ΗΚ πρός ΚΘ, ή ΓΗ πρός ΔΘ* καυ ώς άρα ή ΑΕ πρός ΒΖ, ή ΒΖ πρός ΓΗ καυ ή ΓΗ πρός ΔΘ. ηύρηνταυ άρα τών ΑΕ, ΔΘ δυο μέσαι ή τε ΒΖ καυ ή ΓΗ.
Ταύτα ουν έπυ τών γεωμέτρουμόνων έπυφανευών άποδέδευκταυ· ΐνα δέ καυ όργανυκώς δυνώμεθα τάς δύο μέσας λαμβάνευν, δυαπήγνυταυ πλυνθίον ζύλυνον ή έλεφάντυνον ή χαλκοΰν έχον τρεις πυνακίσκους ΐσους ώς λεπτότατους, ών ο μεν μέσος ένήρμοσταυ, ου δέ δύο έπωστοί ευσυν έν χολέδραυς, τοΐς δέ με-γέθεσυν καυ ταΐς συμμετρυαυς ώς έκαστου εαυτούς πείθουσυν τά μεν γάρ τής άποδείζεως ώσαύτως συντελεΐταυ* πρός δέ τό άκρυβέστερον λαμβάνεσΟαυ τάς γραμμάς φυλοτεχνητέον, ΐνα έν τώ συνάγεσθαυ τούς πυνακίσκους παράλληλα δυαμένη πάντα καυ άσχαστα καυ όμαλώς συναπτόμενα άλλήλους.
Έν δέ τώ άναθήματυ τό μέν όργανυκόν χαλκοΰν έστυν καυ καθήρμοσταυ ύπ' αυτήν τήν στεφάνην τής στήλης προσμεμολυβδοχοημένον, ύπ' αυτού δέ ή άπόδευξι,ς συντομώτερον φραζομένη καί τό σχήμα, 292
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and in the parallels AZ, BH
AK : KB = ZK : KH.
Therefore AK : KB = EK : KZ = KZ : KH.
Again, since in the parallels BZ, ΓΗ
BK : ΚΓ = ΖΚ : KH
and in the parallels BH, ΓΘ
BK : ΚΓ = ΗΚ : ΚΘ,
therefore BK : ΚΓ = ΖΚ : KH = HK : ΚΘ.
But ZK : KH = EK : KZ, and therefore
EK : KZ = ZK : KH = HK : ΚΘ.
But EK : KZ = AE : BZ, ZK : KH=BZ : ΓΗ,
HK :ΚΘ = ΓΗ : ΔΘ.
Therefore ΑΕ : BZ = BZ : ΓΗ = ΓΗ : ΔΘ.
Therefore between ΑΕ, ΔΘ two means, BZ, ΓΗ, have been found.
Such is the demonstration on geometrical surfaces ; and in order that we may find the two means mechanically, a board of wood or ivory or bronze is pierced through, having on it three equal tablets, as smooth as possible, of which the midmost is fixed and the two outside run in grooves, their sizes and proportions being a matter of individual choice—for the proof is accomplished in the same manner ; in order that the lines may be found with the greatest accuracy, the instrument must be skilfully made, so that when the tablets are moved everything remains parallel, smoothly fitting without a gap.
In the votive gift the instrument is of bronze and is fastened on with lead close under the crown of the pillar, and beneath it is a shortened form of the proof 293
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μβτ’ αυτό δβ έπίγραμμα. ύπογεγράφθω ουν σοι καί ταΰτα, ϊνα έχης καί ώς έν τώ άναθήματί. τών δβ δυο σχημάτων τό δεύτερον γέγραπταί έν τη στήλη.
“ Δύο τών όοθει,σών ευθειών δύο μέσας άνάλογον εύρεΐν έν συνεχεΐ αναλογία, δεδόσθωσαν αί ΑΕ, ΔΘ. συνάγω δή τούς έν τώ όργάνω πίνακας, έως αν κατ ευθεΐαν γένηται, τά Α, Β, Γ, Δ ετημεΐα. νοείσθω δή, ώς έχει, έπί τοΰ δευτέρου σχήματος, έστιν άρα, ώς ή ΑΚ προς ΚΒ, έν μέν ταΐς ΑΕ, ΒΖ παράλληλοι? η ΕΚ προς ΚΖ, έν δέ ταΐς ΑΖ, ΒΗ η ΖΚ προς ΚΗ· ώς άρα ή ΕΚ προς ΚΖ, ή
ΚΖ προς ΚΗ. ώς δέ αΰταί προς άλλήλας, ή τε ΑΕ προς ΒΖ καί ή ΒΖ προς ΓΗ. ώσαύτως δέ δείξομεν, otc καί, ώς ή ΖΒ προς ΓΗ, ή ΓΗ προς ΔΘ’ άνάλογον άρα αί ΑΕ, ΒΖ, ΓΗ, ΔΘ. ηύρηνται, άρα δύο τών δοθεισών δύο μέσαί.
" Έάν δβ αί δοθεΐσαί μή ίσαί ώσιν ταΐς ΑΕ, ΔΘ, ποίήσαντες αύταΐς άνάλογον τάς ΑΕ, ΔΘ τούτων ληφόμεθα τάς μέσας καί έπανοίσομεν έπ' έκείνας, καί έσόμεθα πεποι,ηκότες τό έπνταχθέν. έάν δέ πλείους μέσας έπι,ταχθή εύρεΐν, αεί ένί πλείους πινακίσκους καταστησόμεθα έν τώ όργανίω τών ληφθησομένων μέσων ή δέ άπύδει,ζι,ς ή αυτή· 291
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and the figure, and along with this is an epigram. These also shall be written below for you, in order that you may have what is on the votive gift. Of the two figures, the second is that which is inscribed on the pillar.®
" Between two given straight lines to find two means in continuous proportion. Let AE, ΔΘ be the given straight lines. Then I move the tables in the instrument until the points A, Β, Γ, Δ are in the same straight line. Let this be pictured as in the second figure. Then AK : KB is equal, in the parallels AE, BZ, to EK : KZ, and in the parallels AZ, BH to ZK : KH ; therefore EK : KZ = KZ : KH. Now this is also the ratio AE : BZ and BZ : ΓΗ. Similarly we shall show that ZB : ΓΗ=ΓΗ : ΔΘ ; AE, BZ, ΓΗ, ΔΘ are therefore proportional. Between the two given straight lines two means have therefore been found.
“ If the given straight lines are not equal to AE, ΔΘ, by making AE, ΔΘ proportional to them and taking the means between these and then going back to the original lines, we shall do what was enjoined. If it is required to find more means, we shall continually insert more tables in the instrument according to the number of means to be taken; and the proof is the same.
a The short proof and epigram which follow are presumably the genuine work of Eratosthenes, being taken from the votive gift. The reference to the second figure cannot, however, be genuine as there was only one figure on the votive offering; perhaps δεύτερον should be omitted.
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° ΕΖ κύβον έζ ολίγου διπλησιον, ώγαθε, τεύχειν φράζεαι η στερεήν πάσαν βς άλλο φύσιν
ευ μεταμόρφωσαν, τόδε τοι πάρα, καν σύ γε μάνδρην
η σιρόν η κοίλου φρείατος ευρύ κύτος τ??δ’ άναμετρησαιο, μέσας δτε τέρμασιν άκροις συνδρομάδας δισσών εντός έλης κανόνων.
μηδϊ σύ y’ Άρχύτεω δυσμηχανα έργα κυλίνδρων μηδέ ^ϊεναιχμείους κωνοτομεΐν τριάδας
διζηση, μηδ' εΐ τι θεουδεος Εύδόξο^ο καμπύλον εγ γραμμαΐς είδος αναγράφεται.
τοΐσδε γάρ εν πινάκεσσι μεσόγραφα μυρία τεύχοις ρεΐά κεν εκ παύρου πυθμένος άρχό μένος.
εύαίων, Πτολεμαΐε, πατήρ ότι παιδί συνηβών πάνθ*, όσα και Μουσαύ? και βασιλεΰσι φίλα, αυτός εδωρησατ τό δ> ες ύστερον, ουράνιε 7^εύ, και σκήπτρων εκ σης άντιάσειε χερός.
και τά μεν ως τελέοιτο, λεγοι δε τις άνθεμα λευσ-σων
τοΰ ]\υρηναίου τοΰτ^ ^ρατοσθενεος."
Ibid. 98. 1-7
Ώ? Νικομηδης εν τω ΠβρΖ κογχοειδών γραμμών
Γράφει δε και Νικομηδης εν τω επιγεγραμμενιρ προς αύτοΰ Π epi κογχοειδών συγγράμματι οργάνου κατασκευήν την αυτήν άποπληροΰντος χρείαν, εφ ω και μεγάλα μεν σεμνυνόμενος φαίνεται ό ανηρ, πολλά δέ τοΐς Έρατοσθένους έπεγγελών εύρημασιν
° Or “ with a small effort,” Heiberg.
b Perhaps so called because there are three conic sections —of an acute-angled, right-angled and obtuse-angled cone 296
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° If, good friend, thou thinkest to produce from a small [cube] a one double thereof, or duly to change any solid figure into another nature, this is in thy power, and thou canst measure a byre or corn-pit or the broad basin of a hollow well by this method, when thou takest between two rulers means converging with their extreme ends. Do not seek to do the difficult business of the cylinders of Archytas, or to cut the cone in the triads b of Menaechmus, or to produce any such curved form in lines as is described by the divine Eudoxus. Indeed, on these tablets thou couldst easily find a thousand means, beginning from a small base. Happy art thou, O Ptolemy, a father who lives his son’s life in all things, in that thou hast given him such things as are dear to the Muses and kings ; and in the future, O heavenly Zeus, may he also receive the sceptre from thy hands. May this prayer be fulfilled, and may anyone seeing this votive offering say : This is the gift of Eratosthenes of Cyrene.”
Ibid. 98. 1-7
(vii.) The Solution of Nicomedes in his Book il On Conchoidal Lines ” c
Nicomedes also describes, in the book written by him On Conchoids, the construction of an instrument fulfilling the same purpose, upon which it appears he prided himself exceedingly, greatly deriding the (ellipse, parabola and hyperbola). If so, this proves that Menaechmus discovered the ellipse as well as the other two.
c It follows from this extract that Nicomedes was later than Eratosthenes ; and as Apollonius called a certain curve “ sister of the cochloid ” (infra, p. 334), he must have been younger than Apollonius. He was therefore born about 270 b.c.
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ώς άμηχάνοις re άμα και γεωμετρικής εζεως εστερημένοις.
Papp. Coll. iv. 26. 39-28. 43, ed. Hultsch 242. 13-250. 25
κς~'. Et? τόν διπλασιασμόν τοΰ κύβου παράγεταί τις υπό Νικομήδους γραμμή και γενεσιν εχει τοιαύτην.
"Έίκκείσθω ευθεία ή ΑΒ, και αυτή προς όρθας ή ΓΔΖ, και ειλήφθω τι σημεΐον επι τής ΓΔΖ δοθεν τό Ε, και μενοντος τοΰ Ε σημείου εν ω εστιν τόπω ή ΓΔΕΖ ευθεία φερεσθω κατά τής ΑΔΒ ευθείας ελκομενη διά τοΰ Ε σημείου ούτως ώστε διά παντός φερεσθαι τό Δ επι τής ΑΒ ευθείας και μη εκπίπτειν ελκομενης τής ΓΔΕΖ δύά τού Ε. τοιαύτης δή κινήσεως γενομενης εφ' εκάτερα φανερόν ότι τό Γ σημεΐον γράφει γραμμήν οΐα εστιν ή ΛΓΜ, και εστιν αυτής τό σύμπτωμα τοιοΰτον. ώς αν ευθεία προσπίπτη τις από τοΰ Ε σημείου προς τήν γραμμήν, τήν άπολαμβανο-μενην μεταξύ τής τε ΑΒ ευθείας και τής ΛΓΜ γραμμής ίσην είναι τή ΓΔ ευθεία- μενούσης γάρ τής ΑΒ και μενοντος τοΰ Ε σημείου, όταν γενηται τό Δ επι τό Η, ή ΓΔ ευθεία τή ΗΘ εφαρμόσει και τό Γ σημεΐον επι τό Θ {πεσεΐται)1· ΐση άρα εστιν ή ΓΔ τή ΗΘ. ομοίως και εάν ετερα τις
1 πβσβιται add. Hultsch.
° Eutocius proceeds to describe Nicomedes* solution ; we shall give an alternative account by Pappus.
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discoveries of Eratosthenes as impracticable and lacking in geometrical sensed
Pappus, Collection iv. 26. 39-28. 43, ed. Hultsch
242. 13-250. 25
26.	For the duplication of the cube a certain line is drawn by Nicomedes and generated in this way.
Let there be a straight line AB, with ΓΔΖ at right angles to it, and on ΓΔΖ let there be taken a certain
given point E, and while the point E remains in the same position let the straight line ΓΔΕΖ be drawn through the point E and moved about the straight line ΑΔΒ in such a way that Δ always moves along the straight line AB and does not fall beyond it while ΓΔΕΖ is drawn through E. The motion being after this fashion on either side, it is clear that the point Γ will describe a curve such as ΛΓΜ, and its property is of this nature: when any straight line drawn from the point E falls upon the curve, the portion cut off between the straight line AB and the curve ΛΓΜ is equal to the straight line ΓΔ ; for AB is stationary and the point E fixed, and when Δ goes to H, the straight line ΓΔ will coincide with ΗΘ and the point Γ will fall upon Θ ; therefore ΓΔ is equal to ΗΘ.
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από του Ε σημείου πρός την γραμμήν προσπεση, την άποτεμνομενην υπό της γραμμής και της ΑΒ ευθείας ΐσην ποιήσει τή ΓΔ [επειδή ταύτη ΐσαι εισιν αί προσπίπτουσαι].1 καλείσθω δε, φησίν, ή μεν ΑΒ ευθεία κανών, τό δε σημεΐον πόλος, διάστημα δε ή ΓΔ, επειδή ταύτη ΐσαι εισιν αί προσπίπτουσαι πρός τήν ΛΓΜ γραμμήν, αυτή δε ή ΛΓΜ γραμμή κοχλοειδής πρώτη (επειδή και ή δεύτερα και ή τρίτη και ή τέταρτη εκτίθεται εις άλλα θεωρήματα χρησιμεύουσαι).
κζ'. 'Ότι δε όργανικώς δύναται γράφεσθαι η γραμμή και όπ’ ελαττον άει συμπορεύεται τώ κανόνι, τουτεστιν ότι πασών τών από τινων σημείων τής ΛΓΘ γραμμής επι τήν ΑΒ εύθεΐαν κάθετων μεγίστη εστιν ή ΓΔ κάθετος, άει δε ή εγγιον τής ΓΔ αγόμενη κάθετος τής άπώτερον μείζων εστιν, και ότι, είς τον μεταξύ τόπον τοΰ κανόνος και τής κοχλοειδοΰς εάν τις ή εύθεΐα, εκβαλλόμενη τμηθήσεται υπό τής κοχλοειδοΰς, αυτός άπεδειξεν ό Νικομήδης, και ημείς εν τώ είς τό ’Ανάλημμα Αιοδώρου, τρίχα τεμεΐν τήν γωνίαν βουλόμενοι, κεχρήμεθα τή προειρημένη γραμμή.
1 επβιδή . . . προσπίπτουσαι, “ ex proximis inepte hue trans-lata ” del. Hultsch.
a Let a be the interval or constant intercept between the curve and the base, and b the distance from the pole to the base (ΕΔ). If Θ is any point on the curve, and ΕΘ=τ, L· ΓΕΘ = </>, then the fundamental equation of the curve is τ = b sec φ + a.
If a is measured backwards from the base towards the pole, then another conchoidal figure is obtained on the same side of the base as the pole, having for its fundamental equation τ = b sec φ - a.
This takes three forms according as a is greater than, 300
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Similarly, if any other straight line drawn from the point E falls upon the curve, the portion cut off by the curve and the straight line AB will make a straight line equal to ΓΔ. Now, says he, let the straight line AB be called the ruler, the point [E] the pole, ΓΔ the interval, since the straight lines falling upon the line ΛΓΜ are equal to it, and let the curve ΛΓΜ itself be called the first cochloidal line (since there are second and third and fourth cochloids which are useful for other theorems).61
27.	Nicomedes himself proved that the curve can be described mechanically, and that it continually approaches closer to the ruler—which is equivalent to saying that of all the perpendiculars drawn from points on the line ΛΓΘ to the straight line AB the greatest is the perpendicular ΓΔ, while the perpendicular drawn nearer to ΓΔ is always greater than the more remote; he also proved that any straight line in the space between the ruler and the cochloid will be cut, when produced, by the cochloid ; and we used the aforesaid line in the commentary on the Analemma b of Diodorus when we sought to trisect an angle.
equal to, or less than b. These three forms are probably the “ second, third and fourth cochloids,” but we have no direct information. When a is greater than ό, the curve has a loop at the pole ; when a equals b, there is a cusp at the pole ; when a is less than b, there is no double point.
The original name of the curve would appear to be the cochloid (κοχλοζώής γραμμή), as it is called by Pappus, from a supposed resemblance to a shell-fish (κόχλος). Later it was called the conchoid (κογχοειδής γραμμή), the “ mussel-1 ike’’ curve.
b Diodorus of Alexandria lived in the time of Caesar and is commemorated in the Anthology (xiv. 139) as a maker of gnomons. Ptolemy also wrote an Analemma, whose object is a graphic representation on a plane of parts of the heavenly sphere.
301
GREEK MATHEMATICS
Ata δή τών ειρημένων φανερόν ώς δυνατόν εστιν γωνίας δοθείσης ώς της υπό HAB /cat σημείου εκτός αυτής τοΰ Γ διάγειν την ΓΗ /cat ποιεΐν την ΚΗ μεταξύ της γραμμής και της ΑΒ ΐσην τη δοθείση.
*Ηχ0α> κάθετος από τοΰ Γ ετημείου έπι την ΑΒ η ΓΘ /cat έκβεβλησθω, και τη δοθείση ΐση έστω η ΔΘ, /cat πνλω μεν τώ Γ, διαστήματι δέ τώ δοθέντί, τουτέστιν τη ΔΘ, κανόνι δέ τώ ΑΒ γε-γράφθω κοχλοείδης γραμμή πρώτη η ΕΔΗ· συμβάλλει άρα τη AH 8ta τό προλεχθέν. συμ-βαλλέτω κατά τό Η, /cat έπεζεύχθω η ΓΗ* ΐση άρα και η ΚΗ τη δοθείση.
κη'. Ttves· δβ της χρησεως ένεκα παρατιθεντες κανόνα τώ Γ κινοΰσιν αυτόν, έως άν εκ της πείρας η μεταξύ απολαμβανόμενη της ΑΒ ευθείας και της ΕΔΗ γραμμής ΐση γένηται τη δοθείση9 τούτου γάρ όντος τό προκείμενον εξ άρχης δείκνυται (λέγω δέ κύβος κύβου διπλάσιος εύρίσκεται). πρότερον δέ δύο δοθεισών ευθειών δύο μέσαι κατά τό συνεχές άνάλογον λαμβάνονται, ών ό μέν Νικομήδης την κατασκευήν έξέθετο μόνον, ημείς 302
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Now by what has been said it is clear that if there is an angle, such as HAB, and a point Γ outside the angle, it is possible so to draw ΓΗ as to make KH between the line and AB equal to a given straight line.
Let ΓΘ be drawn from the point Γ perpendicular to AB and produced to Δ so that ΔΘ is equal to the given straight line, and with Γ for pole, the given straight line, that is ΔΘ, for interval, and AB for ruler let the first cochloid ΕΔΗ be drawn ; then by what has been said above it will meet AH ; let it meet it in H, and let ΓΗ be joined ; KH will therefore be equal to the given straight line.
28. Some people, following [a more convenient] usage, apply a ruler to Γ and move it until by trial the portion between the straight line AB and the line ΕΔΗ becomes equal to the given straight line ; and when this is done the problem which was posed at the outset is solved (I mean a cube which is double of a cube is found). But first two means in continuous proportion are taken between two given straight lines; Nicomedes explained only the construction necessary
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8e καί την άπόδει,ξίν εφηρμόσαμεν τη κατασκευή τόν τρόπον τούτον.
Δεδόσθωσαν γαρ δυο εύΟεΐαι, αί ΓΛ, ΛΑ προς όρθάς άλλήλαι,ς, ών δει δυο μεσας άνάλογον κατά τό συνεχες εύρεΐν, καί συμπεπληρώσθω τό ΑΒΓΑ παραλληλόγραμμον, καί τετμησθω δίχα εκατερα τών ΑΒ, ΒΓ τοΐς Δ, Ε σημείοίς, καί επι,ζευχθεΐσα
α The proof is given by Eutocius with very few variations (pp. 104-106) and also in another place by Pappus himself (iii. 8, ed. Hultsch 58. 23—62. 13, with several differences). In iii. 8 the straight lines are called ΔΓ, ΔΑ, whereas here and in the passage from Eutocius the mss. have ΓΛ, AA. Wherever we have A here, it is reasonably certain that Pappus wrote Δ, and vice versa.
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for doing this, but we have supplied a proof to the construction in this manner.
Leta there be given two straight lines ΓΛ, Λ A at right angles to each other between which it is required
to find two means in continuous proportion, and let the parallelogram ΑΒΓΛ be completed, and let each of the straight lines AB, ΒΓ be bisected at the points 305
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μχν η ΔΑ εκβεβλήσθω καί συμττι/πτέτω τύ} ΓΒ έκβληθείση κατά τό Η, τη δέ ΒΓ προς όρθάς η ΕΖ, καϊ προσβεβλήσθω η ΓΖ ΐση οΰσα τη ΑΔ, καϊ έπεζευχθω η ΖΗ καϊ αύτη παράλληλος η ΓΘ, καϊ γωνίας ουσης της υπό τών ΚΓΘ από δοθέντος τοΰ Ζ δι,ηχθω η ΖΘΚ ποιούσα ΐσην την ΘΚ τη ΑΔ η τη ΓΖ (τούτο γάρ ώς δυνατόν έδείχθη διά της κοχλοει,δοΰς γραμμής), καϊ έπυ-ζευχθεΐσα η ΚΛ έκβεβλησθω καϊ συμπι/πτέτω τη ΑΒ έκβληθείση κατά τό Μ* λέγω otl έστϊν ώς η ΛΓ προς ΚΓ, η ΚΓ προς ΜΑ, και η ΜΑ προς την ΑΛ.
Έπβί ή ΒΓ τετμηται, δίχα τώ Ε και πρόσκβιται αΰτη η ΚΓ, τό άρα υπό ΒΚΓ μετά τοΰ από ΓΕ ΐσον έστϊν τώ από ΕΚ. kolvov προσκείσθω τό από ΕΖ· τό άρα υπό ΒΚΓ μετά τών από ΓΕΖ, τουτέστιν τού από ΓΖ, ΐσον έστϊν τοΐς από ΚΕΖ, τουτέστιν τώ από ΚΖ. και έπεϊ ώς η ΜΑ προς ΑΒ, η ΜΑ προς ΑΚ, ώς δε η ΜΑ προς ΑΚ, ούτως η ΒΓ προς ΓΚ, και ώς άρα η ΜΑ προς ΑΒ, ούτως η ΒΓ προς ΓΚ. καί έστι της μεν ΑΒ ημίσευα η ΑΔ, της δε ΒΓ διπλτ) η ΓΗ* έσται άρα καϊ ώς η ΜΑ προς ΑΔ, ούτως η ΗΓ προς ΚΓ. άλλ’ ώς η ΗΓ προς ΓΚ, ούτως η ΖΘ προς ΘΚ διά τάς παραλλήλους τάς ΗΖ, ΓΘ* καί συνθενπ άρα ώς η ΜΔ προς ΔΑ, η ΖΚ προς ΚΘ. ΐση δέ ύπόκεϋταί καϊ η ΑΔ τη ΘΚ, έπεϊ1 καϊ τη ΓΖ ΐση έστϊν η ΑΔ1· ΐση άρα καϊ η ΜΔ τη ΖΚ* ΐσον άρα καϊ τό από ΜΔ τώ από ΖΚ. καί έστι τώ μέν από ΜΔ ΐσον τό υπό ΒΜΑ μετά τοΰ από ΔΑ, τώ δέ
1 €ττεΙ . . . ΑΔ. Hultsch thinks these words are interpolated ; they appear in both other versions.
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Δ, E respectively, and let ΔΛ be joined and produced, and let it meet ΓΒ produced in H, and let EZ be drawn at right angles to ΒΓ in such a way that ΓΖ is equal to ΑΔ, and let ZH be joined and parallel to it let ΓΘ be drawn, and, since the angle ΚΓΘ is given, from the given point Z let ΖΘΚ be so drawn as to make ΘΚ equal to ΑΔ or to ΓΖ (that this is possible is proved by the cochloidal line), and let KA be joined and produced, and let it meet AB produced in Μ ; I say that ΑΓ : ΚΓ = ΚΓ : MA = MA : AA.
Since ΒΓ is bisected at E and ΚΓ lies in ΒΓ produced, therefore
ΒΚ . ΚΓ + ΓΕ2 = EK2.	[Eucl. ii. 6
Let EZ2 be added to both sides.
Therefore that is And since and therefore And Therefore	ΒΚ . ΚΓ + ΓΕ2 + EZ2 = EK2 + EZ2, ΒΚ . ΚΓ + ΓΖ2 = KZ2.	[Eucl. i. 47 MA : ΑΒ = ΜΛ : AK MA : ΑΚ = ΒΓ : ΓΚ, MA : ΑΒ = ΒΓ : ΓΚ. ΑΔ = |ΑΒ, ΓΗ = 2ΒΓ. MA : ΑΔ = ΗΓ : ΚΓ.
But on account of HZ, ΓΘ being parallels, ΗΓ : ΓΚ = ΖΘ : ΘΚ.
Therefore, compounding, ΜΔ : ΔΑ = ΖΚ : ΚΘ.
But by hypothesis ΑΔ = ΘΚ, since ΓΖ = ΑΔ;
therefore	ΜΔ = ΖΚ ;
therefore	ΜΔ2 = ΖΚ2.
And	ΜΔ2 = BM . MA + ΔΑ2	[Eucl. ii. 6
307
GREEK MATHEMATICS
από ZK ΐσον	τό υπό ΒΚΓ μετά τοΰ από
ΖΓ, ών το από ΑΔ ΐσον τω από ΓΖ (ΐση γάρ ύπόκει/ται, η ΑΔ τη ΓΖ)· ΐσον άρα καί τό υπό ΒΜΑ τώ υπό ΒΚΓ* ώς άρα η MB πρός ΒΚ, η ΓΚ πρός ΜΑ. αλλ’ ώς η ΒΜ πρός ΒΚ, ή ΑΓ πρός ΓΚ· ώς άρα η ΑΓ πρός ΓΚ, η ΓΚ πρός AM. εστι, δέ καί ώς η MB πρός ΒΚ, ή ΜΑ πρός ΑΑ· καί ώς άρα η ΑΓ πρός ΓΚ, η ΓΚ πρός AM, καί η AM πρός ΑΑ.
2. SQUARING OF THE CIRCLE
(a) General
Plut. De Exil. 17, 607e, f
Ανθρώπου δ’ ούδείς άφαι,ρεΐται, τόπος βύδαύ-μονίαν, ώσπερ ούδ’ αρετήν ουδέ φρόνησι,ν. άζ\λ* "Αναξαγόρας μεν εν τω δεσμωτηρίω τον τοΰ κύκλου τετραγωνισμόν εγραφε.
Aristoph. Aves 1001-1005
ΜΕΤΠΝ.	Προσθείς ουν εγώ
τον κανόν άνωθεν τουτονί τον καμπύλον, ενθείς διαβήτην—μανθάνεις; ΠΕΙ2ΘΕΤΑ1ΡΟ2. ού μανθάνω.
ΜΕΤΠΝ. "Ορθω μετρήσω κανόνι προστίθείς, ΐνα ό κύκλος γενηταί σοι, τετράγωνος.
α This reference shows the popularity of the problem of squaring the circle in 414 b.c., when the Birds was first produced. Meton, who is here burlesqued, is the great astronomer who about eighteen years earlier had found that after any period of 6940 days (a little over nineteen solar 308
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and it was proved that
ZK2 = BK. ΚΓ + ΖΓ2,
and here ΓΖ2 = ΑΔ2 (for by hypothesis ΑΔ = ΓΖ) ;
therefore	BM . MA = BK	.	ΚΓ ;
therefore	MB : ΒΚ = ΓΚ	:	MA. [Eucl. vi. 16
But	BM : ΒΚ = ΛΓ	:	ΓΚ ;
therefore	ΛΓ : ΓΚ = ΓΚ	:	AM.
And	MB :BK = MA : AA ;
and therefore ΛΓ : ΓΚ = ΓΚ : AM = AM : AA.
2. SQUARING OF THE CIRCLE
(a)	General
Plutarch, On Exile 17, 607e, p
There is no place that can take away the happiness of a man, nor yet his virtue or wisdom. Anaxagoras, indeed, wrote on the squaring of the circle while in the prison.
Aristophanes, Birds 1001-1005 a
Meton. So then applying here my flexible rod, and there my compass — you understand ? Peisthe-tairos. I don’t.
Meton. With the straight rod I measure so that the circle may become a square for you.
years) the sun and moon occupy the same relative positions as at the beginning, and had just built a water-clock worked by water from a neighbouring spring on the Colonus in the Athenian Agora. Actually, Meton made no contribution to squaring the circle; all he seems to be represented as doing is to divide the circle into four quadrants by two diameters at right angles.
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(δ) Approximation by Polygons
(i.) Antiphon
Aristot. Phys. A 2, 185 a 14—17
*Αμα δ’ ουδέ λυειν άπαντα προσήκει, άλλ’ η οσα εκ τών αρχών τι? έπιδεικνύ? ψεύδεται, όσα δέ μη, ού, οϊον τον τετραγωνισμόν τον μεν διά τών τμημάτων γεωμετρικού διαλύσαι, τον δέ Άντι-φώντος ού γεωμετρικού.
Them· in Phys. A 2 (Aristot. 185 a 14), ed. Schenkl 3. 30-4. 7
Έπει και τά φευόογραφηματα οσα μεν σώζει, τας γεωμετρικός υποθέσεις λυτεον τώ γεωμετρη, οσα δέ μάχεται, ττρος εκείνας, τταραιτητεον, οιον
° Antiphon was an Athenian sophist contemporary with Socrates.
b The comments of Themistius, Philoponus and Simplicius on this passage are of great importance in the history of Greek geometry. All three agree (Simplicius with a reservation) that “ the quadrature by means of segments ” is to be ascribed to Hippocrates of Chios. Simplicius’s reproduction of the passage in Eudemus’s History of Geometry which tells us of certain areas squared by Hippocrates has already been given (supra, pp. 234-253). The four quadratures there given contain no fallacy. What then is the fallacy with which Aristotle and the commentators charge Hippocrates ? It is most probably an alleged assumption by Hippocrates that because he had squared a particular lune in each of three kinds, he had squared all types of lunes; and, as he had also squared a figure consisting of a lune and a circle, that he had squared the circle. In fact, the last-mentioned lune was not of a kind which he had previously squared, and so he had not really squared the circle. But did Hippocrates think that he had squared the circle ? There is no reason to suppose that he so thought, and it is extremely unlikely that a mathematician of his calibre 310
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(6)	Approximation by Polygons (i.) Antiphon a
Aristotle, Physics 185 a 14-17
At the same time it is not convenient to refute everything, but only false demonstrations starting from the fundamental principles, and otherwise not ; thus it is the business of the geometer to refute the quadrature by means of segments, but it is not the business of the geometer to refute that of Antiphon?
Themistius, Commentary on Aristotle's Physics A 2 (185 a 14), ed. Schenkl 3. 30-4. 7
For such false arguments as preserve the geometrical hypotheses are to be refuted by geometry, but such as conflict with them are to be left alone.
could be so deluded. Heiberg (Philol. xliii. 336-344) thinks that in the then state of logic he may have thought he had squared the circle. Bjornbo (in Pauly-Wissowa, Peal-Encyclopadie, xvi. 1787-1799) thinks he knew perfectly well what he had done, but used language calculated to give the impression that he had squared the circle. Both suggestions are highly improbable. Heath {H.G.M. i. 197) prefers to think that Hippocrates was trying to put what he had discovered in the most favourable light. Ross {Aristotle's Physics, p. 466) is of opinion that Hippocrates simply proved his quadratures of lunes and the sum of a lune and circle, no doubt in the hope of ultimately squaring the circle, but without any claim to have done so. This appears the best view. Aristotle has misunderstood what Hippocrates claimed to have done.
τμήματα means “ segments,” and is not properly used of “ lunes,” but mathematical terminology was fluid in Aristotle’s time, and τμήμα may have been used to denote any portion cut out of a circle. In De Caelo ii. 8, 290 a 4, Aristotle uses it to denote a “ sector.”
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δυο τωΈς κύκλον έπιχειρήσαντες τετραγωνίζειν 'Ιπποκράτης τε ό Χίος και ο Αντιφών. τον μέν ουν 'Ιπποκράτους λυτέον. τάς γάρ άρχάς φυλάττων παραλογίζεται, τώ μόνον μέν εκείνον τόν μηνίσκον τετραγωνίσαι ός γράφεται, περί την τοΰ τετραγώνου πλευράν τοΰ είς τόν κύκλον έγγραφομένου, πάντα1 δέ μηνίσκον οΐόν τε τετραγωνίζειν λαβεΐν είς1 άπόδειξιν, προς Αντιφώντα δέ ούκέτ αν εχοι λέγειν ό γεωμέτρης, δς εγγράφων τρίγωνον Ισόπλευρον είς τόν κύκλον και έφ' έκάστης τών πλευρών έτερον ισοσκελές συνιστάς προς τή περιφερεία τοΰ κύκλου καϊ, τοΰτο εφεξής ποιών ωετό ποτέ έφαρμόσειν τοΰ τελευταίου τριγώνου τήν πλευράν ευθεΐαν ούσαν τή περι,φερεία.
Simpl. in Phys. A 2 (Aristot. 185 a 14), ed. Diels
54.	20-55. 24
Ό δέ 9 Αντιφών γράψας κύκλον ένέγραφέ τι χωρίον είς αυτόν πολύγωνον τών έγγράφεσθαι δυναμένων. έστω δέ εί τύχοι τετράγωνον τό έγγεγραμμένον. . . . καϊ δήλον ότι ή συναγωγή παρά τάς γεωμετρικός άρχάς γέγονεν ούχ ώς ό ’Αλέξανδρός φησιν, “ ότι υποτίθεται, μέν ό γεωμέτρης τό τόν κύκλον τής ευθείας κατά σημεΐον άπτεσθαι ώς αρχήν, ό δέ 9 Αντιφών αναιρεί τοΰτο.99 ου γάρ υποτίθεται ό γεωμέτρης τοΰτο, άλλ’ άπο-δείκνυσιν αυτό έν τώ τρίτω βιβλίω. άμεινον ουν
1	πάντα . . . €ΐς·. a lacuna in the text is satisfactorily filled, as Schenkl notes, if these words are supplied from Simplicius.
° Accounts differ about Antiphon’s procedure, but it makes no difference to the result, which is to get a regular polygon approaching the circle as its limit. Themistius was 312
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Examples are given by two men who tried to square the circle, Hippocrates of Chios and Antiphon. The attempt of Hippocrates is to be refuted. For, while preserving the principles, he commits a paralogism by squaring only that lune which is described about the side of the square inscribed in the circle, though including every lune that can be squared in the proof. But the geometer could have nothing to say against Antiphon, who inscribed an equilateral triangle in the circle,a and on each of the sides set up another triangle, an isosceles triangle with its vertex on the circumference of the circle, and continued this process, thinking that at some time he would make the side of the last triangle, although a straight line, coincide with the circumference.
Simplicius, Commentary on Aristotle's Physics A 2 (185 a 14), ed. Diels 54. 20-55. 24
Antiphon described a circle and inscribed some one of the (regular) polygons that can be inscribed therein. Suppose, for example, that the inscribed polygon is a square. ... It is clear that the breach with the principles of geometry comes about not, as Alexander says,“ because the geometer lays down as a hypothesis that a circle touches a straight line in one point [only], while Antiphon violates this.” For the geometer does not lay this down as a hypothesis, but it is proved in the third book of the Elements.b It the earliest of the commentators, and Heath considers his account “ the authentic version.” Philoponus makes Antiphon begin by inscribing a square, then an octagon and so on. Simplicius, as will be seen below, allows him to begin with any one of the regular polygons, but starts with the square as an example.
b Eucl. Elem. iii. 16.
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Aeyecr άρχήν etvat τό αδύνατον βιναι βΰΰβιαν έφαρμόσαι περιφερεία, άλλ’ η μεν εκτός κατά έν σημεΐον έφάφεται τοΰ κύκλου, η 8έ εντός κατά 8ύο μόνον και ού πλείω, καϊ, η επαφή κατά σημεΐον γίνεται,, καϊ μέντοι τέμνων άει τό μεταξύ της ευθείας καϊ της τοΰ κύκλου περιφέρειας έπίπεδον ού δαπανήσει αύτό ούδέ καταληφεταί ποτέ την τοΰ κύκλου περιφέρειαν, είπερ έπ* άπειρόν εστι, διαιρετόν τό έπίπεδον. ει δέ καταλαμβάνει,, άν-ηρηταί τις άρχη γεωμετρική η λεγουσα έπ* άπειρον είναι τά μεγέθη διαιρετά, και ταύτην και ό Κύδημος την αρχήν άναιρεΐσθαί φησιν υπό τοΰ ’ Αντιφώντος.
(ii.) Bryson
Adex. Aphr. in Soph. El. 11 (Aristot. 171 b 7), ed. Wallies 90. 10-21
Άλλ’ ό τοΰ Βρύσωνος τετραγωνισμός τοΰ κύκλου εριστικός έστι και σοφιστικός, ότι ούκ εκ τών οικείων αρχών της γεωμετρίας άλλ’ εκ τινων κοινότερων, τό γάρ περιγράφειν έκτος τοΰ κύκλου
° Heath {H.G.M. i. 222-223) comments: “The objection to Antiphon’s statement is really no more than verbal ; Euclid uses exactly the same construction in xii. 2, only he expresses the conclusion in a different way, saying that, if the process be continued far enough, the small segments left over will be together less than any assigned area. Antiphon in effect said the same thing, which again we express by saying that the circle is the limit of such an inscribed polygon when the number of its sides is indefinitely increased. Antiphon therefore deserves an honourable place in the history of geometry as having originated the idea of exhausting an area by means of inscribed regular polygons 814
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would be better therefore to say that the principle is that a straight line cannot coincide with the circumference, a straight line drawn from outside the circle touching it in one point only, a straight line drawn from inside cutting it in two points and not more, and tangential contact being in one point only. Now continual division of the space between the straight line and the circumference of the circle will never exhaust it nor ever reach the circumference of the circle, if the space is really divisible without limit. For if the circumference could be reached, the geometrical principle that magnitudes are divisible without limit would be violated. This was the principle which Eudemus says was violated by Antiphon.0’
(ii.) Bryson b
Alexander, Commentary on Aristotle's Sophistic Refutations 11 (171 b 7), ed. Wallies 90. 10-21
But Bryson’s quadrature of the circle is eristic and sophistical, because he proceeds not from principles peculiar to geometry but from wider principles. For to circumscribe a square about the circle and to with an ever-increasing number of sides, an idea upon which Eudoxus founded his epoch-making method of exhaustion. The practical value of Antiphon’s construction is illustrated by Archimedes’ treatise on the Measurement of a Circle [reproduced below] . . . The same construction starting from a square was likewise the basis of Vieta’s expression for > nstmely*
2	77	77	77
- = cos 7 . cos . cos . π	4	8	16
___________________________♦»
=νϊ · Vi(i + Vi · Vi (I + a/hu-VT)
6 Bryson was a pupil either of Socrates or of Euclid of Megara.
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τετράγωνον καϊ εντός εγγράφει ετερον καϊ μεταξύ τών δύο τετραγώνων ετερον τετράγωνον, εΐτα λέγειν otl ό μεταξύ τών δύο τετραγώνων κύκλος, ομοίως δέ καϊ τό μεταξύ τών δύο τετραγώνων τετράγωνον τοΰ μεν εκτός τετραγώνου ελάττονά είσι τοΰ δβ εντός μείζονα, τά δε τών αυτών μείζονα καϊ έλάττονα ίσα έστίν, ΐσος άρα ο κύκλος καϊ τό τετράγωνον, εκ tlvcdv kolvojv άλλα καϊ φευδών έστί, κοινών μεν, otl καϊ επ' αριθμών καϊ χρόνων καϊ τόπων καϊ άλλων κοινών άρμόσοί άν, φευδών δε, otl οκτώ καϊ εννέα τών δέκα καϊ επτά έλάττονες καϊ μείζονές εϊσί καϊ όμως ούκ είσϊν lool.
(iii.) Archimedes
Procl. in Eucl. i., ed. Kroll 422. 24-423. 5
Έκ τούτου δε οΐμαί τοΰ προβλήματος έπαχθέντες οί παλαιοί καϊ τον τοΰ κύκλου τετραγωνισμόν έζητησαν. εΐ γάρ παραλληλόγραμμον ΐσον εύρί-σκεταί παντϊ εύθυγράμμω, ζητησεως άξίον, μη καϊ τά εύθύγραμμα τοΐς πεpLφεpoγpάμμoLς ΐσα δείκνύναί δυνατόν, καϊ ό ’Αρχιμήδης έ'δείξεν, otl πας κύκλος ΐσος εστϊ τ ριγώνω όρθογωνίω, ού η μεν εκ κέντρου ΐση έστϊν μία τών περϊ την ορθήν, η δέ περίμετρος τη βάσεL.
Archim. Dim. Circ., Archim. ed. Heiberg i. 232-242
/ a
Πας κύκλος ΐσος εστϊ τρίγώνω όρθογωνίω, ού
α Bryson marks a step beyond Antiphon because he conceived the circle as intermediate in area between an inscribed and an escribed polygon, an idea which was powerfully developed by Archimedes. The manner in which he took a square intermediate between the inscribed and escribed 316
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inscribe anothera within and between the two squares to take another square, and then to say that the circle is intermediate between the twTo squares, and similarly that the square between the two squares is less than the outside square but greater than the inside and that, since things which are greater and less than the same things are equal, therefore the circle and the square are equal, is to proceed from wider principles (than those of geometry) and false ones ; wider, because the argument would apply to numbers and times and spaces and other entities, false, because eight and nine are respectively less and greater than ten and seven and nevertheless are not equal.
(iii.) Archimedes
Proclus, On Euclid i., ed. Kroll 422. 24-423. 5
I think it was in consequence of this problem b that the ancient geometers were led to investigate the squaring of the circle. For if a parallelogram is found equal to any rectilineal figure, it is worth inquiring whether it be not also possible to prove rectilineal figures equal to circular. Archimedes in fact proved that any circle is equal to a right-angled triangle wherein one of the sides about the right-angle is equal to the radius and the base to the perimeter.
Archimedes, Measurement of a Circle^ Archim. ed. Heiberg i. 232-242
Prop. 1
Any circle is equal to a right-angled triangle in which squares is unknown. Some have assumed that it was the arithmetic mean, others the geometric (see Heath, H.G.M. i. 223, 224).
b Eucl. i. 45. “ To construct, in a given rectilineal angle, a parallelogram equal to a given rectilineal figure.”
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77 μεν εκ τοΰ κέντρου ΐση μια των περί την ορθήν, η 8ε περίμετρος τη βάσει,.
Έχβτω ό ΑΒΓΔ κύκλος τριγώνω τω Ε, ώς ύπόκειται- λέγω, ότι ΐσος εστίν.
ελασσόνα της υπέροχης, η ύπερεχει ό κύκλος τοΰ τρίγωνου' το εΰθΰγραμμον άρα ετι τοΰ τριγώνου εστι μεΐζόν. ειληφθω κεντρον τό Ν χαι κάθετος 318
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one of the sides about the right angle is equal to the radius^ and the base is equal to the circumference.
Let the circle ΑΒΓΔ have to the triangle E the stated relation ; I say that it is equal.
For, if possible, let the circle be greater, and let the square ΑΓ be inscribed, and let the arcs be divided into equal parts [and let BZ, ZA, AM, ΜΔ, etc., be drawn],0 and let the segments be less than the excess by which the circle exceeds the triangle? The rectilineal figure is therefore greater than the triangle.
a Heiberg’s note is : “ Tale aliquid Archimedes sine dubio addiderat: Omnino in toto hoc opusculo genus dicendi et exponendi brevitate tam negligent! laborat, ut manum excerptoris potius quam Archimedis agnoscas.”
b That this can be done is shown in Eucl. Elem. xii. 2, depending on x. 1. The latter theorem was probably discovered by Eudoxus, but is commonly known as the “ Axiom of Archimedes ” from his repeated use of it.
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η ΝΞ· ελάσσων άρα η ΝΞ της τοΰ τριγώνου πλευράς, εστιν δε και η περίμετρος τοΰ εΰθυ-γράμμου της λοιπής έλάττων, έπει και της τοΰ κύκλου περιμέτρου- ελαττον άρα τό εύθύγραμμον τοΰ Ε τριγώνου- όπερ άτοπον.
Έστω δε ό κύκλος, ει δυνατόν, ελάσσων τοΰ Ε τριγώνου, και περιγεγράφθω τό τετράγωνον, και τετμησθωσαν αί περιφέρειαι δίχα, και ήχθωσαν έφαπτόμεναι διά τών σημείων* ορθή άρα η υπό ΟΑΡ. η ΟΡ άρα της ΜΡ εστιν μείζων* η γάρ Ρλί τή ΡΑ ΐση εστί* και τό ΡΟΠ τρίγωνον άρα τοΰ ΟΖΑΜ σχήματος μεΐζόν εστιν η τό ημισυ. λελείφθωσαν οί τω ΠΖΑ τομεΐ όμοιοι ελάσσους της υπέροχης, ή ύπερεχει τό Ε τοΰ ΑΒΓΔ κύκλου* ετι άρα τό περιγεγραμμενον εύθύγραμμον τοΰ Ε εστιν ελασσον* όπερ άτοπον* εστιν γάρ μεΐζόν, ότι η μεν ΝΑ ΐση εστι τή καθετω τοΰ τριγώνου, η δέ περίμετρος μείζων έστι της βάσεως τοΰ τριγώνου, ΐσος άρα ό κύκλος τω Ε τριγώνω.
Παντό? κύκλον η πςρίμζτρος τη? Ζιαμίτρου rptTrAaatcuv cart Kat ert υπβρβχβί eAaaaovt μ,βν ή έβδόμω μέρει της διαμέτρου, μείζονι δέ η δέκα έβδομηκοστομόνοις.
α i.e., the space between the arc ZA of the circle and the sides ΖΠ, ΓΙΑ of the escribed polygon. The name given to this figure, ro/zeuj, is more properly used of a sector of a circle, and Heiberg notes: “ τομ€Ϊ Archimedes non scripsit pro άποτμηματι.” The process, it is not quite clearly stated 320
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Let N be the centre, and NS perpendicular [to ZA] ; NS is then less than the side of the triangle. But the perimeter of the rectilineal figure is also less than the other side, since it is less than the perimeter of the circle. The rectilineal figure is therefore less than the triangle E ; which is absurd.
Let the circle be, if possible, less than the triangle E, and let the square be circumscribed, and let the arcs be divided into equal parts, and through the points [of division] let tangents be drawn ; the angle GAP is therefore right. Therefore OP is greater than MP ; for PM is equal to PA ; and the triangle ΡΟΠ is greater than half the figure OZAM. Let the spaces left between the circle and the circumscribed polygon, such as the figure0 ΠΖΑ, be less than the excess by which E exceeds the circle ΑΒΓΔ. Therefore the circumscribed rectilineal figure is now less than E ; which is absurd ; for it is greater, because NA is equal to the perpendicular of the triangle, while the perimeter is greater than the base of the triangle. The circle is therefore equal to the triangle E.
Prop. 3 b
The circumference of any circle is greater than three times the diameter and exceeds it by a quantity less than the seventh part of the diameter but greater than ten seventy-first parts.
in the Greek, is to be continued until the escribed polygon is such that the spaces left between it and the circle are less than the excess of E over the circle. That this can be done follows from the “ Axiom of Archimedes,” Eucl. Elem. x. 1.
b The order of the propositions in the manuscripts is manifestly wrong. Props. 2 and 3 must be interchanged.
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*Εστω κύκλος καί διάμετρος η ΑΓ /cat κέντρον το Ε /cat η ΓΛΖ εφαπτομένη καί η ύπδ ΖΕΓ τρίτου ορθής* η ΕΖ άρα πρός ΖΓ λόγον ^χ^, ον
τΓ πρός ρνγ, η δε ΕΓ πρός [τήν] ΓΖ λόγον εχα, όν σξε πρός ρνγ. τετμησθω ουν η υπό ΖΕΓ δίχα τη ΕΗ· εστι,ν άρα, ώς η ΖΕ πρός ΕΓ, ή ΖΗ πρός ΗΓ [/cat εναλλάξ καί συνθεντιί]. ώς άρα συναμφότερος η ΖΕ, ΕΓ πρός ΖΓ, η ΕΓ πρός ΓΗ· ώστε η ΓΕ πρός ΓΗ μείζονα λόγον εχει, ηπερ φοα πρός ρνγ. ή ΕΗ άρα πρός ΗΓ δυνάμει, λόγον λδ __________________ β _______________
e\et, όν Μ ,θυν πρός Μ ,γυθ- μήκει, άρα, όν
α As Eutocius explains in his commentary on this passage (Archim. ed. Heiberg iii. 234), if EZ is represented by 306 and ΓΖ by 153, then by Pythagoras’s theorem ΕΓ2 = 3062-1532 = 70227. Since 2652 = 70225, ΕΓ is therefore 265 322
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Let there be a circle with diameter ΑΓ and centre E, and let ΓΑΖ be a tangent and the angle ΖΕΓ one-third of a right angle. Then
ΕΓ : ΓΖ [ = ^3 : 1]>265 : 153* . . (1) and	EZ : ΖΓ	[=2 :	1]	=306	: 153 . . (2)
Now let	ΖΖΕΓ be bisected	by EH.	It follows that
ZE : ΕΓ	=ZH	: ΗΓ [Eucl. vi. 3
so that	[ΖΕ + ΕΓ	: ΕΓ	= ΖΗ	+ ΗΓ : ΗΓ
= ΖΓ : ΗΓ, or]
ΖΕ + ΕΓ : ΖΓ =ΕΓ : ΗΓ.
Therefore ΓΕ : ΓΗ	[ = ΕΓ + ΖΕ : ΖΓ
>265 + 306 : 153, by (1) and (2)] >571:153 . . (3)
Hence EH2 : ΗΓ2 [ = ΕΓ2 + ΓΗ2 : ΗΓ2
>5712+ 1532 : 1532]
>349450 : 23409,
and a “ minute and imperceptible fraction ” (μόριορ βλαχ^στορ καί αν επ αισθητόν). As the sides of the triangle are in the ratio 1, Vs, 2, this is equivalent to saying that V3>ff|. In the second part of the proof Archimedes assumes that VW· The way in which he makes these assumptions, without explanation of any kind, shows that they were common in his day, and much ingenuity has been spent in devising processes by which they may have been reached. v. Heath, The Works of Archimedes, Ixxx-lxxxiv, xc-xcix.
Eutocius fully explains the arithmetical working, where Archimedes merely sets down the results. In the translation the necessary working, where not given by Archimedes, is shown in square brackets. In the Greek text as we have it a few equalities are given where the argument requires inequalities. The translation reproduces what Archimedes must have written.
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φ^α η' προς ρνγ. πάλιν δίχα η ύπο ΗΕΓ τύ} ΕΘ’ διά ' ’ ' ν r Ϊ7Γ ' ΊΠΛλ 'ί*	\ /	ν
τα αυτα αρα η L·! προς 1 U μείζονα Λογον εχει, η ορ ,αρζβ η' προς ρνγβ η ΘΕ άρα προς ΘΓ μείζονα λόγον εχει, η ον ,αροβ η πρός ρνγ. βτι δίχα η υπό ΘΕΓ rrj ΕΚ* ή ΕΓ άρα πρός ΓΚ μείζονα λόγον εχει η ον βτλό δζ πρός ρνγ· ή ΕΚ άρα πρός
824
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so that	EH : ΗΓ	>591| : 153 . . (4)
Again, let Ζ.ΗΕΓ be bisected by ΕΘ ; then by the same reasoning [HE : ΕΓ	= ΗΘ : ΘΓ [Eucl. vi. 3		
so that	ΗΕ+ΕΓ : ΕΓ	= ΗΘ + ΘΓ : ΘΓ = ΗΓ : ΓΘ,
or	ΗΕ+ΕΓ:ΗΓ	= ΕΓ : ΓΘ.
Therefore]	ΕΓ : ΓΘ	[=ΓΕ+ΕΗ:ΗΓ >571 +5911 : 153, by (3) and (4),] >1162|:153	. (5)
[Hence	ΘΕ2 : ΓΘ2	= ΕΓ2+ΓΘ2 : ΓΘ2 > 1162|2 + 1532 : 1532 >1350534||+23409 : 23409 > 1373943|| : 23409,]
so that	ΘΕ : ΘΓ	>11721:153	. (6)
Again, let ΘΕΓ be bisected by EK.		
Then	[ΘΕ : ΕΓ	=ΘΚ:ΚΓ . [Eucl. vi. 3
so that	ΘΕ + ΕΓ : ΕΓ ΕΓ : ΓΚ	= ΘΚ + ΚΓ : ΚΓ = ΘΓ : ΓΚ, or] [ = ΕΓ + ΘΕ : ΘΓ >11621+11721 : 153, by (5) and (6),] >2334|:153	. . (7)
[Hence	EK2 : ΓΚ2	= ΕΓ2 + ΓΚ2 : ΓΚ2 >2334|2 + 1532 : 1532 >5172132 1^ : 23409,] 325
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ΓΚ μζίζονα η ον ,βτλθ δ' ττρος ρνγ. ere δίχα η νττδ ΚΕΓ τη ΛΕ· η ΕΓ άρα πρός ΑΓ μείζονα [/ιηκβι] λόγον έχει ηπερ τά βχογ Δώ πρός ρνγ. έπει ουν η υπό ΖΕΓ τρίτου ουσα ορθής τέτμηται τετράκις δίχα, η υπό ΛΕΓ ορθής εστι, μη', κείσθω ουν αύτη ΐση πρός τω Ε η υπό ΓΕΜ· η άρα υπό ΛΕΜ ορθής έστι κδ'· και η ΛΜ άρα ευθεία τοΰ περί τον κύκλον έστι πολυγώνου πλευρά πλευράς εχον-τος έπει ουν η ΕΓ πρός την ΓΛ έδείχθη μείζονα λόγον εχουσα ηπερ ,όχογ πρός ρνγ, αλλά της μεν ΕΓ διπλή η ΑΓ, της δέ ΓΛ διπλάσιων η ΛΜ, και η ΑΓ άρα πρός την τοΰ ^-γώνου περίμετρον μείζονα λόγον έχει ηπερ ,δχογ Ζ/ πρός α ______
Μ βχπη. καί έστιν τριπλάσια, και ύπερέχουσιν χζζ , άπερ τών ,δχογ Δ_' έλάττονά εστιν η τό έβδομον ώστε τό πολύγωνον τό περί τον κύκλον της διαμέτρου έστι τριπλάσιον και έλάττονι η τω έβδόμω μέρει μεΐζον η τοΰ κύκλου άρα περίμετρος πολύ μάλλον έλάσσων εστιν η τριπλασίων και έβδόμω μέρει μείζων.
’Έστω κύκλος και διάμετρος η ΑΓ, η δέ υπό ΒΑΓ τρίτου ορθής* η ΑΒ άρα πρός ΒΓ έλάσσονα λόγον έχει η δν ζατνα πρός ψπ [η δέ ΑΓ πρός ΓΒ, όν ζα</>ξ πρός ψπ\. δίχα η υπό ΒΑΓ τη ΑΗ. έπει ουν ΐση έστίν η υπό ΒΑΗ τη υπό ΗΓΒ, αλλά
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so that	EK : ΓΚ	>2339| : 153	. .	(8)
Again, let ΖΚΕΓ be bisected by AE.
Then	[KE : ΕΓ	=KA : ΑΓ [Eucl.	vi. 3
so that	ΚΕ + ΕΓ:ΕΓ	=ΚΑ + ΛΓ:ΛΓ
= ΚΓ : ΑΓ, or]
ΕΓ : ΛΓ [ = ΕΓ + ΚΕ:ΚΓ
>2334| + 2339| : 153,
by (7) and (8),]
>4673| . 153.
Μ
Now since ΖΖΕΓ, which is the third part of a right angle, has been bisected four times, ΖΑΕΓ is one forty-eighth of a right angle. Let ΖΓΕΜ be placed at E equal to it. ΖΛΕΜ is therefore one twentyfourth of a right angle. And AM is therefore the side of a polygon escribed to the circle and having ninety-six sides. Since ΕΓ : ΓΛ was proved to be greater than 4673| : 153 and ΑΓ = 2ΕΓ, ΛΜ = 2ΓΛ, the ratio of ΑΓ to the perimeter of the 96-sided polygon is greater than [4673|: 96. 153, or] 4673|: 14688. And the ratio [14688 : 4673|] is greater than 3, being in excess by 667|, which is less than the seventh part of 4673|; so that the [perimeter of the] escribed polygon is greater than three times the diameter by less than the seventh part; a fortiori therefore the circumference of the circle is less than 3γ times the diameter.
Let there be a circle with diameter ΑΓ and ΖΒΑΓ one-third of a right angle. Then AB : ΒΓ [ = ^/3 : 1] <1351 : 780.σ Let ΒΑΓ be bisected by AH. Now since ΖΒΑΗ=ΖΗΓΒ and ΖΒΑΗ = ΖΗΑΓ, there-
• See supra, p. 322 n. a.
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καί rfj υπό ΗΑΓ, καί ή υπό ΗΓΒ τή υπό ΗΑΓ βστιν ιση. καί kolvt] ή υπό ΑΗΓ ορθή· καί τρίτη
άρα ή υπό ΗΖΓ τρίτη τή υπό ΑΓΗ ΐση. ίσο· γώνι,ον άρα τό ΑΗΓ τω ΓΗΖ τρι,γώνω· εστιν άρα, ώς ή ΑΗ πρός ΗΓ, ή ΓΗ πρός ΗΖ καί ή ΑΓ πρός ΓΖ. άλλ’ ώς ή ΑΓ πρός ΓΖ, [xat] συναμφότερος ή ΓΑΒ πρός ΒΓ* καί ώς συνα/χ-φότερος άρα ή ΒΑΓ πρός ΒΓ, ή ΑΗ πρός ΗΓ. δίά τοΰτο ουν ή ΑΗ πρός [την] ΗΓ ελασσόνα λόγον εχει, ηπερ jS^ta πρός φπ, ή δέ ΑΓ πρός τήν ΓΗ ελασσόνα ή δν ,γι,γ δ' πρός φπ. δίχα ή υπό ΓΑΗ τή ΑΘ* ή ΑΘ άρα δχά τά αυτά πρός την ΘΓ ελασσόνα λόγον εχει ή δν ,β^κδ Ζ/ δζ πρός φπ ή δν ,αωκγ πρός σμ· έκατέρα γάρ έκατέρας δ ι,γ'· ώστε ή ΑΓ πρός την ΓΘ η δν ,αωλη Θ ια πρός 828
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fore ^ίΗΓΒ = Ζ.ΗΑΓ. And the right angle ΑΗΓ is common. Therefore the third angle ΗΖΓ is equal to the third angle ΑΓΗ. The triangle ΑΗΓ is therefore equiangular with the triangle ΓΗΖ ; therefore
AH : ΗΓ = ΓΗ : ΗΖ = ΑΓ : ΓΖ.
But	ΑΓ : ΓΖ = ΓΑ + ΑΒ : ΒΓ.		
Therefore	ΒΑ + ΑΓ :	ΒΓ = ΑΗ : ΗΓ.	
[But	BA : ΒΓ	<1351 : 780, as stated above,	
while	ΑΓ : ΒΓ	= 2 : 1 = 1560 : 780.]	
Therefore	ΑΗ : ΗΓ	[ = 1351 + 1560 : 780] <2911 : 780 . . . .	(1α)
Hence	ΑΓ2 : ΓΗ2	= ΑΗ2 + ΗΓ2 : ΓΗ2 <29112 + 7802 : 7802 <9082321 : 608400,]	
so that	ΑΓ : ΓΗ	<3013| : 780. . . .	(2α)
Let Ζ.ΓΑΗ be bisected by ΑΘ. By the same reasoning
ΑΘ : ΘΓ [ = ΑΓ + ΑΗ:ΓΗ
<3013| + 2911 : 780, by (la)
and (2α),]
<5924f : 780
· 5924J : t43 · 780
<1823 : 240 . . . . (3α)
[Hence ΑΓ2 : ΓΘ2 =ΑΘ2 + ΓΘ2 : ΓΘ2
<18232 + 2402 : 2402
<3380929 : 57600.]
Therefore ΑΓ : ΓΘ <1838T9T : 240 . . . (4α)
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σμ. ετί δίχα ή υπό ΘΑΓ τή ΚΑ* καϊ ή ΑΚ πρός την ΚΓ ελασσόνα [άρα] λόγον εχει ή ον ζαζ πρός ξζ~* εκατερα γάρ εκατερας La μ'· η ΑΓ άρα πρός [τήν] ΚΓ ή δν ,αθ ζ"' πρός ζζ~, ctl δίχα ή υπό ΚΑΓ τή ΛΑ* ή ΑΛ άρα πρός [τήν] ΑΓ ελασσόνα λόγον εχ^ η δν τά βίζ" ζ~' πρός ζζ~> ή δέ ΑΓ πρός
ΓΛ ελασσόνα ή τά βΐζ ό' πρός £ζ~. άνάπαλιν άρα ή περίμετρος τοΰ πολυγώνου πρός την διάμετρον μείζονα λόγον εγευ ηπερ ,ζ'τλζ' πρός βίζ δζ, άπερ τών βυζ δ' μείζονα εστυν η τρυπλασίονα καϊ δέκα οαζ· καϊ η περίμετρος άρα τοΰ ^-γώνου τοΰ εν τώ κύκλω της διαμέτρου τριπλασίων εστϊ καϊ μείζων η ΐ οα* ώστε καϊ ό κύκλος ετυ μάλλον τpLπλaσίωv εστϊ καϊ μείζων η ΐ οα'.
Ή άρα τοΰ κύκλου περίμετρος τής δυαμετρου
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Further, let Ζ.ΘΑΓ be bisected by KA.
Then AK : ΚΓ [ = ΑΓ + ΑΘ:ΓΘ
<1838^ + 1823 : 24, by (3α) and (4α), <3661	: 240]
<11.3661A :	· 240
<1007 : 66 . . . . (5α)
[Hence ΑΓ2 : ΚΓ2 = ΑΚ2 + ΚΓ2 : ΚΓ2
<10072 + 662 : 662
<1018405 : 4356.]
Therefore ΑΓ : ΚΓ <1009^ : 66 . . . . (6α) Further, let Ζ.ΚΑΓ be bisected by AA.
Then	A A : ΑΓ [ = ΓΑ + AK : ΓΚ
<1009| + 1007 : 66, by (5α) and (6α),] <20161 : 66.
[Hence ΑΓ2 : ΓΑ2 = ΑΛ2+ΛΓ2 : ΓΛ2
<2016^2+ 662 : 662
<4069284/K : 4356.]
Therefore ΑΓ : ΓΛ <2017^ : 66,
and invertendo [ΓΑ : ΑΓ > 66 : 2017|.
But ΓΑ is the side of a polygon of 96 sides; and accordingly] the perimeter of the polygon bears to the diameter a ratio greater than [96. 66 : 2017|, or] 6336 : 2017|, which is greater than 3|£. Therefore the perimeter of the 96-sided polygon is greater than 31— times the diameter, so that a fortiori the circle is greater than 3|4 times the diameter.
The perimeter of the circle is therefore more than
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τριπλασίων έστι και έλάσσονι μέν η εβδόμω μέρευ, μείζονι, δέ η c οα μείζων.
Ό κύκλος προς τδ άπο της διαμέτρου τετρά-γωνον λόγον εχεν, όν La πρός l0.
Έστω κύκλος, οΰ δϋάμετρος η ΑΒ, καί περυ-γεγράφθω τετράγωνον τό ΓΗ, καί της ΓΔ διπλή η ΔΕ, έβδομον δε η ΕΖ της ΓΔ. έπεί ουν τό
ΑΓΕ πρός τό ΑΓΔ λόγον εχεν, όν κα πρός ζ, πρός δέ τό ΑΕΖ τό ΑΓΔ λόγον έγεν, όν επτά πρός έν, τό ΑΓΖ πρός τό ΑΓΔ έστϋν, ώς κβ πρός ζ. άλλα τοΰ ΑΓΔ τετpaπλάσLόv έστί τό ΓΗ τετρά-γωνον, τό δέ ΑΓΔΖ τρίγωνον τω ΑΒ κύκλω ίσον έστίν [έπεί η μεν ΑΓ κάθετος ΐση έστί τη εκ τοΰ κέντρου, η δέ βάσυς της δϋαμέτρου τρνπλασίον καί τω ζ' έγγιστα ύπερέχουσα δεLχθήσετaL]1* ο κύκλος ουν πρός τό ΓΗ τετράγωνον λόγον έχεχ, ό La πρός ιδ.
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three times the diameter, exceeding by a quantity less than the seventh part but greater than ten seventy-first parts.®
Prop. 2
The circle bears to the square on the diameter the ratio
11 : 14.
Let there be a circle with diameter AB, and let the square ΓΗ be circumscribed, and let ΔΕ = 2ΓΔ, ΕΖ = |ΓΔ. Then, since ΑΓΕ : ΑΓΔ = 21 : 7, while ΑΓΔ : AEZ = 7 : 1 [Euclid vi. 1], it follows that ΑΓΖ : ΑΓΔ = 22 : 7? But the square ΓΗ = 4 ΑΓΔ, while the triangle ΑΓΔΖ is equal to the circle AB ; therefore the circle bears to the square ΓΗ the ratio 11 : 14.
a We know from Heron, Metrica i. 26 (ed. Schfine 66. 13-17), that Archimedes made a still closer approximation to π. The figures in the Greek text are unfortunately corrupt, but a plausible correction by Heiben {Nordisk Tiddskrift for Filologi, 3e Ser. xx. Fasc. 1-2) would give the approximation
3-141697 . . . > π > 3-141495 . . .
Ptolemy, Syntaxis vi. 7 (ed. Heiberg 513. 1-5), gives the 8	30
value of π in sexagesimal fractions as 3+	+ or 3-1416.
b For αναπολώ ΑΕΖ:ΑΓΔ = 1:7, and ΑΓΕ: ΑΓΔ = 21:7, and therefore συνθέντι. ΑΓΖ : ΑΓΔ =(AEZ 4-ΑΓΕ) : ΑΓΔ=22:7. But the same result could be obtained immediately from Eucl. vi. 1.
1 “ Hie locus end ... δβιχ0τ?σ€ται mire confusus transcriptori tribuendus, qui eum addidit, postquam prop. 2 et 3 permutavit; neque enim Archimedes hanc propositionem ante prop. 3, qua nititur, posuit ” (Heiberg).
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(c) Solutions by Higher Curves
(i.) General
Simpl. in Cat. 7, ed. Kalbfleisch 192. 15-25
Έστίν δέ τετραγωνισμός κύκλον, όταν τω δο-θεντι κύκλω ίσον τετράγωνον συστησώμεθα. τοΰτο δέ 'Αριστοτέλης μεν, ώς εοικεν, οΰπω εγνώκει, τταρά δέ τοΐς Τϊυθαγορείοις ηύρησθαί φησιν ’Ιάμβλιχος, “ ώς δηλον εστιν από τών Σεξτου τοΰ ΤΙυθαγορείου αποδείξεων, ός άνωθεν κατά διαδοχήν παρελαβεν την μέθοδον της άποδείξεως. και ύστερον δε, φησιν, 'Αρχιμήδης διά της Ανκομηδονς1 γραμμής και Νικομήδης διά της ιδίως τετρα-γωνιζονσης καλούμενης και 'Απολλώνιος διά τίνος γραμμής, ην αυτός μεν κοχλιοειδοΰς αδελφήν προσαγορεύει, η αύτη δε εστιν τη Νικομήδους, και Κάρπος δε διά τίνος γραμμής, η απλώς εκ διπλής κινησεως καλεΐ, άλλοι τε πολλοί ποικίλως τό πρόβλημα κατεσκεύασαν,” ώς 'Ιάμβλιχος ιστορεί.
1 No meaning can be extracted from Αυκομτβους, which is an otherwise unknown word. The correct reading is probably ελικοβιδους, “ spiral-shaped.” 334
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(c) Solutions by Higher Curves
(i.) General
Simplicius, Commentary on Aristotle's Categories 7, ed. Kalbfleisch 192. 15-25
The circle is squared when we construct a square equal to the given circle. Aristotle, it would appear, did not know how to do this, but lamblichus says it was discovered by the Pythagoreans, “ as is plain from the proofs of Sextus the Pythagorean,0 who received the method of the proof from early tradition. And later (lie says), Archimedes effected it by means of the spiral-shaped curve/ Nicomedes by means of the curve known by the special name quadratrix, Apollonius by means of a certain curve which he himself calls sister of the cochloid) but which is the same as Nicomedes’ curve/ Carpus by means of a certain curve which he simply calls that arising from a double motion^ and many others constructed a solution of this problem in divers ways,” as lamblichus relates.
α Sextus (more properly Sextius) lived in the reign of Augustus (or Tiberius) and there is no valid reason for believing the early Pythagoreans solved the problem.
b Archimedes himself in his book On Spirals, which will be noticed when we come to him, merely uses the spiral to rectify the circle (Prop. 19). But the quadrature follows from Measurement of a Circle, Prop. 1.
c Nothing further is known of Apollonius’s “ sister of the cochloid," but Heath (fl.G.M. i. 232) points out that Apollonius wrote a treatise on the cochlias, or cylindrical helix, that the subtangent to this curve can be used to square the circular section of the cylinder, and that the name is sufficiently akin to justify Apollonius in speaking of it as the “ sister of the cochloid."
d Tannery thought this was the cycloid, but there is no evidence.
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(ii.) The Quadratrix
Papp. Coll. iv. 30. 45-32. 50, ed. Hultsch 250. 33-258. 19 Construction of the Curve
λ'. Ets top τετραγωνισμόν τοΰ κύκλου παρεληφθη τις υπό Δεινοστράτου καί Νικομήόους γραμμή καί τινων άλλων νεωτέρων από τοΰ περί αυτήν συμπτώματος λαβοΰσα τοΰνομα' καλείται γάρ ύπ* αυτών τετραγώνίζουσα και γένεσιν εχει, τοιαΰτην.
Έκκείσθω τετράγωνον τό ΑΒΓΔ και περί κεντρον τό Α περιφέρεια γεγράφθω η ΒΕΔ, και
κινείσθω η μεν ΑΒ ούτως ώστε τό μεν Α σημεΐον μένειν τό όέ Β φέρεσθαι κατά την ΒΕΔ περιφέρειαν, η δέ ΒΓ παράλληλος άει όιαμένουσα τη ΑΔ τω Β σημείω φερομένω1 κατά της ΒΑ συνα-κολουθείτω, καί έν ϊσω χρόνω η τε ΑΒ κι,νουμένη 336
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(ii.) The Quadratrix
Pappus, Collection iv. 30. 45-32. 50, ed. Hultsch 250. 33-258. 19
Construction of the Curve
30. For the squaring of the circle a certain line was used by Dinostratus and Nicomedes and certain other more recent geometers, and it takes its name from its special property ; for it is called by them the quadratrix,a and it is generated in this w’ay.
Let ΑΒΓΔ be a square, and with centre A let the arc ΒΕΔ be described, and let AB be so moved that the point A remains fixed while B is carried along the arc ΒΕΔ ; furthermore let ΒΓ, while always remaining parallel to ΑΔ, follow the point B in its motion along BA, and in equal times let AB, moving uni-
a Heath (TLG.M. i. 225-226) shows that the quadratrix was discovered by Hippias and that he may himself have used it (though this is not absolutely certain) to rectify, and so to square, the circle.
1 σημβιον φερον ev ω in the mss. was corrected by Torelli.
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όμαλώς την υπό ΒΑΔ γωνίαν, τουτόστιν τό Β σημεΐον την ΒΕΔ περι,φερει,αν, διανυότω, και η ΒΓ την ΒΑ εύθεΐαν παροδευέτω, τουτέστι,ν τό Β σημεΐον κατά της ΒΑ φερέσθω. συμβησεται, δηλον τη ΑΔ ευθεία άμα εφαρμόζει εκατεραν την τε ΑΒ καί την ΒΓ. τοι,αύτης δη γινόμενης κι,νησεως τεμοΰσνν άλληλας εν τη φορά αί ΒΓ, ΒΑ εύθεΐαι, κατά tl σημεΐον αίεί συμμεθι,στάμενον αύταΐς, ύφ' ού σημείου γράφεται τι,ς εν τώ μεταξύ τόπω τών τε ΒΑΔ εύθείών καί της ΒΕΔ περιφέρειας γραμμή επί τά αύτά κοίλη, οΐα εστιν η ΒΖΗ, η καί χρειώδης είναι, δοκεΐ πρός τό τώ δοθέντί, κύκλω τετράγωνον ίσον εύρεΐν. τό δε αρχικόν αύτης σύμπτωμα τοίοΰτόν έστι,ν. ητι,ς γάρ άν δι,αχθη τυχοΰσα (πρός την περιφέρειαν, ώς η ΑΖΕ, εσται, ώς όλη η)1 περιφέρεια πρός την ΕΔ, η ΒΑ εύθεΐα πρός την ΖΘ’ τοΰτο γάρ εκ της γενεσεως της γραμμής φανερόν έστι,ν.
Sporus’s Criticisms
λα'. Δυσαρεστεΐται, δε αύτη ό Σπόρος εύλόγως Sta ταΰτα. πρώτον μεν γάρ πρός δ δοκεΐ χρειώδης είναι, πράγμα, τοΰτ' εν υποθέσει, λαμβάνει,, πώς γάρ δυνατόν, δύο σημείων άρξαμένων από τοΰ Β
1 ττρος την . . . ολη η add. Hultsch.
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formly, pass through the angle ΒΑΔ (that is, the point B pass along the arc ΒΔ), and ΒΓ pass by the straight line BA (that is, let the point B traverse the length of BA). Plainly then both AB and ΒΓ will coincide simultaneously with the straight line ΑΔ. While the motion is in progress the straight lines ΒΓ, BA will cut one another in their movement at a certain point which continually changes place with them, and by this point there is described in the space between the straight lines BA, ΑΔ and the arc ΒΕΔ a concave curve, such as BZH, which appears to be serviceable for the discovery of a square equal to the given circle. Its principal property is this. If any straight line, such as AZE, be drawn to the circumference, the ratio of the whole arc to ΕΔ will be the same as the ratm of the straight line BA to ΖΘ ; for this is clear from the manner in which the line was generated.®
Sporus9 s Criticisms b
31. With this Sporus is rightly displeased for these reasons. In the first place, the end for which the construction seems to be useful is assumed in the hypothesis. For how is it possible, with two points
a If AZ=p, δΖΑΔ = </>, AB =cz, then the equation of the curve is
_ a φ p sin φ or	πρ sin φ=2αφ.
b These acute criticisms of the quadratrix as a practical method of squaring the circle appear to be well founded. Sporus, who was not much older than Pappus himself, lived towards the end of the third century a.d. He compiled a work called Κηρία giving extracts on the quadrature of the circle and duplication of the cube.
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κυνεΐσθαυ, τό μέν κατ' εύθείας έπϊ τό Α, τό δέ κατά περι,φερείας έπϊ τό Δ έν ΐσω χρόνω συν-αποκαταστησαυ1 μη πρότερον τον λόγον της ΑΒ ευθείας ττρος την ΒΕΔ περιφέρειαν έπι,στάμενον; εν γάρ τουτω τώ λόγω καϊ τό. τάχη τών κι,νησεων ανάγκη είναι,, επεϊ πώς οΐόν τε συναποκαταστηναι, τάχεσιν ακρίτους χρώμενα, πλην εί μη άν κατά τύχην ποτέ συμβη; τοΰτο δε πώς ούκ άλογον; επευτα δε τό πέρας αυτής ω χρώνταυ πρός τον τετραγωνισμόν τοΰ κύκλου, τουτέστι,ν καθ' δ τέμνει, σημεΐον την ΑΔ εύθεΐαν, ούχ εύρίσκεταυ. νοείσθω δέ έπϊ της προκευμένης τά λεγάμενα καταγραφής* όπόταν γάρ αί ΓΒ, ΒΑ φερόμεναυ συναποκατασταθώσυν, έφαρμόσουσυν τη ΑΔ καϊ τομήν ούκέτυ ποι,ήσουσυν έν άλλήλαι,ς* παύεται, γάρ η τομή προ της έπϊ την ΑΔ έφαρμογης ηπερ τομή πέρας αυ έγένετο της γραμμής, καθ' δ τη ΑΔ εύθεία συνέπι,πτεν. πλην εί μη λέγοι τι,ς έπυνοεΐσθαι, προσεκβαλλομένην την γραμμήν, ώς υποτιθέμεθα τάς εύθείας, έως της ΑΔ. τοΰτο δ' ούχ έπεταυ ταΐς ύποκευμέναυς άρχαΐς, άλλ' ώς άν ληφθείη τό Η σημεΐον προειλημμένου τοΰ της περι,φερείας πρός την εύθεΐαν λόγου, χωρϊς δέ τοΰ δοθηναυ τον λόγον τοΰτον ού χρη τη τών εύρόντων άνδρών δόζη πιστεύοντας παραδέχεσθαυ την γραμμήν μηχανι,κωτέραν πως ουσαν [καϊ είς πολλά προβλήματα χρησυμεύουσαν τοΐς μηχανι,κοΐς]* αλλά πρότερον παραδεκτέον έστϊ τό δυ' αύτής δεικνύμενον πρόβλημα.
1 συναποκαταστηναι coniecit Hultsch.
1 καί . . . μ,ηχανικοΐς interpolator! tribuit Hultsch.
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beginning to move from B, to make one of them move along a straight line to A and the other along a circumference to Δ in equal time unless first the ratio of the straight line AB to the circumference ΒΕΔ is known ? For it is necessary that the speeds of the moving points should be in this ratio. And how then could one, using unadjusted speeds, make the motions end together, unless this should sometimes happen by chance ? But how could this fail to be irrational ? Again, the extremity of the curve which they use for the squaring of the circle, that is, the point in which the curve cuts the straight Une ΑΔ, is not found. Let the construction be conceived as aforesaid. When the straight lines ΓΒ, BA move so as to end their motion together, they will coincide with ΑΔ and will no longer cut each other. In fact, the intersection ceases before the coincidence with ΑΔ, yet it was this intersection which was the extremity of the curve where it met the straight line ΑΔ. Unless, indeed, anyone should say the curve is conceived as produced, in the same way that we produce straight lines, as far as ΑΔ. But this does not follow from the assumptions made ; the point H can be found only by assuming the ratio of the circumference to the straight line. So unless this ratio is given, we must beware lest, in following the authority of those men who discovered the Une, we admit its construction, which is more a matter of mechanics. But first let us deal with that problem which we have said can be proved by means of it.
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Application of Quadratrix to Squaring of Circle
’Τετραγώνου γαρ όντος τοΰ ΑΒΓΔ και της μεν περί τό κεντρον τό Γ περιφερείας της ΒΕΔ, της
δε ΒΗΘ τετραγωνιζουσης γινόμενης, ώς προείρη-ται, δείκνυται, ώς η ΔΕΒ περιφέρεια προς την ΒΓ ευθεΐαν, ούτως η ΒΓ προς την ΓΘ ευθεΐαν. εί γό,ρ μη εστιν, ήτοι προς μείζονα εσται τής ΓΘ ή προς ελασσόνα.
"Έστω πρότερον, ει δυνατόν, προς μείζονα την ΓΚ, και περί κεντρον τό Γ περιφέρεια ή ΖΗΚ γεγράφθω τεμνουσα τήν γραμμήν κατά τό Η, και κάθετος ή ΗΛ, και επιζευχθεΐσα ή ΓΗ εκ-βεβλήσθω επι τό Ε. επει ουν εστιν ώς ή ΔΕΒ περιφέρεια προς τήν ΒΓ ευθεΐαν, ούτως ή ΒΓ, 342
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Application of Quadratrix to Squaring of Circle
If ΑΒΓΔ is a square and ΒΕΔ the arc of a circle with centre Γ, while ΒΗΘ is a quadratrix generated in the aforesaid manner, it is proved that the ratio of the arc ΔΕΒ towards the straight line ΒΓ is the same as that of ΒΓ towards the straight line ΓΘ. For if it is not, the ratio of the arc ΔΕΒ towards the straight line ΒΓ will be the same as that of ΒΓ towards either a straight line greater than ΓΘ or a straight line less than ΓΘ.
Let it be the former, if possible, towards a greater straight line ΓΚ, and with centre Γ let the arc ZHK be drawn cutting the curve at H, and let the perpendicular HA be drawn, and let ΓΗ be joined and pro-
duced to E. Since therefore the ratio of the arc ΔΕΒ towards the straight line ΒΓ is the same as the 343
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τουτβστιν η ΓΔ, προς την ΓΚ, ώς δβ η ΓΔ προς την ΓΚ, η ΒΕΔ Trept^epeta προς την ΖΗΚ Trept-φερειαν (ώς γάρ η διάμετρος τοΰ κύκλον προς την διάμετρον, η περιφέρεια τοΰ κύκλον προς την περιφέρειαν), φανερόν ότι ΐση εστιν η ΖΗΚ περιφέρεια τη ΒΓ ενθεία. και επειδή διά τό σύμπτωμα της γραμμής εστιν ώς η ΒΕΔ περιφέρεια προς την ΕΔ, όντως ή ΒΓ προς την ΗΛ, και ώς άρα η ΖΗΚ προς την ΗΚ περιφέρειαν, όντως η ΒΓ ενθεΐα προς την ΗΛ. και εδείχθη ΐση η ΖΗΚ περιφέρεια τη ΒΓ ενθεία· ΐση άρα και η ΗΚ περιφέρεια τη ΗΛ ενθεία, όπερ άτοπον. ονκ άρα εστιν ώς η ΒΕΔ περιφέρεια προς την ΒΓ ενθεΐαν, όντως η ΒΓ προς μείζονα της ΓΘ.
λβ'. Λέγω δε ότι ονδε προς ελάσσονα. ει γάρ
δννατον, έστω προς την ΚΓ, και περί κεντρον τό 344
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ratio of ΒΓ, that is ΓΔ, towards ΓΚ, and the ratio of ΓΔ towards ΓΚ is the same as that of the arc ΒΕΔ towards the arc ZHK (for the arcs of circles are in the same ratio as their diameters), it is clear that the arc ZHK is equal to the straight line ΒΓ. And since by the property of the curve the ratio of the arc ΒΕΔ towards ΕΔ is the same as the ratio of ΒΓ towards HA, therefore the ratio of ZHK towards the arc HK is the same as the ratio of the straight line ΒΓ %
towards HA. And the arc ZHK was proved equal to the straight line ΒΓ ; therefore the arc HK is also equal to the straight line HA, which is absurd. Therefore the ratio of the arc ΒΕΔ towards the straight line ΒΓ is not the same as the ratio of ΒΓ towards a straight line greater than ΓΘ.
82. I say that neither is it equal to the ratio of ΒΓ towards a straight line less than ΓΘ. For, if it is possible, let the ratio be towards ΚΓ, and with centre
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Γ 7T€pc(f)€peia γ&γράφθω η ZMK, και ττρος όρθάς rrj ΓΔ η Κ11 τέμνουσα την τετραγωνίζουσαν κατά τό II, και έπιζευχθεΐσα ή ΓΗ έκβεβλήσθω έπι το Ε. ομοίως δή τοΐς προγεγραμμένοις δβι-ζομεν καί τήν ZMK Trept^epctav τη ΒΓ εύθεία ΐσην, και ώς τήν ΒΕΔ 776pt</>ep6tap πρός τήν ΕΔ, τουτέστιν ώς τήν ΖΜΚ ττρος τήν ΜΚ, ούτως την ΒΓ εύθεΐαν πρός τήν ΗΚ. έζ ών φανερόν ότι ΐση εσται, ή ΜΚ περιφέρεια τή ΚΗ ευθεία, δπερ άτοπον. ούκ άρα εσται, ώς ή ΒΕΔ περιφέρεια πρός την ΒΓ εύθεΐαν, ούτως ή ΒΓ πρός ελασσόνα τής ΓΘ. έδείχθη δε ότι ούδέ πρός μείζονα* πρός αύτήν άρα τήν ΓΘ.
Έστι δβ /cat τοΰτο φανερόν ότι ή τών ΘΓ, ΓΒ εύθειών τρίτη άνάλογον λαμβανομένη εύθεΐα ΐση εσται τή ΒΕΔ περιφερεία, και ή τετραπλασίων αύτής τή τοΰ όλου κύκλου περιφερεία. εύρημένης δε τή τοΰ κύκλου περιφερεία ΐσης εύθείας πρόδηλον ojs* δή και αύτω τω κύκλω ράδιον ΐσον τετράγωνον συστήσασθαι* τό γάρ υπό τής περιμέτρου τοΰ κύκλου και τής εκ τοΰ κέντρου διπλάσιάν έστι τοΰ κύκλου, ώς 'Αρχιμήδης άπέδειζεν.
3.	TRISECTION OF AN ANGLE
(a) Types of Geometrical Problems
Tapp. Coll. iv. 36. 57-59, ed. Hultsch 270. 1-272. 14
λί"7. Τήν δοθεΐσαν γωνίαν εύθύγραμμον εις τρία ίσα τεμεΐν οί παλαιοί γεωμέτραι θελήσαντες ήπό-ρησαν δι' αιτίαν τοιαύτην. τρία γένη φαμεν είναι 346
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Γ let the arc ZMK be described, and let KH at right angles to ΓΔ cut the quadratrix at H, and let ΓΗ be joined and produced to E. In similar manner to what has been written above, we shall prove also that the arc ZMK is equal to the straight line ΒΓ, and that the ratio of the arc ΒΕΔ towards ΕΔ, that is, the ratio of ZMK towards MK, is the same as that of the straight line ΒΓ towards HK. From this it is clear that the arc MK is equal to the straight line KH, which is absurd. The ratio of the arc ΒΕΔ towards the straight line ΒΓ is therefore not the same as the ratio of ΒΓ towards a straight line less than ΓΘ. Moreover it was proved not the same as the ratio of ΒΓ towards a straight line greater than ΓΘ ; therefore it is the same as the ratio of ΒΓ towards ΓΘ itself.
This also is clear, that if a straight line is taken as a third proportional to the straight lines ΘΓ, ΓΒ it will be equal to the arc ΒΕΔ, and four times this straight line will be equal to the circumference of the whole circle. A straight line equal to the circumference of the circle having been found, a square can easily be constructed equal to the circle itself. For the rectangle contained by the perimeter of the circle and the radius is double of the circle, as Archimedes demonstrated.61
3. TRISECTION OF AN ANGLE
(«) Types of Geometrical Problems
Pappus, Collection iv. 36. 57-59, ed. Hultsch 270. 1-272. 14
36. When the ancient geometers sought to divide a given rectilineal angle into three equal parts they were at a loss for this reason. We say that there
α See supra, pp. 316-321.
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τών ev γεωμετρία προβλημάτων, και τά μέν αυτών βπίπβδα καλεΐσθαι, τά δβ στερεά, τά δβ γραμμικά, τά μεν ουν δύ ευθείας και κύκλου περιφέρειας δυνάμενα λύεσθαι λεγοιτ' αν εικότως επίπεδα* και γάρ αί γραμμαι δύ ών εύρίσκεται τά τοιαΰτα προβλήματα την γενεσιν έχουσιν εν έπιπέδω. όσα δε λύεται προβλήματα παραλαμβανομενης εις την εύρεσιν μιας τών τοΰ κώνου τομών η και πλειόνων, στερεά ταΰτα κέκληται* προς γάρ την κατασκευήν χρησασθαι στερεών σχημάτων έπιφανείαις, λέγω δέ ταΐς κωνικαΐς, άναγκαΐον. τρίτον δε τι προβλημάτων υπολείπεται γένος τό καλούμενον γραμμικόν* γραμμαι γάρ ετεραι παρά τάς ζίρη-μένος εις την κατασκευήν λαμβάνονται ποίκιλω-τέραν εχουσαι την γενεσιν και βεβιασμενην μάλλον, έξ άτακτοτερων επιφανειών και κινήσεων έπι· πεπλεγμενών γεννώμεναι. τοιαΰται δέ είσιν αί τε έν τοΐς προς έπιφανείαις καλουμένοις τόποις ευρισκόμενοι γραμμαι έτεραί τε τούτων ποικιλώ-τεραι και πολλαι τό πλήθος υπό Δη μητριού τοΰ Άλεξανδρέως έν ταΐς Γραμμικαΐς έπιστάσεσι και Φίλωνος τοΰ Ύυανέως έξ έπιπλοκης πλεκτοειδών τε και ετέρων παντοίων έπιφανειών ευρισκόμενοι πολλά και θαυμαστά συμπτώματα περί αύτάς εχουσαι. καί τινες αυτών υπό τών νεωτέρων ηξιώθησαν λόγου πλείονος, μία δέ τις έξ αυτών έστιν η και παράδοξος υπό τοΰ Μβνελάου κληθεΐσα γραμμή, τοΰ δέ αύτοΰ γένους ετεραι έλικές είσιν
• Whether τοποι προς επιφανείαις are “ loci which are surfaces ” or “ loci which lie on surfaces ” (e.g., the cylindrical helix) is a moot point. Euclid wrote two books under the title.
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are three kinds of problems in geometry, some being called plane, some solid, some linear. Those which can be solved by means of a straight line and a circumference of a circle are properly called plane ; for the lines by which such problems are solved have their origin in a plane. Such problems, however, as are solved by using for their discovery one or more of the sections of the cone are called solid ; for in the construction it is necessary to use surfaces of solid figures, I mean the conic surfaces. There remains a third kind of problem called linear ; for other lines besides those mentioned are used for their construction, having a more complicated and less natural origin as they are generated from more irregular surfaces and intricate movements. Among such lines are those found in the so-called surf ace-loci,a and many others more complicated than these wTere discovered by Demetrius of Alexandria in his Linear Considerations and Philon of Tyana b as a result of interweaving plektoids and other surfaces of all kinds, and they exhibit many wonderful properties. Some of these curves were investigated more fully by more recent geometers, and among them in the line called paradoxical by Menelaus.0 Other lines of
b Nothing further is known of these writers, unless Demetrius be the Cynic, mentioned by Diogenes Laertius, who lived about 300 b.c., or the philosopher who flourished in the time of Seneca.
c Menelaus flourished c. a.d. 100 and his name is preserved in a famous theorem in spherical trigonometry. Tannery (Memoires scientifiques ii. p. 17) has suggested that the curve called paradoxical was Viviani’s curve of double curvature, defined as the intersection of a sphere with a cylinder touching it internally and having for its diameter the radius of the sphere. It is a particular case of Eudoxus’s hippopede (see infra, p. 414), and the portion lying outside
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τ^τραγωνίζουσαί re καί κοχλθ€ΐ^ΐς καί KLaaoecbe^. δοκ€Ϊ 8e πως αμάρτημα τό tolovtov ού μικρόν elvac τοΐς γ€ωμ€τραυς, όταν επίπεδον πρόβλημα δίά τών κωνικών η τών γραμμι,κών υπό πνος εύρίσκηται,, καί τό σύνολον όταν εξ ανοικείου λύηται, γόνους, οϊόν όσην τό εν τώ πεμπτω τών *Απολλώνιου Κωνικών επι της παραβολής πρόβλημα και η εν τώ περί της ελικος υπό ’Αρχιμή8ους λαμβανομενη στερεού νεύσις επι κύκλον* μη8ενι
the curve of the surface of the hemisphere on which it lies is equal to the square on the diameter of the sphere; the fact that this area can be squared is thought to justify the name paradoxical. An Arabian tradition that Menelaus reproduced in his Elements of Geometry Archytas’s solution of the problem of duplicating the cube (involving the intersection of a tore, cylinder and cone) lends a certain plausibility to the suggestion (y. Heath, H.G.M. ii. 261, Loria, Le scienze esatte, pp. 518-520).
° Heath identifies this {Apollonius of Perga cxxvii-cxxix) as Conics v. 58, where Apollonius finds the feet of the normals to a parabola passing through a given point by constructing a rectangular hyperbola whose intersections with the parabola give the required points. The feet of the normals could be found in the case of the parabola (though not of the ellipse or hyperbola) by the intersection of the parabola w ith a certain circle.
b The assumption made by Archimedes (Ilepl ελίκων 8, 9) is to the following effect, the relevant portion of his figure being detached :
If ΞΛ, KM are two chords of a circle, meeting at right angles at Γ, so that ΞΓ>ΓΛ, then it is possible to draw another chord KN meeting ΞΛ in I such that ΙΝ=ΜΓ (or, as Archimedes expresses the matter, it is possible to place the straight Une IN equal to ΜΓ and verging towards K). 350
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this kind are spirals and quadratices and cochloids and cissoids. It appears to be no small error for geometers when a plane problem is solved by conics or other curved lines, and in general when any problem is solved by an inappropriate kind, as in the problem concerning the parabola in the fifth book of the Conics of Apollonius a and the verging of a solid character with respect to a circle assumed by Archimedes in his book on the spiral b ; for it is possible
In general, the line KN is determined by the intersection of a hyperbola and a parabola, as Pappus himself shows in
another place (iv. 52-53, ed. Hultsch 298-302). The particular case where ΞΛ is a diameter bisecting the chord KM in Γ can be solved by plane methods, namely, by the “ application of areas ”; the solution for the case where IN is to be made equal to (radius of the circle) is assumed by Hippocrates in the fragment from Eudemus preserved by Simplicius (see supra, p.244 n. a).
Archimedes gives no indication of the solution he had in mind, but all he requires for his purpose is its possibility ; and its possibility can be demonstrated without any use of conics. For this reason Heath (The Works of Archimedes civ) thinks that Archimedes is to be excused from Pappus’s censure that he had solved a plane problem by solid methods.
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γάρ προσχρώμενον στερεώ δυνατόν εύρεΐν το ύπ' αύτοΰ γραφόμενον θεώρημα, λέγω δή τό την περί-
φερείαν τοΰ εν τη πρώτη περιφορά κύκλον ΐσην άποδεΐζαί τη πρός όρθάς αγόμενη ευθεία τη εκ της γενεσεως εως της εφαπτομένης της ελίκος. τοίαύτης δη της δίαφορας τών προβλημάτων ύπαρχούσης οί πρότεροί γεωμετραί τό προειρημέναν επί της γωνίας πρόβλημα τη φύσει, στερεόν ύπαρχον διά τών επίπεδων ζητοΰντες ούχ οΐοί τ ησαν ευρίσκει#· ούδεπω γάρ αί τοΰ κώνου τομαί συνήθεις ησαν αύτοΐς, καί δίά τοΰτο ηπόρησαν ύστερον μεντοί δίά τών κωνικών ετρίχοτόμησαν την γωνίαν είς την εύρεσίν χρησάμενοί τη ύπο-/ /
γεγραμμενη νευσεί.
(6)	Solution by Means of a Verging
Ibid. iv. 36. 60, ed. Hultsch 272. 15-274. 2
Παραλληλογράμμου δοθεντος ορθογωνίου τοΰ ΑΒΓΔ καϊ εκβληθείσης της ΒΓ, δέον έστω δι-αγαγόντα την ΑΕ ποίεΐν την Έ/Zj εύθεΐαν ΐσην τη δοθείση.
Γεγονετω, και ταΐς ΕΖ, ΕΔ παράλληλοί ηχθωσαν 352
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without using anything solid to find the theorem stated by him, I mean the theorem proving that the circumference of the circle in the first turn is equal to the straight line drawn at right angles to the initial Une to meet the tangent to the spirals Since problems differ in this way, the earlier geometers were not able to solve the aforementioned problem about the angle, when they sought to do so by means of planes, because it is by nature solid ; for they were not yet familiar with the sections of the cone, and for this reason were at a loss. Later, however, they trisected the angle by means of the conics, using in the solution the verging described below.
(ft) Solution by Means of a Verging
Ibid. iv. 36. 60, ed. Hultsch 272. 15-274. 2
Given a right-angled b parallelogram ΑΒΓΔ, with ΒΓ produced, let it be required to draw AE so as to make the straight line EZ equal to the given straight line.
Suppose it done, and let ΔΗ, HZ be drawn parallel
α Archimedes’ enunciation (Περί ελίκων 18) is: Ε* κα τάς ελικος τάς εν τά πρώτα περιφορά γεγραμμένας ευθεία γραμμά επιφανή κατά τό πέρας τάς ελικος, από δε τοΰ σαμείου, ό έστιν άρχά τάς ελικος, ποτ* όρθάς άχθή τις τά αρχα τάς περιφοράς, ά άχθεΐσα συμπεσεΐται τά έπιφαυουσα, και ά μεταξύ ευθεία τάς έπιφαυούσας και τάς άρχάς τάς έλικος ΐσα έσσεΐται τά τοΰ πρώτου κύκλον περιφερεία.
b It is not, in fact, necessary that the parallelogram should be right-angled.
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αί ΔΗ, HZ. βπβΐ ουν δοθεΐσά εστιν η ZE καί eartv ΐετη τη ΔΗ, δοθεΐσα άρα και η ΔΗ. /cat δοθεν το Δ· το Η άρα προς θεσει κύκλου περιφέρεια. και επει το υπό ΒΓΔ δοθεν και εστιν ΐσον τω υπό ΒΖ, ΕΔ, δοθεν άρα και τό υπό ΒΖ ΕΔ, τουτεστιν τό υπό ΒΖΗ* τό Η άρα προς υπερβολή. άλλα και προς θεσει κύκλου περιφέρεια· &οθεν άρα τό II.
Ibid. iv. 38. 62, ed. Hultsch 274. 18-276. 14
λη'. Δεδειγ μενού δη τούτου τρίχα τεμνεται η δοθεΐσα γωνία εύθύγραμμος ούτως.
Έστω γάρ οξεία πρότερον η υπό ΑΒΓ, /cat από τίνος σημείου κάθετος ή ΑΓ, /cat συμπληρωθεντος τοΰ ΓΖ παραλληλογράμμου η ΖΑ εκβεβλησθω επι
τό Ε, και παραλληλογράμμου όντος ορθογωνίου τοΰ ΓΖ κείσθω μεταξύ τών ΕΑΓ ευθεία η ΕΔ νεύουσα επι τό Β ΐση τη διπλάσιά της ΑΒ (τούτο γάρ ώς δυνατόν γενεσθαι προγεγραπται)· λέγω δη ότι της δοθείσης γωνίας της υπό ΑΒΓ τρίτον μέρος εστιν η υπό ΕΒΓ.
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to EZ, ΕΔ. Since ZE is given and is equal to ΔΗ, therefore ΔΗ is also given. And Δ is given; therefore H is on the circumference of a circle given in position. And since the rectangle contained by ΒΓ, ΓΔ is given and is equal to the rectangle contained by BZ, ΕΔ [Eucl. i. 43], therefore the rectangle contained by BZ, ΕΔ is given, that is, the rectangle contained by BZ, ZH is given ; therefore H lies on a hyperbola. But it is also on the circumference of a circle given in position ; therefore H is given.a
Ibid. iv. 38. 62, ed. Hultsch. 274. 18-276. 14
38. With this proved, the given rectilineal angle is trisected in the following manner.
First let ΑΒΓ be an acute angle, and from any point [of the straight line AB] let the perpendicular ΑΓ be drawn, and let the parallelogram ΓΖ be completed, and let ZA be produced to E, and inasmuch as ΓΖ is a right-angled parallelogram let the straight line ΕΔ be placed between EA, ΑΓ so as to verge towards B and be equal to twice AB—that this is possible has been proved above ; I say that ΕΒΓ is a third part of the given angle ΑΒΓ.
e The formal synthesis then follows as Pappus iv. 87.
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Ύετμησθω γάρ η ΕΔ δ/χα τώ Η, και έπεζεύχθω η ΑΗ· αί τρεις άρα αι ΔΗ, HA, HE ΐσαι εισιν διπλή άρα ή ΔΕ τής ΑΗ. αλλά καί της ΑΒ δύπλψ ϊση άρα έστίν η ΒΑ τή ΑΗ, καί η ύπο ΑΒΔ γωνία τή ύπο ΑΗΔ. η δέ ύπο ΑΗΔ διπλάσιά της ύπο ΑΕΔ, τουτ εστιν της ύπο ΔΒΓ· και η ύπο ΑΒΔ άρα διπλή εστιν της ύπο ΔΒΓ. καί εάν την ύπο ΑΒΔ δίχα τέμωμεν, carat η ύπο ΑΒΓ γωνία τρίχα τετμημένη.
(c)	Direct Solutions by Means of Conics
Ibid. iv. 43. 67-44. 68, ed. Hultsch 280. 20-284. 20 μγ'· Kat άλλως της δοθείσης περιφέρειας το
α We may easily show with Heath (H.G.M. i. 237-288) how the solution of the vevats is equivalent to the solution of a cubic equation. If in the accompanying figure ZE, ZB are the axes of x, y respectively, and ZA =α, ZB =ό, the point Θ giving E is determined as the intersection of the circle
(*-a)2 + (y-0)2=4(a2 + 02)
and the hyperbola	xy = ab.
By eliminating x from these equations we may obtain
(y + 5)(y3 - 30y2 - 3a2y + α2ό) = O.
One of the points of intersection of the circle and hyperbola is therefore given by y = - ό, x = - a.
The other three are determined by the equation
y* - 3by2 - 3a2y + a2b = O.
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For let ΕΔ be bisected at H, and let AH be joined; the three straight lines ΔΗ, HA, HE are therefore equal ; therefore ΔΕ is double of AH. But it is also double of AB ; therefore BA is equal to AH, and the angle ΑΒΔ is equal to ΑΗΔ. Now ΑΗΔ is double of ΑΕΔ, that is, of ΔΒΓ ; and therefore ΑΒΔ is double of ΔΒΓ. And if we bisect ΑΒΔ, the angle ΑΒΓ will be trisected.a
(c) Direct Solutions by Means of Conics
Ibid. iv. 43. 67-44. 68, ed. Hultsch 280. 20-284. 20
43.	Another way of cutting off the third part of a
If	Ζ.ΑΒΓ = 0, so that tan θ =
and	T = tan ΔΒΓ, so that y =ar9
then	α3τ3 - 3όα2τ2 - 3α3τ + α2ό = Ο
whence	b( 1 - 3τ2) = α(3τ - τ3)
J	4. Λ 3τ-τ3
and	tan θ = - = -—
a 1 - 3τ2
Accordingly, by a well-known theorem in trigonometry, T = tan y), and Z-ΑΒΓ is trisected by EB.
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τρίτον αναιρείται μέρος, χωρίς της νευσεως, διά στέρεου τόπου τοιουτου.
Θβσβύ η διά τών Α, Γ, καϊ από δοθέντων επ' αυτής τών Α, Γ κεκλάσθω η ΑΒΓ διπλάσιάν ποιούσα την υπό ΑΓΒ γωνίαν της υπό ΓΑΒ* ότι τό Β προς υπερβολή.
’Ήχ0α> κάθετος η ΒΔ, καϊ τη ΓΔ ΐση άπειλήφθω η ΔΕ· έπιζευχθεΐσα άρα η BE ΐση εσται, τη ΑΕ. κείσθω καϊ τη ΔΕ ΐση η ΕΖ· τριπλάσια άρα η ΓΖ της ΓΔ. έστω καϊ η ΑΓ της ΓΗ τριπλασία* εσται, δη δοθεν τό Η, καϊ λοιπή η ΑΖ της Η Δ τριπλάσια. καϊ, έπεϊ τών από BE, ΕΖ υπέροχη εστιν τό από ΒΔ, εστίν δέ καϊ τό υπό ΔΑ, ΑΖ τών αυτών υπέροχη, εσται άρα τό υπό ΔΑΖ, τουτεστιν τό τρις υπό ΑΔΗ, ΐσον τώ από ΒΔ* προς υπερβολή άρα τό Β, ης πλαγία μέν τοΰ προς άζονι είδους η
° For by the equality of the triangles ΒΕΔ, ΒΓΔ, we have δΒΕΓ = δΒΓΕ = 2δΓΑΒ (ex hypothesi). But δΒΕΓ = δΓΑΒ + δΑΒΕ.
Therefore δΓΑΒ = δΑΒΕ, and so BE = AE.
b i.e. since ΓΗ = £ΑΓ and ΓΔ = ^ΓΖ, by subtraction, ΓΗ - ΓΔ=£(ΑΓ- ΓΖ), or ΗΔ=|ΑΖ.
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given arc is furnished, without the use of a verging, by this solid locus.
Let the straight line through Α, Γ be given in position, and from the given points Α, Γ upon it let ΑΒΓ be inflected, making the angle ΑΓΒ double of ΓΑΒ ; I say that B lies on a hyperbola.
For let ΒΔ be drawn perpendicular [to ΑΓ] and let ΔΕ be cut off equal to ΓΔ ; when BE is joined it will therefore be equal to AE.a And let EZ be placed equal to ΔΕ ; therefore ΓΖ = 3ΓΔ. Now let ΓΗ be placed equal to ^ΑΓ ; therefore the point H will be given, and the remainder b AZ will equal 3ΗΔ.
Now since e	ΒΕ2-ΕΖ2 = ΒΔ2,
and	ΒΕ2-ΕΖ2 = ΔΑ . AZ,
therefore	ΔΑ . AZ = ΒΔ2,
that is	3ΑΔ . ΔΗ = ΒΔ2 ;
therefore B lies on a hyperbola with transverse axis
e The reasoning here is much abbreviated, and in full may be written as follows :
BE2- EZ2=BE2- ΕΔ2 (since ΕΖ = ΕΔ ex hypothesi) = ΒΔ2 (Eucl. i. 47)
Now BE2-EZ2 =AE2-EZ2 (since BE was proved equal to AE)
= ΔΑ . AZ (Eucl. ii. 6)
.·. ΔΑ.ΑΖ=ΒΔ2
.·. 3ΑΔ . ΔΗ =ΒΔ2 (since AZ was proved equal to 3ΗΔ)
Λ ΒΔ2: ΑΔ .ΔΗ =3: 1
_3ΑΗ2
AH2 5
.·. Β lies on a hyperbola with transverse axis AH and conjugate axis \/3AH.
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AH, η δέ όρθια τριπλάσια της ΑΗ. καϊ φανερόν ότι το Γ σημεΐον απολαμβάνει, προς τη Η κορυφή της τομής την Γ Η ημίσειαν της πλαγίας τοΰ είδους πλευράς της ΑΗ.
Καί η συνθεσις φανερά* δεησει γάρ την ΑΓ τεμεΐν ώστε διπλάσιάν είναι την ΑΗ της ΗΓ, καϊ περϊ άξονα τον ΑΗ γράφαι διά τοΰ Η υπερβολήν, ης ορθία τοΰ είδους πλευρά τριπλάσια της ΑΗ, καϊ δεικνύναι ποιοΰσαν αυτήν τον είρημένον διπλάσιαν λόγον τών γωνιών, καϊ ότι της δοθείσης κύκλου περιφέρειας το γ' άποτεμνει μέρος η τοΰτον γραφόμενη τον τρόπον υπερβολή συνιδεΐν ράδιον τών Α, Γ σημείων περάτων της περιφέρειας υποκείμενων.
μδ'. Έτβρως δέ την άνάλυσιν τοΰ τρίχα τεμεΐν την γωνίαν η περιφέρειαν εξεθεντό τινες άνευ της νεύσεως. έστω δε επι περιφέρειας ό λόγος9 ούδεν γάρ διαφέρει γωνίαν η περιφέρειαν τεμεΐν.
Γεγονετω δη, καϊ της ΑΒΓ περιφέρειας τρίτον
άπειληφθω μέρος η ΒΓ, καϊ επεζεύχθωσαν αι ΑΒ, ΒΓ, ΓΑ· διπλάσιων άρα η υπό ΑΓΒ της υπό 360
SPECIAL PROBLEMS
AH and conjugate axis >\/3AH. And it is clear that the point Γ cuts off at the vertex H of the [conic] section a straight line ΓΗ which is one-half of the transverse axis AH.
And the synthesis is clear ; for it will be required so to cut ΑΓ that AH is double of ΗΓ, and about AH as axis to describe through H a hyperbola with conjugate axis ^/3AH, and to prove that it makes the aforementioned double ratio of the angles. And that the hyperbola described in this manner cuts off the third part of the arc of the given circle is easily understood if the points Α, Γ are the end points of the arc.®
44.	Some set out differently the analysis of the problem of trisecting an angle or arc without a verging. Let the ratio be upon an arc ; it makes no difference whether an angle or an arc is to be divided.
Let it be done, and let ΒΓ, the third part of the arc ΑΒΓ, be cut off, and let AB, ΒΓ, ΓΑ be joined ; then
•For let O be the centre of a circle of which ΑΓ is an
arc. Let ΑΓ be divided at H so that AH = 2ΗΓ. Let the hyperbola be constructed which has AH for transverse axis and Γ V3 AH for conjugate axis, and let this hyperbola cut the arc of the circle in B. Then by Pappus’s proposition, δΒΓΑ=2δΒΑΓ.
Therefore their doubles are equal, or	δΒ0Α = 2δΒ0Γ,
and so OB trisects the angle ΑΟΓ and the arc AB.
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ΒΑΓ. τετμήσθω δίχα η υπό ΛΓΒ τη ΓΔ, καί κάθετοι, αί ΔΕ, ΖΒ* ίση άρα η ΑΔ τη ΔΓ, ώστε καί η ΑΕ τη ΕΓ* δοθεν άρα τό Ε. επεί ούν εστιν ώς η ΑΓ προς ΓΒ, ούτως η ΑΔ προς ΔΒ, τουτεστιν η ΑΕ προς ΕΖ, και εναλλάξ άρα εστίν ώς η ΓΑ προς ΑΕ, η ΒΓ προς WZj. διπλή δε η ΓΑ τη ΑΕ* διπλή άρα καί ή ΒΓ της ΕΖ* τετραπλάσιον άρα τό από ΒΓ, τουτεστιν τά από τών ΒΖΓ, τοΰ από της ΕΖ. επεί ουν δυο δοθεντα εστίν τά Ε, Γ, καί όρθη η ΒΖ, /cat λόγος εστίν τοΰ από ΕΖ προς τά από τών ΒΖΓ, τό Β άρα προς υπερβολή, αλλά /cat προς θεσει περιφερεία· δοθεν άρα τό Β. καί η σύνθεσις φανερά.
° The relation ΒΓ = 2ΕΖ tells us that B lies on a hyperbola with foci Α, Γ, directrix BZ and eccentricity 2. Pappus proceeds to turn this into the axial form ΕΖ2:ΒΖ2 + ΖΓ2 = 1:4 which was more commonly used by the Greeks. In fact, there are only two other extant passages in which the focus-directrix property is used. One of them is also given by Pappus (vii., ed. Hultsch 1004-1014), who there proved
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ΖΑΓΒ = 2ΖΒΑΓ. Let ΖΑΓΒ be bisected by ΓΔ, and let ΔΕ, ZB be drawn perpendicular ; therefore ΑΔ is equal to ΔΓ, so that AE is also equal to ΕΓ; therefore E is given.
Now because ΑΓ : ΓΒ = ΑΔ : ΔΒ [Eucl. vi. 5 = AE : EZ,
therefore alternately ΓΑ : ΑΕ = ΒΓ : EZ.
But ΓA = 2AE ; and therefore ΒΓ = 2EZ ; therefore ΒΓ2 = 4ΕΖ2, that is, ΒΖ2 + ΖΓ2 = 4ΕΖ2. Now, since the two points Ε, Γ are given, and BZ is drawn at right angles, and the ratio EZ2 : ΒΖ2 + ΖΓ2 is given, B lies on a hyperbola. But it also lies on an arc given in position ; therefore B is given. And the synthesis is clear.0
generally that “ if the distance of a point from a fixed point is in a given ratio to its distance from a fixed line, the locus of the point is a conic section which is an ellipse, a parabola or a hyperbola according as the given ratio is less than, equal to, or greater than, unity.” The proof is among a number of lemmas to the Surface Loci of Euclid, so presumably the focus-directrix property was already well known when Euclid wrote.
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X. ZENO OF ELEA
X. ZENO OF ELEA
Aristot. Phys. I 9, 239 b 5-240 a 18
Ζήνων δέ παραλοχ/ζβταχ· et γάρ αεί, φησίν, ήρεμευ παν η κινείται,1 όταν η κατά το ΐσον, εστυν δ’ det τό φερόμενον εν τώ νΰν, ακίνητον την φερο-μενην etvat όυστόν. τοΰτο δ’ εστυ φεΰδος- ού γάρ σύγκευταυ ό χρόνος εκ τών νΰν τών άδυαυρετων, ώσπερ ούδ’ άλλο μεγεθος οΰδε'ν.
Τε'τταρες δ’ είσι,ν οί λόγου περί κυνήσεως Ζήνωνος οί παρεχοντες τάς δυσκολίας τοΐς λύουσυν, πρώτος μεν ό περί τοΰ μη κυνεΐσθαυ δύά τό πρότερον είς τό ημυσυ δεΐν άφυκεσθαυ τό φερόμενον η προς τό τέλος, περί οΰ δυείλομεν εν τοΐς πρότερον λόγους.
1 Zeller would bracket η κινείται, and he is followed by Ross, but not, it seems to me, with sufficient reason. Diels, followed by Lee, has the unnecessary addition of ούδβν 8c κινείται after these words. The passage as it stands is satisfactorily explained by Brochard {Etudes de philosophie ancienne et de philosophie moderne, p. 6) and by Heath {H.G.M. i. 276).
a Zeno of Elea, who is represented by Plato (Farm. 127 b) as “ about forty ” when Socrates was a “ very young man ” (say in 450 b.c.), was a disciple of Parmenides. The object of his four arguments on motion, here reproduced from Aristotle, was to show that the rejection of Parmenides* doctrine of the unity of being led to self-contradictory results. S66
X. ZENO OF ELEA*
Aristotle, Physics Z 9, 239 b 5-240 a 18
Zeno’s argument is fallacious ; for, he says, if everything is either at rest or in motion when it occupies a space equal to itself, while the object moved is always in the instant, the moving arrow is unmoved. But this is false; for time is not made up of indivisible instants, any more than is any other magnitude.
Zeno has four arguments about motion which present difficulties to those who try to resolve them. The first is that which says there is no motion because the object moved must arrive at the middle before it arrives at the end,& concerning which we have already treated.
A vast literature has grown round these arguments, but the student will find most help in W. D. Ross, Aristotle's Physics, pp. 655-666, H. D. P. Lee, Zeno of Elea, and Heath, H.G.M. i. 271-283.
b Not only has it to pass through the half-way point, but through half of the remaining half, and so on to infinity. If a is the length of the course measured from the goal, then the moving object before it reaches its goal has to pass through the points 2,	~	. and so on through an infinite
series which cannot be enumerated. Aristotle’s answer is that the moving object has indeed to pass through an infinite number of positions, but in a finite time it has an infinite number of instants in which to do so.
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•Διό καυ ο Ζήνωνος λόγος φεΰδος λαμβάνευ τό μη ένδέχεσθαυ τά άπειρα δυελθεΐν ή άψασθαυ των απείρων καθ' έκαστον εν πεπερασμένω χρόνω. δυχώς γάρ λέγεταυ καυ τό μήκος καυ ό χρόνος άπειρον, καυ όλως παν τό συνεχές, ήτοι, κατά δυαίρεσυν ή τοΐς εσχάτους, των μέν ουν κατά τό ποσόν απείρων ουκ ενδέχεται, άφασθαυ έν πεπερασμένου χρόνω, των δέ κατά δυαίρεσυν ενδέχεται,· καυ γάρ αυτός ό χρόνος ούτως άπευρος. ώστε εν τω απείρου καυ ουκ έν τω πεπερασμένου συμ-βαίνευ δυυέναυ τό άπευρον, καυ άπτεσθαυ τών απείρων τους απείρους, ου τους πεπερασμένους.*
Δεύτερος δ' ο καλούμενος Άχυλλεύς* εστυ δ' ούτος, οτυ τό βραδύτατον ουδέποτε καταληφθήσεταυ θέον υπό τοΰ ταχίστου* έμπροσθεν γάρ άναγκαΐον έλθεΐν τό δυώκον, όθεν ώρμησε τό φεΰγον, ώστ* αεί τυ προέχευν άναγκαΐον τό βραδύτερον. εστυ δέ καυ ούτος ό αυτός λόγος τω δυχοτομεΐν, δυα-φέρευ δ’ έν τω δυαυρευν μη δυχα τό προσλαμβανό-μενον μέγεθος, τό μέν ουν μη καταλαμβάνεσθαυ τό βραδύτερον συμβέβηκεν έκ τοΰ λόγου, γίγνεταυ δέ παρά ταύτό τή δυχοτομία (έν άμφοτέρους γάρ συμβαίνευ μη άφυκνευσθαυ προς τό πέρας δυαυρου-
α The passage between the asterisks, to which Aristotle refers the reader, is Phys. Z 2, 233 a 21-31 and is reproduced here for convenience.
b Aristotle’s argument is correct. The Achilles is a more general form of the Dichotomy. If the speed of Achilles is n times that of the tortoise (we learn from Themistius and Simplicius that the tortoise was the object pursued), and the tortoise starts a unit ahead, then when Achilles has reached the point where the tortoise started the 368
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* Zeno’s argument makes a false assumption in not allowing the possibility of passing through or touching an infinite number of positions one by one in a limited time. For there are two senses in which length and time, and, generally, any continuum, are said to be infinite, either in respect of division or of extension. So where the infinite is infinite in respect of quantity, it is not possible to make in a limited time an infinite number of contacts, but it is possible where the infinite is infinite in respect of division ; for the time also is infinite in this respect. And so it is possible to pass through an infinite number of positions in a time which is in this sense infinite, but not in a time which is finite, and to make an infinite number of contacts because its moments are infinite, not finite.*0
The second argument is the so-called Achilles; this asserts that the slowest will never be overtaken by the quickest; for that which is pursuing must first reach the point from which the fleeing object started, so that the slower must necessarily always be some distance ahead. This is the same reasoning as that of the Dichotomy, the only difference being that when the magnitude which is successively added is divided it is not necessarily bisected.6 The argument leads to the conclusion that the slower will never be overtaken, and it is for the same reason as in the Dichotomy (for in both by dividing the distance in some way it is tortoise is 1 ahead; when Achilles has reached this point n
the tortoise is —2 ahead ; and so on to infinity. Putting n=2 we get the special conditions of the Dichotomy. Both arguments emphasize that to traverse a finite distance means passing through an infinite number of positions.
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μενού πως τοΰ μεγέθους- αλλά πρόσκΈΐται εν τούτω ότι ούδέ τό τάχιστον τετραγιρδημένον εν τώ διώκειν τό βραδύτατον), ωστ ανάγκη και την λύσιν είναι, την αυτήν, τό δ’ άξιοΰν ότι τό προέχον ού καταλαμβάνεται, ψεΰδος· ότε γάρ προέχει, ού καταλαμβάνεται· άλλ’ όμως καταλαμβάνεται, €?-περ δώσει διεζιέναι την πεπερασμένην.
Ούτοι μεν ουν οί δύο λόγοι, τρίτος δ’ ο νυν ρηθείς, ότι η όιστός φερομενη έστηκεν. συμβαίνει δέ παρά τό λαμβάνειν τον χρόνον συγκεΐσθαι εκ τών νΰν· μη διδόμενου γάρ τούτου ούκ εσται ό συλλογισμός.
Τέταρτος δ’ ο περί τών έν τώ σταδίω κινου-μενών εξ εναντίας ίσων όγκων παρ ίσους, των μεν από τέλους τοΰ σταδίου τών δ’ από μέσου, y /	> Φ η f	?	ζ
ισω ταχει, εν ω συμραινειν οιεται ίσον είναι χρονον τώ διπλασίω τον ημισυν. έστι δ’ ό παραλογισμός
α Achilles overtakes the tortoise when he has travelled a distance 1 + - + i + ... ad inf.
n n2
n
This is a convergent series whose sum is -—p The ancients did not know how to sum an infinite series, but they knew that Achilles would catch the tortoise and that the problem solvitur ambulando.
b Lachelier (Revue de metaphysique et de morale, xviii., pp. 346-347) and Ross explain that από τοΰ μέσου means from the turning point in the double course or δίαυλο?. The race was from the τέλος to the μέσον and back again to the τέλος. On this interpretation it is possible to translate easily and naturally. Gaye, the Oxford translators and Lee, who do not accept this interpretation, but believe τό μέσον to refer 370
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concluded that the goal will not be reached ; but in this a dramatic effect is produced by saying that not even the swiftest will be successful in its pursuit of the slowest) and so the solution must necessarily be the same. The claim that the one in front is not overtaken is false ; for wrhen in front he is not indeed overtaken, but he will nevertheless be overtaken if he give his pursuer a finite distance to go through.a
These are two of the arguments, and the third is the one just mentioned, that the flying arrow’ is at rest. This conclusion follows from the assumption that time is composed of instants ; for if this is not granted the reasoning does not follow.
The fourth is that about the two rows of equal bodies moving past each other in the stadium with equal velocities in opposite directions, the one row starting from the end of the stadium, the other from the middle? This, he thinks, leads to the conclusion that half a given time is equal to its double. The
to the middle of the A s, are forced to paraphrase : “ The
one row’ originally stretching from the goal to the middlepoint of the stadium, the other from the middle-point to the starting-post.” Ross has to admit that τό μέσον is apparently not used elsewhere of the middle-point of the δίαυλο?, but he rightly emphasizes the unnaturalness of any other interpretation.
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έν τώ το μέν παρά κννουμενον το δέ παρ' ήρεμοΰν τό ΐσον μέγεθος άζνοΰν τώ ΐσω τάχεν τόν ΐσον φέρεσθαν χρόνον· τοΰτο δ’ έστν φεΰδος. οιον έστωσαν ον έστώτες ΐσον όγκον έφ' ών τα ΑΑ, οί δ’ έφ' ών τα ΒΒ άρχόμενον από τοΰ μέσου, ΐσον τόν άρνθμόν τουτονς όντες καν τό μέγεθος, ον δ* έφ' ών τά ΓΓ από τοΰ εσχάτου, ΐσον τόν άρνθμόν όντες τουτονς καν τό μέγεθος, καν Ισοταχείς τοΐς Β. συμβαννεν δη τό πρώτον Β άμα έπν τώ έσχάτω εΐναν καν τό πρώτον Γ, παρ' άλληλα κννουμένων. συμβαννεν δέ τό Γ παρά πάντα [τά Β]1 δνεξελη-λυθέναν, τό δέ Β παρά τά ημνση· ώστε ημνσυν εΐναν τόν χρόνον· ΐσον γάρ έκάτερόν έστν παρ'
1 τά Β del. Ross.
β There seems little doubt that initially the rows of bodies were symmetrically arranged in the following way (we will assume half a dozen of each for convenience):
As
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fallacy lies in assuming that a body takes an equal time to pass with equal speed a body in motion and a body of equal size at rest ; but this is untrue. For example, let AA be stationary bodies of equal size, let BB be the bodies equal in number and size that start from the middle, and let ΓΓ be the bodies equal in number and size that start from the end, having a speed equal to that of the Bs.a In consequence, the first B and the first Γ move past each other and come simultaneously to the end? It follows that Γ has passed all the bodies it is moving past, though B has passed only half the bodies it is moving past? so that B has taken half the time [taken by Γ] ; for
and that the final position they take up is :
But there are great difficulties in the text. Ross’s interpretation seems to me to do least violence to the Greek.
6 i.e, the first B is under the right-hand A at the same time that the first Γ is under the left-hand A.
c Ross explains, to my mind judiciously, that the B s are thought of primarily as moving past the A s and only secondarily as moving past the Γ s, while the Γ s are thought of primarily as moving past the B s and only secondarily past the A s. Zeno wishes to point out that the first B has moved past only three A s while the first Γ has moved past six B s. On the ground that to move past six B s requires twice the time needed to move past three A s, coupled with the knowledge that the time taken is in fact the same in 373
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έκαστον. άμα δβ συμβαίνει τό πρώτον Β1 παρά πάντα τά Γ παρεληλυθεναι· άμα γάρ εσται το πρώτον Γ καί το πρώτον Β επι τοΐς εναντίους εσχάτους, [ίσον χρόνον παρ' έκαστον γυγνόμενον τών Β οσον περ τών Α, ώς φησιν]* δύά τό άμφό-τέρα ΐσον χρόνον παρά τά Α γίγνεσθαι,, ό μεν ουν λόγος οΰτός εστυν, συμβαίνει 8ε παρά το είρημενον φεΰ8ος.
both cases, he gets his paradox, that half a given time is equal to the whole. He neglects the fact that the relative motion of Γ to B is twice as great as the relative motion of B to A. If this is borne in mind, the paradox disappears. In order to support his interpretation Ross omits τα B from the text: there is a rival reading rd A and Ross suggests» with reason, that they are both glosses.
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each takes an equal time in passing each body. And it follows that at the same moment the first B has passed all the Γ s: for the first Γ and the first B will be simultaneously at opposite ends [of the As], since both take an equal time in passing the A s. Such is his argument, and it comes about from the aforementioned fallacy.
1	The vulgate has τά B, but it would be incorrect to say all the B s have passed all the Γ s. One manuscript has to α β, which would be a correct way of writing τό πρώτον B, and Ross accordingly adopts this.
2	ΐσον . . . φησι,ν. These words will not stand interpretation and Ross omits them as a gloss in the margin on ΐσον γάρ €κάτ€ρόν εστιν παρ' έκαστον which found its way into the text at the wrong place.
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XL THEAETETUS
XI. THEAETETUS
(«) General
Suidas, 8.V. Θεαίτητος
Θεαίτητος, ’Αθηναίος, άστρολόγος, φιλόσοφος, μαθητής Σωκράτους, βδιδαξ^ν έν Ήρακλβια. πρώτος δέ τά πέντε καλούμενα στερεά έγραφε· γέγονε δέ μετά τά Τϊελοποννησιακά.
(δ) The Five Regular Solids
Schol. i. in Eucl. Elem. xiii., Eucl. ed. Heiberg v. 654
Έρ τούτω τώ βιβλίω, τουτέστι τω ιγ', γράφεται τά λεγάμενα Πλάτωνος έ σχήματα, ά αύτοΰ μεν
IV	/	-	/
ουκ εστιν, τρία οε των προειρημενών ε σχημάτων τών Πυθαγορείων εστίν, ό τε κύβος και ή πυραμις και το δωδεκάεδρον, Θεαιτήτου δέ τό τε οκτάεδρον και τό εικοσάεδρον. τήν δέ προσωνυμίαν ελαβεν Πλάτωνος διά το μεμνησθαι αυτόν έν τω Ύιμαίω περί αυτών.
α Theaetetus lived about 415-369 b.c. He is the subject of a dissertation De Theaeteto Atheniensi by Eva Sachs (Berlin, 19 14).
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XI. THEAETETUS ·
(«) General
Suidas, s.v. Theaetetus
Theaetetus, an Athenian, astronomer, philosopher, a pupil of Socrates, taught in Heraclea. He was the first to describe b the five solids so-called. He lived after the Peloponnesian wars.
(6)	The Five Regular Solids
Euclid, Elements xiii., Scholium i., Eucl.
ed. Heiberg v. 654-
In this book, that is, the thirteenth, are described the five Platonic figures, which are however not his, three of the aforesaid five figures being due to the Pythagoreans,c namely, the cube, the pyramid and the dodecahedron, while the octahedron and icosahedron are due to Theaetetus. They received the name Platonic because he discourses in the Timaeus about them.
b Possibly “ construct.”
® For the relation of the Pythagoreans to the five regular solids, see supra, pp. 216-225, Theaetetus was probably the first to construct all five theoretically ; the Pythagoreans could not have done that. For a full discussion, see Eva Sachs, Die funf Platonischen Korper.
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(c)	The Irrational
Schol. Ixii. in Eucl. Elem. x., Eucl. ed. Heiberg v. 450. 16-18
To θεώρημα τοΰτο Θεαυτήτευόν έστυν εύρημα, καυ μέμνηταυ αύτοΰ ο Πλάτων έν Θεαυτητω, άλλ’ εκεί μεν μερυκώτερον εγκευταυ, ενταύθα δέ καθόλου.
Plat. Theaet. 147 d-148 β
ΘΕΑΙΤΗΤΟ2. Ιϊερϊ δυνάμεων τυ ημΐν Θεόδωρος όδε έγραφε, της τε τρίποδος πέρυ καϊ πεντέ-ποδος [αποφαίνων]1 οτυ μηκει ου συμμέτρου τη ποδυαία, καϊ οντω κατά μίαν έκάστην προαιρούμενος μόχρυ της έπτακαυδεκάποδος· εν δέ ταύτη πως ένέσχετο. ημΐν ουν ευσηλθέ τυ τουοΰτον, επειδή άπειρου τό πλήθος αυ δυνάμευς έφαίνοντο, πευραθηναυ συλλαβευν ευς έν, οτω πάσας ταύτας προσαγορεύσομεν τάς δυνάμευς.
1	αποφαίνων seel. Burnet.
• The enunciation is: The squares on straight lines commensurable in length have to one another the ratio which a square number has to a square number ; and squares which have to one another the ratio which a square number has to a square number will also have their sides commensurable in length. But the squares on straight lines incommensurable in length have not to one another the ratio which a square number has to a square number ; and squares which have not to one another the ratio which a square number has to a square number will not have their sides commensurable in length either.
b Theodorus of Cyrene, claimed by lamblichus (Vit. Pythag. 36) as a Pythagorean and said to have been Plato’s teacher in mathematics (Diog. Laert. ii. 103).
° Several conjectures have been put forward to explain 380
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(c) The Irrational
Euclid, Elements x., Scholium Ixii., ed. Heiberg v. 450. 16-18
This theorem [Eucl. Elem. x. 9]a is the discovery of Theaetetus, and Plato recalls it in the Theaetetus, but there it arises in a particular case, here it is treated generally.
Plato, Theaetetus 147 d-14S b
Theaetetus. Theodorus& was proving to us a certain thing about square roots, I mean the square roots of three square feet and five square feet, namely, that these roots are not commensurable in length with the foot-length, and he proceeded in this way, taking each case in turn up to the root of seventeen square feet; at this point for some reason he stopped/ Now it occurred to us, since the number of square roots appeared to be unlimited, to try to gather them into one class, by which we could henceforth describe all the roots.
how Theodorus proved that λ/3, \/5 . . . \/17 are incommensurable. They are summarized by Heath {H.G.M. i. 204-208). One theory is that Theodorus adapted the traditional proof (supra, ρ. 110) of the incommensurability of\/2? Another, put forward by Zeuthen (“ Sur la constitution des livres arithmetiques des Elements d’Euclide et leur rapport a la question de I’irrationalite ” in Oversigt over det kgl. Danske videnskabernes Selskabs Forhandlinger, 1915, pp. 422 ff.), depends on the process of finding the greatest common measure as stated in Eucl. x. 2. If two magnitudes are such that the process of finding their G.C.M. never comes to an end, the two magnitudes are incommensurable. The method is simple in theory, but the geometrical application is fairly complicated, though douutless not beyond the capabilities of Theodorus.
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ΣΩΚΡΑΤΗΣ. TII καί ηύρετέ τι τοιοΰτον;
ΘΕΑΙ. Έ/wtye δοκούμβρ· σκοπβι δβ και σύ.
ΣΩ. Aeyc.
ΘΕΑΙ. Top αριθμόν πάντα δίχα διελάβομεν τόν μέν δυνάμενον ΐσον ισάκις γίγνεσθαι, τω τετραγώνω τό σχήμα άπεικάσαντες τετράγωνόν τε και ισόπλευρον προσείπομεν.
ΣΩ. Kat ευ γε.
ΘΕΑΙ. Top τοίνυν μεταξύ τούτου, ών και τά τρία και τά πέντε και πας ός αδύνατος ΐσος ισάκις γενέσθαι, άλλ’ η πλείων έλαττονάκις η έλάττων πλεονάκις γίγνεται, μείζων δέ και έλάττων άει πλευρά αυτόν περιλαμβάνει, τω προμηκει αΰ σχηματι άπεικάσαντες προμηκη αριθμόν έκαλέ-σαμεν.
ΣΩ. Κάλλίστα. άλλα τί τό μετά τοΰτο;
ΘΕΑΙ. "Oaat μέν γραμμαι τόν ισόπλευρον και επίπεδον αριθμόν τετραγωνίζουσι, μήκος ώρισά-μεθα, όσαι δέ τόν έτερομηκη, δυνάμεις, ώς μηκει μέν ου συμμέτρους έκείναις, τοΐς δ’ έπιπέδοις ά δύνανται. και περί τά στερεά άλλο τοιοΰτον.
α It is not possible to give the full force of the Greek as δυνάμεις, whicn literally means “ powers,” has to be trans-
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Socrates. And did you find such a class ?
Theaet. I think we did ; but see if you agree.
Soc. Speak on.
Theaet. We divided all numbers into two classes. The one, consisting of numbers which can be represented as the product of equal factors, we likened in shape to the square and called them square and equilateral numbers.
Soc. And properly so.
Theaet. The numbers between these, among which are three and five and all that cannot be represented as the product of equal factors, but only as the product of a greater by a less or a less by a greater, and are therefore contained by greater and less sides, we likened to oblong shape and called oblong numbers.
Soc. Excellent. And what after this ?
Theaet. Such lines as form the sides of equilateral plane numbers we called lengths, and such as form the oblong numbers we called roots, because they are not commensurable with the others in length, but only with the plane areas which they have the power to form.0 And similarly in the case of solids.
lated “ roots ” to conform with mathematical usage, δυνάμβυ, it will be noticed, are here limited to the square roots of oblong numbers, and are therefore always incommensurable.
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XII. PLATO
(a) General
Tzetzes, Chil. viii. 972-973
Προ τών πρόθυρων τών αύτοΰ γράφας υπήρχε Πλάτων*
° Μηδεις* αγεωμέτρητος είσίτω μου τήν στέγην."
Pint Quaes. Conv. viii. 2. 1
Έκ δέ τούτου γενομένης σιωπής, πάλυν ο Διο-γενι,ανος άρζάμενος “ βούλεσθ'εΐπεν, “ επεί λόγοι περί θεών γεγόνασιν, εν τοΐς Πλάτωνος* γενεθλίοι,ς αυτόν Πλάτωνα κουνωνόν παραλάβωμεν, έπί-σκεφάμενοι, τίνα λαβών γνώμην άπεφήνατ' αεί γεωμετρεΐν τόν θεόν ; εϊ γε δή θετεον είναι τήν από φαν συν ταύτην Πλάτωνος*.” εμού δε ταΰτ* είπόντος ώς* γέγραπται μέν έν ούδενΐ σαφούς τών εκείνου βιβλίων, έχει, δέ πιστόν Ικανήν καί τοΰ Πλατωνικού χαρακτήρός εστιν.
Ευθύς ύπολαβών ό Ύυνδάρης “ οΐει. γάρ," εΐπεν, ° ω Διογενιανε', τών περιττών τι και δυσθεώρητων αινιττεσύαι τον λόγον, ούχ οπερ αυτός εΐρηκε καί γέγραφε πολλάκι,ς, ύμνών γεωμετρίαν, ώς άπο-
β For Proclus’s notice of Plato, see supra, p. 150, and for 386
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(a)	General
Tzetzes, Book of Histories viii. 972-973
Over his front doors Plato wrote: “ Let no one unversed in geometry come under my roof.” b
Plutarch, Convivial Questions viii. 2. 1
Diogenianus broke the silence which followed this discussion by saying : “ Since our discourse is about the gods, shall we make Plato share in it, especially as it is his birthday, and inquire what he meant when he said that God is for ever playing the geometer— if this saying is really Plato’s ? ” I said that this saying is not plainly written in any of his works, but it is a credible saying and is of a Platonic character.
Thereupon Tyndares took up the discussion and said : “ Do you think, Diogenianus, that this saying implies some subtle and recondite speculations, and not what he has so often mentioned, when he praises the pseudo-Platonic instrument for finding two mean proportionals, supra, pp. 262-267. The mathematics in Plato is the subject of dissertations by C. Blass (De Platone mathe-matico, Bonn, 1861) and Seth Demel (Platons Verhaltnis zur Mathematik, Leipzig, 1929).
6 Johannes Tzetzes, the Byzantine pedant who lived in the twelfth century a.d., is not the best of authorities, so this charming story must be accepted with caution. The doors are presumably those of the Academy.
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σπώσαν ημάς προσισχομένους τή αισθήσει και άποστρέφουσαν έπι τήν νοητήν και άίδιον φύσιν, ής θέα τέλος έστι φιλοσοφίας οϊον έποπτεία τελετής; . . . δ to xat Πλάτων αυτός έμέμφατο τούς περί Ενδοξον και ’Αρχύταν και Μβνανγμον εις οργανικός και μηχανικός κατασκευάς τον τού στερεού δ^λα-σιασμόν άπάγειν έπιχειροΰντας, ώσπερ πειρω-μενους δι' αλόγου δύο μέσας άνάλογον, ή παρείκοι, λαβεΐν άπόλλυσθαι γάρ ούτω και διαφθείρεσθαι το γεωμετρίας αγαθόν αΰθις έπι τά αισθητά παλινδρομούσης και μη φερομένης άνω μηδ' αναλαμβανόμενης τών άιδίων και άσωμάτων εικόνων, προς αΐσπερ ών ό θεός άει θεός έστι.”
Aristox. Harm, ii. ad. in it., ed. Macran 122. 3-16
BeArtov ίσως έστι τό προδιελθεϊν τον τρόπον τής πραγματείας τις ποτ εστίν, ίνα προγιγνώσκοντές ώσπερ όδον ή βαδιστέον ράδιον πορευώμεθα είδότες τε κατά τι μέρος έσμέν αυτής και μη λάθωμεν ημάς αυτούς παρυπολαμβάνοντες το πράγμα, καθ-άπερ 'Αριστοτέλης άει διηγείτο τούς πλείστους τών άκουσάντων παρά Πλάτωνος τήν περί τάγαθοΰ άκρόασιν παθεΐν* προσιέναι μέν γάρ έκαστον ύπο-λαμβάνοντα λήφεσθαί τι τών νομιζομένων τούτων ανθρωπίνων αγαθών οϊον πλούτον ύγίειαν ίσχύν το όλον ευδαιμονίαν τινά θαυμαστήν· ότε δέ φα-νείησαν οι λόγοι περί μαθημάτων και αριθμών και γεωμετρίας και αστρολογίας και το πέρας ότι αγαθόν έστιν έν, παντελώς οΐμαι παράδοξόν τι
α The play on the words άλογου, άνάλογον cannot be reproduced in English, but we may compensate ourselves by playing on the words “ means,” “ mean proportionals.” 388
PLATO
geometry as a science that takes men away from sensible objects and turns them towards the intelligible and eternal, whose contemplation is the end of philosophy like the final grade of initiation into the mysteries ? . . . Therefore Plato himself censured Eudoxus and Archytas and Menaechmus for endeavouring to solve the doubling of the cube by instruments and mechanical constructions, thus trying by irrational means to find two mean proportionals,a so far as that is allowable : for in this way what is good in geometry would be corrupted and destroyed, falling back again into sensible objects and not rising upwards and laying hold of immaterial and eternal images, among which God has his being and remains for ever God.”
Aristoxenus, Elements of Harmony ii. ad init^ ed. Macran 122. 3-16
It is perhaps well to go through in advance the nature of our inquiry, so that, knowing beforehand the road along which we have to travel, we may have an easier journey, because we will know at what stage we are in, nor shall we harbour to ourselves a false conception of our subject. Such was the condition, as Aristotle often used to tell, of most of the audience who attended Plato’s lecture on the Good. Every one went there expecting that he would be put in the way of getting one or other of the things accounted good in human life, such as riches or health or strength or, in fine, any extraordinary gift of fortune. But w hen they found that Plato’s arguments were of mathematics and numbers and geometry and astronomy and that in the end he declared the One to be the Good, they were altogether taken by 389
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e^aAero αύτοΐς· cW’ οί μεν ύποκατεφρόνουν τοΰ πράγματος ol δε κατεμέμφοντο.
(δ) Philosophy of Mathematics
Plat. Rep. vi. 510 c-e
Οιμαι γάρ σε ειδέναι otl οί περί τάς γεωμετρίας τε καί λογισμούς καί τά τοιαΰτα πραγματευόμενου, ύποθέμενοι τό τε περιττόν καί τό άρτιον και τά σχήματα καί γωνιών τριττά είδη καϊ άλλα τούτων άδελφά καθ' έκάστην μέθοδον, ταΰτα μεν ώς ειδότες, ποιησάμενοι υποθέσεις αυτά, ούδένα λόγον ούτε αυτοΐς ούτε άλλοις ετι άζιοΰσι περί αυτών διδόναι ώς παντϊ φανερών, εκ τούτων δ' άρχόμενοι τά λοιπά ηδη διεζιόντες τελευτώσιν όμολογου-μένως έπι τοΰτο ου άν έπι σκέφιν όρμησωσι.
Πάνυ μεν ουν, έφη, τοΰτό γε οΐδα.
Ούκοΰν και οτι τοΐς όρωμένοις εϊδεσι προσ-χρώνται και τούς λόγους περί αυτών ποιούνται, ού περί τούτων διανοούμενοι, άλλ' έκείνων περί οΐς ταΰτα εοικε, τοΰ τετραγώνου αύτοΰ ένεκα τους λόγους ποιούμενοι και διαμέτρου αυτής, άλλ' ού ταύτης ην γράφουσιν, και τάλλα ούτως, αυτά μεν ταΰτα ά πλάττουσίν τε και γράφουσιν, ών και σκιαι και έν ύδασιν εικόνες εισιν, τούτοις μεν ώς ε'ικόσιν αύ χρώμενοι, ζητοΰντες δέ αύτά έκεΐνα ιόειν α ουκ αν άλλως ιοοι τις η τη οιανοια·
Plat. Ερ. vii. 342 α-343 β
"Εστιν τών όντων έκάστω, δι' ών την έπιστημην άνάγκη παραγίγνεσθαι, τρία, τέταρτον δ' αύτη— 390
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surprise. The result was that some of them scoffed at the thing, while others found great fault with it.
(6)	Philosophy of Mathematics
Plato, Republic vi. 510 c-e
I think you know that those who deal with geometries and calculations and such matters take for granted the odd and the even, figures, three kinds of angles and other things cognate to these in each field of inquiry ; assuming these things to be known, they make them hypotheses, and henceforth regard it as unnecessary to give any explanation of them either to themselves or to others, treating them as if they were manifest to all; setting out from these hypotheses, they go at once through the remainder of the argument until they arrive with perfect consistency at the goal to which their inquiry was directed.
Yes, he said, I am aware of that.
Therefore I think you also know that although they use visible figures and argue about them, they are not thinking about these figures but of those things which the figures represent ; thus it is the square in itself and the diameter in itself which are the matter of their arguments, not that which they dra% ; similarly, when they model or draw objects, which may themselves have images in shadows or in water, they use them in turn as images, endeavouring to see those absolute objects which cannot be seen otherwise than by thought.
Plato, Epistle vii. 342 a-343 b
For everything that exists there are three things through which knowledge about it must come ; the
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πέμπτον δ’ αυτό τιθέναι δεΐ ο δή γνωστόν τε καί αληθώς έστι,ν όν—έν μέν όνομα, δεύτερον δέ λόγος, τό δέ τρίτον εΐδωλον, τέταρτον δέ έπιστήμη. περί έν ουν λαβέ βουλόμενος μαθεΐν τό νυν λεγόμενον, και πάντων ούτω περί νόησον. κύκλος έστίν τι λεγόμενον, ω τοΰτ' αυτό έστιν όνομα δ νυν έ-φθέγμεθα. λόγος δ’ αύτοΰ τό δεύτερον, έζ ονομάτων και ρημάτων συγκείμενος* τό γάρ έκ τών έσχάτων έπι τό μέσον ΐσον άπέχον πάντη, λόγος άν εϊη έκείνου ωπερ στρογγύλον και περιφερές όνομα και κύκλος, τρίτον δέ τό ζωγραφούμενόν τε και έόαλειφόμενον και τορνευόμενον και άπολλύμενον ών αυτός ό κύκλος, δν περί πάντ* έστιν ταΰτα, ούδέν πάσχει, τούτων ώς έτερον όν. τέταρτον δέ επιστήμη και νους αληθής τε δόξα περί ταΰτ έστίν* ώς δέ έν τοΰτο αυ παν θετέον, ούκ έν φωναΐς ούδ’ έν σωμάτων σχήμασιν άλλ’ έν φυχαΐς ένόν, ω δηλον έτερόν τε δν αύτοΰ τοΰ κύκλου τής φύσεως τών τε έμπροσθεν λεχθέντων τριών. τούτων δέ έγγύτατα μέν συγγένεια και όμοιότητι τοΰ πέμπτου νοΰς πεπλησίακεν, τάλλα δέ πλέον απέχει. . . . κύκλος έκαστος τών έν ταΐς πράζεσι γραφόμενων ή και τορνευθέντων μεστός τοΰ έναντίου έστιν τώ πέμπτω—τοΰ γάρ εύθέος έφάπτεται παντη— αύτός δέ, φαμέν, ό κύκλος ούτε τι σμικρότερον ούτε μεΐζον τής έναντίας εχει έν αύτώ φύσεως. ονομα τε αύτών φαμεν ούδέν ούδενι βέβαιον είναι, κωλύειν δ’ ούδέν τά νΰν στρογγύλα καλούμενα εύθέα κεκλήσθαι τά τε εύθέα δή στρογγύλα, και
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knowledge itself is a fourth ; and as a fifth we must posit the actual object of knowledge which is the true reality. We have, then :—first, a name ; second, a description ; third, an image ; fourth, knowledge of the object. Take a particular case if you want to understand what I have just said, and then apply the theory to all objects in the same way. There is, for example, something called a circle, whose name is the very word I just now uttered. In the second place there is a description of it, made up of nouns and verbs. The description of the object whose name is round and circumference and circle would be : that which has everywhere the same distance between the extremities and the middle. In the third place there is the object which is drawn and erased and turned on the lathe and destroyed—processes which the real circle, in relation to which these other circles exist, can in no wise suffer, being different from them. In the fourth place there are knowledge and understanding and correct opinion about them—all of which must be posited as one thing more, inasmuch as it is found not in sounds nor in the shapes of bodies but in souls, whereby it manifestly differs in nature both from the real circle and from the aforesaid three. Of these understanding approaches nearest to the fifth in kinship and likeness, while the others are more distant. . . . Every circle drawn or turned on a lathe in practice abounds in the opposite to the fifth—for it everywhere touches the straight, while the real circle, we maintain, contains in itself neither more nor less of the opposite nature. The name, we maintain, is in no case stable ; there is nothing to prevent the things now called round from being called straight, and the straight round ; and those
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ούδέρ tJttop βεβαίως εξενν τοΐς μεταθεμένονς καί εναντίως καλοΰσνν.
Aristot. Met. A 5, 987 b 14-18
Έτά δέ παρά τά αισθητά καν τά είδη τά μαθηματικά τών πραγμάτων είναι φησν μεταξύ, δνα-φεροντα τών μεν αισθητών τώ άίδνα καν ακίνητα εΐναν, τών δ’ ειδών τώ τά μεν πόλλ’ άττα ομονα εΐναν τδ δ’ είδος αυτό εν έκαστον μόνον.
(c) The " Diorismos ” in the “ Meno ”
Plat. Meno 86 e-87 b
Λέγω δε τό εξ ύποθεσεως ώδε, ώσπερ ον γεω-μετράν πολλάκνς σκοποΰνταν, επενδάν τνς ερηταν αυτούς, ονον περν χωρίου, εν οΐόν τε ες τόνδε τόν κύκλον τόδε τό χωρίον τρίγωνον ενταθηναν, ενπον αν τνς ότν “ούπω ονδα εν εστν τοΰτο τονοΰτον, άλλ' ώσπερ μεν τννα ύπόθεσνν προύργου οΐμαν εχενν προς τό πράγμα τονάνδε. εν μεν εστν τοΰτο τό χωρίον τονοΰτον, ονον παρά την δοθενσαν αύτοΰ γραμμήν παρατείναντα ελλείπενν τονούτω χωρίω, οΐον αν αυτό τό παρατεταμενον η, άλλο τν συμ~ βαίνενν μον δοκεν, καν άλλο αΰ, εν αδύνατόν εστν ταΰτα παθενν ύποθεμενος ουν εθελω ενπενν σον 894
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who transpose them and use them in the opposite way will find them no less stable than they are now.
Aristotle, Metaphysics A 5, 987 b 14-18
Again, he [Plato] said that besides perceptible objects and forms there are the objects of mathematics, which occupy an intermediate position ; they differ from perceptible objects in being eternal and unchangeable, and from forms in that there are many alike, while the form itself is in each case unique.
(c)	The “ Diorismos ” in the “ Meno ”
Plato, Meno 86 e-87 b
I mean “ by way of hypothesis ” what the geometers often envisage when they are asked, for example, as regards a given area, whether this area can be inscribed in the form of a triangle in a given circle. The answer might be, “ I do not know whether this is so, but I think I have, if I may so put it, a useful hypothesis. If this area is such that when applied [as a rectangle] to the given straight line a in the circle it is deficient by a figure [rectangle] similar to that which is applied, then one result seems to me to follow, while another result follows if what I have described is not possible. Accordingly, by laying down a hypothesis I am willing to tell you
• “ The given straight line ” can only be the diameter. The “ application ” of areas so as to be “ deficient ” in a given way is explained above, pp. 186-187.
395
GREEK MATHEMATICS
το συμβαΐνον nepl της ύντάσεως αύτοΰ €ΐς τον κύκλον, €lte αδύνατον etre μη.
α If ΑΒ is the diameter of a circle of centre O, and E is a point on the circumference, and the rectangles ACEF,
FBDE are completed, and the chords EFG, AG are drawn, then the rectangle ACEF is “ applied ” to the straight line AB and “falls short” by the rectangle FBDE which is similar to the “ applied ” rectangle, for AF: FE=EF: FB. Moreover AEG is an isosceles triangle equal in area to the rectangle ACEF.
In order, therefore, to inscribe in the circle an isosceles
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what is the conclusion about the inscribing of the area in the circle, whether it is impossible or not.” a
triangle equal to a given area X we have to find a point E on the circumference of the circle such that if EF be dropped perpendicular to AB
the rectangle AF. FE =the given area X.
Clearly E lies on a rectangular hyperbola of which AB, AC are asymptotes. If b2 is equal to the given area, the equation of the hyperbola referred to its asymptotes as axes is xy = b2. For a real solution it is necessary that b2 should not be greater than the equilateral triangle inscribed in the circle, i.e., not
greater than 3\/3 . , where a is the radius of the circle. If b2 is equal to this area, the hyperbola touches the circle and there is only one solution. If b2 is greater than this area, the hyperbola does not touch, and there is no solution. If b2 is less than this area, the hyperbola cuts the circle in two points E, Ez, giving two solutions. It is to these facts that Plato refers.
The passage is an example of a διορισμό? giving the conditions for the possibility of the solution of a problem. Proclus is therefore in error when he says that Leon, the pupil of Neoclides, who was younger than Plato, “ invented διορισμοί” (supra, p. 150).
The above interpretation was first given by E. F. August in 1829. It was independently discovered by S. H. Butcher in Journal of Philology, xvii., pp. 219-225 and is accepted by Heath (H.G.M. i. 298-308), whose exposition I have closely followed. Many other explanations have been offered, the best known being that of Adolph Benecke (Ueber die geometrische Hypothesis in Platons Menon).
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(c?) The Nuptial Number
Plat. Rep. viii. 546 b-d.
Έστι δβ θείω μέν γεννητώ περίοδος ήν άρι,θμός περιλαμβάνει, τέλευος, άνθρωπείω δέ εν ω πρώτω αύξησει,ς δυνάμεναί τε καί δυναστευόμενα^, τρεις άποστάσει,ς, τετταρας δε ορούς λαβοΰσαι, ομοι,ούν-των τε καί άνομο ι,ούντων καί αύξόντων καί φθι,νόντων, πάντα προσήγορα καί ρητά προς άλληλα άπέφηναν ών έπίτρντος πυθμην πεμπάδι, συζυγείς δύο αρμονίας παρέχεται, τρίς αυξηθείς, την μεν ΐσην ίσάκι,ς, εκατόν τοσαυτάκι,ς, την δε Ισομήκη μεν τή, προμήκη δε, εκατόν μέν αριθμών άπο διαμέτρων ρητών πεμπάδος, δεόμενων ενός έκάστων, άρρητων δέ δυοΐν, εκατόν δέ κύβων τρι,άδος.
α The passage is included here because of several interesting points for the history of Greek mathematics. Plato’s language is so fancifully phrased that a completely satisfactory solution is difficult to get. The literature which has grown round this “ nuptial number ” is vast, but the most satisfying discussions are those by Adam, The Republic of Plato η.,ρρ. 204-208,264-312, and A. G. Laird, Plato's Geometrical Number and the Comment of Proclus.
b δυναστευόμενοι is a απαζ Xeyopevov, and its meaning is uncertain. A straight line is said bvvaaOat, (“ to be capable of ”) an area when the square on it is equal to the area. Hence δυναμε'νη should mean the side of a square, as it does in Eucl. x. Def. 4. δυναστευομεζνη is a kind of passive of δυναμε'νη, meaning presumably that of which the δυναμε'νη is capable, and so could mean the square itself. It is 398
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(cQ The Nuptial Number
Plato, Republic viii. 546 b-d ·
The divine race has a cycle comprehended by a perfect number, but the number of the human race’s cycle is the first in which root and square increases,1* forming three intervals and four terms of elements that make like and unlike and wax and wane, show all things agreeable and rational towards one another. The base of these things, the four-three joined with five, when thrice increased furnishes two harmonies, the one a square, so many times a hundred, the other a rectangle, one of its sides being a hundred of the numbers from the rational diameters of five, each diminished by one (or a hundred of the numbers from the irrational diameters of five, each diminished by two), the other side being a hundred of the cubes of three.0
temerarious to try and get a precise meaning out of αυξήσει# δυνάμεναί τε καί δυναστευόμενα^ and perhaps we should not inquire too closely into what is more mystical than mathematical. Laird thinks it means “ if a square is equal to a rectangle.”
c The chief mathematical interest of the passage lies in the part most easy to decipher, that about the two “ harmonies.” The “ irrational diameter of five ” is the diagonal of a side of square 5, i.e. χ/50. The “ rational diameter ” of five is the nearest integer to the “ irrational diameter,” i.e. y/oO- 1. The “number” from the “rational” or “ irrational ” diameter is the square. A “ hundred of the numbers from the rational diameter of five, each diminished by one” is therefore 100 x(49- l)=4800; and the same number is expressed as “ a hundred of the numbers from the irrational diameter of five, each diminished by two,” for this is 100 x (50- 2) =4800. This number gives one side of the oblong and the other is “ a hundred of the cubes of three,” or 100x27=2700. The rectangle of which these 399
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(e) Generation of Numbers
Plat. Epin. 990 c-991 b
Διό μαθημάτων δάορ άν εΐη· το δέ μέγιστόν τε και πρώτον καϊ, αριθμών αυτών, άλλ’ ού σώματα εχόντων, άλλα όλης της τοΰ περιττού τε και αρτίου γενεσεώς τε και δυνάμεως, όσην παρέχεται πρός την τών όντων φύσιν. ταΰτα δέ μαθόντι τούτοις εφεξής εστιν ο καλοΰσι μεν σφόδρα γελοΐον όνομα γεωμετρίαν, τών ούκ όντων δέ όμοιων άλλ?}λοι$· φύσει αριθμών ομοίωσις πρός την τών επίπεδων μοίραν γεγονυΐά εστι διαφανής· ό δη θαΰμα ούκ ανθρώπινον άλλα γεγονός θειον φανερόν άν γίγνοιτο τώ δυναμένω συννοεΐν. μετά δε ταύτην τούς τρις
are sides is therefore 4800 x2700 = 12,960,000, and this is 3600* 2, which is the other “ harmony.”
These “rational” and “irrational” diameters are a clear reference to the “ side- ” and “ diameter- numbers ” of the Pythagoreans, for which see supra, pp. 132-139.
There is fairly widespread agreement that the geometrical number is 12,960,000 = 36002 = 4800 x 2700, but on the method by which this number is reached the widest divergence exists. Hultsch and Adam suppose that two numbers are obtained, one in the first sentence down to άπεφηναν, the other (12,960,000) in the remainder of the passage. Both agree that the first number is 216, but Hultsch obtains it as
23 x33 and Adam as 33 + 43 + 53. Hultsch then takes “ the
four-three joined with a five ” to mean 4 + 3 + 5 = 12, which is then multiplied by three (rpis αυξηθείς), giving 36, and as this has to be taken “ so many times a hundred ” we get
3600 as the side of the square which is one of the “ harmonies,” and therefore the final number is 36002. Adam takes “ the four-three joined with a five ” to be 3 x4 x5 = 60, and τρΙς αυξηθείς to mean multiplied by itself three times (i.e. raised to the fourth power, which gives us immediately 604=36002). Laird, on the other hand, believes there is only one number
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(e) Generation of Numbers
Plato, Epinomis 990 c-991 b
There will therefore be need of studies a : the first and most important is of numbers in themselves, not of corporeal numbers, but of the whole genesis of the odd and even, and the greatness of their influence on the nature of things. When the student has learnt these matters there comes next in order after them what they call by the very ridiculous name of geometry, though it proves to be an evident likening, with reference to planes, of numbers not like one another by nature b ; and that this is a marvel not of human but of divine origin will be clear to him who is able to understand. And after this the numbers
indicated (which he agrees in thinking to be 36002=4800x 2700). He maintains, with the help of Proclus, that the first sentence gives a general method of forming “ harmonies ” which is then applied to the triangle of sides 3, 4 and 5 to give the geometrical number. The application gives the series 27, 36, 48, 64 (with four terms and three intervals), and the first three numbers multiplied by 100 give the elements of the geometrical number, 36002 =2700 x 4800. Each solution has merits, but each raises problems which it is impossible to discuss here. However, we may be fairly confident that the final number obtained is 12,960,000.
a In Plato the word μάθημα is used generally of any study, but the particular subjects here mentioned are all mathematical, and the word was already getting the special significance which it attained in Aristotle’s time.
6 The most likely explanation of “ numbers not like one another by nature ” is “ numbers incommensurable with each other ” ; drawn as two lines in a plane, e.g. as the side and diagonal of a square, they are made like to one another by the geometer’s art, in that there is no outward difference between them as there is between an integer and an irrational number.
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ηύξημένους καϊ, τη στερεά φύσει, όμοιους, τούς δβ άνομοίους αύ γεγονότος ετερα τέχνη όμοιοι, ταύτη ην δη στερεομετρίαν έκάλεσαν οι προστυχεΐς αύτη γεγονότες* * ο δε θειον τ' εστί καϊ, θαυμαστόν τοΐς έγκαθορώσί τε καϊ διανοουμένοις, ώς περϊ τό διπλάσιοι άει στρεφόμενης της δυνάμεως καϊ της εξ εναντίας ταύτη καθ' έκάστην αναλογίαν είδος και γένος άποτυποΰται πάσα η φύσις. η μεν δη πρώτη τοΰ διπλάσιου κατ' αριθμόν εν προς δύο κατά λόγον φερομενη, διπλάσιον δε η κατά δύναμιν ούσα* η δ' εις τό στερεόν τε και απτόν πάλιν αύ διπλάσιον, άφ' ενός εις οκτώ διαπορευθεΐσα· η δε διπλάσιου μεν εις μέσον, ίσως δέ τοΰ έλάττονος πλέον έλαττόν τε τοΰ μείζονος, τό δ' έτερον τώ αύτώ μέρει τών άκρων αυτών ύπερέχον τε και ύπερεχόμενον· έν μέσω δέ τοΰ έξ προς τά δώδεκα συνέβη τό τε ημιόλιον και έπίτριτον τούτων αυτών
• These are probably cubes of integers.
* These will be numbers with irrational cube roots.
e What has been said about lines in the plane applies also to lines in three dimensions. Numbers incommensurable with each other, such as 1 and 3\/^, are made like when one is represented as the side of a unit cube and the other as the side of a cube twice as great. We know that this problem of doubling the cube was brought to Plato’s notice (supra, pp. 258-259). The past tense suggests that Plato had in mind certain definite προστυχεΐς who coined the word στερεομετρία; the Pythagoreans, Theaetetus, Democritus and Eudoxus had all advanced the science.
d What follows cannot be translated literally, and it is more than likely that the text is corrupt, or that it has reached us unrevised from Plato’s first draft. But the general sense is clear. Successive multiplication of 1 by 2 402
PLATO
thrice increased and like to the solid nature,0 and those again which have been made unlike/ he likens by another art, namely, that which its adepts called stereometry c ; and a divine and marvellous thing it is to those wrho contemplate it and reflect how the whole of nature is impressed with species and kind according to each proportion as power and its converse continually turn about the double/ First the double operates on the number 1 by simple multiplication so as to give 2, and a second double yields the square ; by further doubling we reach the solid and tangible, the process having gone from 1 to 8. Then comes the application of the double to give the mean which is as much greater than the less as it is less than the greater, and the other mean is that which exceeds and is exceeded by the same part of the extremes ; between 6 and 12 come both the sesquialter [9] and the sesquitertius [8] ; turning between these two, to gives the series 1, 2, 4, 8, which represent a point, a line, a square and a cube. This is a series in geometric progression, 2 being a geometrical mean between 1 and 4, and 4 a geometrical mean between 2 and 8. Two other means were known to the Pythagoreans (supra, pp. 110-115)—and the whole passage is thoroughly Pythagorean—the arithmetic and the harmonic. The arithmetic mean is equidistant between the two terms ; the harmonic exceeds one term, and is exceeded by the other, by the same fraction of each 3
term. Thus the arithmetic mean between 1 and 2 is and 2
4
the harmonic mean is —; clearing of fractions, the arithmetic o
mean between 6 and 12 is 9 and the harmonic mean 8.
M Power and its converse ”—ή δύναμι,ς καί η ίξ Εναντίας ταύτΎ]—I take to mean “ number and its reciprocal ” ; we have to multiply by 2 to get the series 1, 2, 4, 8 and then take i of 6 + 12 to get the arithmetic mean. δ
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ev τω μέσω επ' άμφοτερα στρεφόμενη τοΐς άνθρωπο is σύμφωνον χρείαν καί σύμμετρον άπενείματο τταιδια? ρυθμόν τε καί αρμονίας χάρι,ν, ευδαιμονώ χορεία Μουσών δβδο/ιβνη.
° The reference to the choir of the Muses makes it clear, in my opinion, that the number 9 is referred to, though the construction of the sentence does not necessarily involve it. So W. R. M. Lamb in the Loeb version of the Epinomis, p. 482.
b The whole passage should be compared with Timaeus, 35 b—36 b (see R. G. Bury’s notes in the Loeb version, pp. 66-71, or A. E. Taylor, A Commentary on Plato's Timaeus, pp. 136-137). There Plato writes down the series 1,2, 4,8 and 1, 3, 9, 27, and then fills up the intervals between these
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one side or the other, this power [9] α furnished men with concord and symmetry for the purpose of rhythm and harmony in their pastimes, and has been given to the blessed dance of the Muses?
numbers with arithmetic and harmonic means so as to get a series of 34 terms, 1, f,	2 ... 27, which
is intended to represent the notes of a musical scale having a compass of four octaves and a major “sixth.”
Much prominence is given to this passage from the Epinamis by A. E. Taylor, Mind, xxxv., pp. 419-440, 1926, ibid, xxxvi., pp. 12-33, 1927, and D’Arcy Wentworth Thompson, ibid, xxxviii., pp. 43-55, 1929.
For a further discussion of this side of Plato’s philosophy see Julius Stenzel, Zahl und Gestalt bei Platon und Aristoteles (Leipzig, 1924).
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XIII. EUDOXUS OF CNIDOS
XIII. EUDOXUS OF CNIDOS
(a) Theory of Proportion
Schol. i. in Eucl. Elem. v., Eucl. ed. Heiberg v. 280. 1-9
Σκοπό? τώ ττΕμτΐτω βυβλίω περϊ αναλογιών δια-λαβεΐν. ... τό δε βι,βλίον Ενδόξου τινβ? eupeatv etvat λέγουσί τοΰ Πλάτωνο? διδασκάλου.
(δ) Volume of Cone and Pyramid
Archim. De Sphaera et Cyl. i., Pref., Archim. ed. Heiberg i. 4. 2-13
Διόπβρ ούκ άν όκνήσαι,μι, άντνπαραβαλεΐν αυτά πρός τε τά τοΐς άλλοι? γεωμετραυς τεθεωρημένα καϊ προς τά δόζαντα πολύ ύπερεχευν τών ύπο Ενδόξου περϊ τά στερεά θεωρηθέντων, otl πάσα πυραμίς τρίτον εστϊ μέρος πρίσματος τοΰ βάσLV εχοντος την αυτήν τη πυραμίδυ καϊ ύψος ΐσον, καϊ otl πας κώνος τρίτον μέρος εστϊν τοΰ κυλίνδρου τοΰ βάσι,ν εχοντος την αυτήν τώ κώνω καϊ ύψος ΐσον* καϊ γάρ τούτων προυπαρχόντων φυσοκώς περϊ ταΰτα τά σχήματα, πολλών προ Ευδό^ου 408
XIII. EUDOXUS OF CNIDOS °
(a)	Theory of Proportion
Euclid, Elements v., Scholium i., Eucl. ed. Heiberg v. 280. 1-9
The aim of the fifth [book of the Elements'] is the treatment of proportionals. . . . Some say that the book is the discovery of Eudoxus, the pupil of Plato.
(6)	Volume of Cone and Pyramid
Archimedes, On the Sphere and Cylinder, Preface to Book i., Archim. ed. Heiberg i. 4. 2-13
For this reason I cannot feel any hesitation in setting these [theorems] side by side both with the investigations of other geometers and with those of the theorems of Eudoxus on solids which seem to stand out pre-eminently, namely, that any pyramid is a third part of the prism having the same base as the pyramid and equal height, and that any cone is a third part of the cylinder having the same base as the cone and equal height; for though these properties were naturally inherent in these figures all along, yet
a Eudoxus lived from about 408 to 355 b.c. For Proclus’s notice of him, see supra, pp. 150-153.
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γεγενημένων άζίων λόγου γεωμετρών συνέβαι,νεν υπό πάντων άγνοεΐσθαι, μηδ' ύφ' όνος κατανοηθήναι,
(c)	Theory of Concentric Spheres
Aristot Met. Λ 8, 1073 b 17-32
Ενδοξο? μέν ουν ήλιου καί σελήνής έκατέρου την φοράν όν τρι,σϊ,ν έτίθετ' εΐναι, σφαίραι,ς, ών την μέν πρώτην την τών απλανών άστρων είναι,, την δέ δευτέραν κατά τον διά μέσων τών ζωδίων, την δέ τρίτην κατά τον λελοζωμένον έν τώ
• In his preface to the Method (see supra, p. 230) Archimedes says that Democritus enunciated these theorems, but without proof. It may safely be inferred from Archimedes’ preface to the Quadrature of the Parabola (Archim. ed. Heiberg ii. 264. 9-22) that Eudoxus used for the proof a lemma equivalent to Euclid x. 1 (infra, pp. 452-455), and that the credit belongs to him for having made the exhaustion of an area by means of inscribed polygons a regular method in Greek geometry; to some extent he had been preceded by Antiphon and Hippocrates.
b We are told by Simplicius, on the authority of Eudemus, that Plato set astronomers the problem of finding what are the uniform and ordered movements which will “ save the phenomena” of the planetary motions, and that Eudoxus was the first of the Greeks to concern himself with hypotheses of this sort. Eudoxus believed that the motion of the sun, moon and planets could be accounted for by a combination of circular movements, a view which remained unchallenged till Kepler. To account for the motion of the sun and moon he needed to use only three concentric spheres, but the motion of the planets required in each case four concentric spheres, the common centre being the centre of the earth. The spheres were of different sizes, one enclosing the other. Each planet was attached to a point on the equator of the innermost sphere, so that by the motion of this sphere alone the planet would describe a circle. But the poles of this 410
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they were in fact unknown to the many competent geometers who lived before Eudoxus and had not been noticed by anyone.0
(c) Theory of Concentric Spheres
Aristotle, Metaphysics Λ 8, 1073 b 17-39
Eudoxus assumed that the motion both of the sun and of the moon takes place on three spheres,b of which the first is that of the fixed stars, the second moves about the circle which passes through the middle of the signs of the zodiac, and the third moves about sphere were not fixed, themselves moving on a larger sphere rotating about two different poles. The poles of this second sphere similarly lay on a third larger sphere moving about a different set of poles, and the poles of the third sphere on yet a fourth, moving about another set of poles. Each sphere rotated uniformly, but its speed was peculiar to itself. For the sun and moon only three spheres were needed, the two largest being the same as for the planets The outermost circle (which comes first in the description by Aristotle and Simplicius), moving from east to west in twenty-four hours, reproduces the daily motion of the fixed stars. The second moves from west to east about an axis perpendicular to the plane of the zodiac circle (ecliptic), its equator accordingly revolving in the plane of the zodiac.
The subject belongs as much to Greek astronomy as to Greek mathematics, and for fuller information the reader is referred to the classic paper of Schiaparelli, Le sfere omocentriche di Eudosso, di Callippo e di Aristotele (Milan, 1875), to the works of Sir Thomas Heath {Aristarchus of Samos, pp. 193-224, Greek Astronomy, pp. 65-70, H.G.M. i. 329-335), and to W. D. Ross, Aristotle's Metaphysics, vol. ii., pp. 384-394. But Eudoxus’s system of concentric rotating spheres is a geometrical tour de force of the highest order, and must find some notice here. In all the history of science there are few hypotheses that bear so unmistakably the stamp of genius.
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πλάτβί τών ζωδίων (έν μείζονι, δέ πλάτβί λβλο^ώ-σθαί καθ' δν η σελήνη φέρεται η καθ' δν ό ήλι,ος). τών δέ πλανωμένων άστρων εν τετταρσω έκαστου σφαίραι,ς, καϊ τούτων δέ την μεν πρώτην καϊ δευ-τέραν την αυτήν eivat έκείναι,ς (την τε γάρ τών απλανών την άπάσας φερουσαν εΐναί, καϊ την ύπο ταύτη τεταγμενην καϊ κατά τον δίά μέσων τών ζωδίων την φοράν εχουσαν κοι,νην άπασών etvai), της 8έ τρίτης απάντων τούς πόλους εν τώ δίά μέσων τών ζωδίων etvat, της δέ τέταρτης την φοράν κατά τον λελοζωμενον προς τον μέσον ταύτη ς’ etvax δέ της τρίτης σφαίρας τούς πόλους τών μέν άλλων ίδιους, τούς δέ της 'Αφροδίτης καϊ τοΰ Έρμου τούς αυτούς.
Simpl. in De caelo ii. 12 (Aristot. 293 a 4), ed. Heiberg 496. 23-497. 5
Ή δε τρίτη σφαίρα τούς πόλους εχουσα έπϊ τοΰ έν τη δεύτερα δίά μέσων τών ζωδίων από μεσημβρίας τε πρός άρκτον στρεφόμενη καϊ απ' άρκτου πρός μεσημβρίαν συνεπι,στρέφει, την τετάρτην καϊ έν αύτη τον αστέρα εχουσαν καϊ δη της κατά πλάτος κι,νησεως έξει, την αιτίαν ού μην αύτη μόνη· όσον γάρ έπϊ ταύτη καϊ πρός τούς πόλους τοΰ δίά μέσων τών ζωδίων 'ήκεν άν ό άστήρ καϊ πλησίον τών τοΰ κόσμου πόλων έγίνετο* νυνϊ δέ η τετάρτη σφαίρα περϊ τούς τοΰ «(του)1 άστέρος λοζοΰ κύκλου στρεφομένη πόλους έπϊ τάναντία τη τρίτη απ' ανατολών έπϊ δυσμάς καϊ έν ϊσω χρόνω
1	του τοΰ Heiberg.
• i.e. the equator of the third sphere. b i.e. Venus and Mercury.
412
EUDOXUS OP CNIDOS
a circle latitudinally inclined to the zodiac circle (the circle in which the moon moves having a greater latitudinal inclination than that of the sun). The motion of the planets he assumed to take place in each case on four spheres ; of these the first and second are the same as for the sun and moon (the first being the sphere of the fixed stars which carries all the spheres with it, and the second, next in order to it, being the sphere about the circle through the middle of the signs of the zodiac which is common to all the planets) ; the third is, in all cases, a sphere with its poles on the circle through the middle of the signs of the zodiac ; and the fourth moves about a circle inclined to the middle circle a of the third sphere ; the poles of the third sphere are different for all the planets except Aphrodite and Hermes/ but for these the poles are the same.
Simplicius, Commentary on Aristotle's De caelo ii. 12 (293 a 4), ed. Heiberg 496. 23-497. 5
The third sphere, which has its poles on the great circle of the second sphere passing through the middle of the signs of the zodiac, and which turns from south to north and from north to south, will carry round with it the fourth sphere, which has the planet attached to it, and will moreover be the cause of the planet’s latitudinal movement. But not the third sphere only ; for, in so far as it was on this sphere only, the planet would have reached the poles of the zodiac circle, and would have drawn near to the poles of the universe ; but as matters are, the fourth sphere, which turns about the poles of the inclined circle carrying the planet and rotates in a sense opposite to the third, that is, from east to west, but in the same
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την στροφήν αυτών ποιούμενη τό τε επί πλέον ύπερβάλλει,ν τόν δίά μέσων τών ζωόίων παραι/τη-σεταί καί την λεγομενην υπό Ενδόξου ίπποπεόην περί τόν αυτόν τουτονί κύκλον τώ αστέρι, γράφει,ν παρεζεται,, ώστε, όπόσον τό της γραμμής ταυτης πλάτος, τοσοΰτον καί ό άστηρ είς πλάτος δόξβι παραχωρεΐν, όπερ εγκαλοΰσν τώ Εύδόξω.
° i.e. by the planet.
b i.e. “ horse-fetter.”
e Schiaparelli works out in detail the motion of a planet subject only to the rotations of the third and fourth spheres. The problem in its simplest expression, he says, is this :
‘A sphere rotates uniformly about the fixed diameter AB. P, P' are opposite poles on this sphere, and a second sphere concentric with the first rotates uniformly about PP' in the same time as the former sphere takes to turn about AB, but in the opposite direction. M is a point on the second sphere equidistant from the poles P, Pz (that is to say, M is a point on the equator of the second sphere). It is required to find the path of M.” Schiaparelli found a solution by means of seven geometrical propositions which Eudoxus could have known, and he proved that the path described by M was like a figure-of-eight on the surface of the sphere (see second figure). This curve, which Schiaparelli called a 414
EUDOXUS OF CNIDOS period, will prevent any excessive deviation a from the circle through the middle of the signs of the zodiac, and will constrain the planet to describe about the same zodiac circle the curve called by Eudoxus the hippopede? so that the breadth of this curve measures the apparent latitudinal motion of the planet, a view for which Eudoxus has been attacked.0
“ spherical lemniscate,” agrees with Eudoxus’s description of it as a hippopede (horse-fetter). It is the intersection of the sphere with a certain cylinder touching it internally at the double point O, namely, a cylinder with diameter equal to AS, the sagitta of the diameter of the small circle of the sphere on which P revolves.
For the proof of these statements the reader must be referred to Schiaparelli’s paper. An analytical expression is given by Norbert Herz in Geschichte der Bahnbestimmung von Planeten und Kometen, Part i., pp. 20,21, and reproduced by Heath, Aristarchus of Samos, pp. 204-205, with further details.
Summing up, Heath says {Aristarchus of Samos, p. 211): “For the sun and moon the hypothesis of Eudoxus sufficed to explain adequately enough the principal phenomena, except the irregularities due to the eccentricities, which were either unknown to Eudoxus or neglected by him. For Jupiter and Saturn, and to some extent for Mercury also, the system was capable of giving on the whole a satisfactory explanation of their motion in longitude, their stationary points and their retrograde motions ; for Venus it wras unsatisfactory, and it failed altogether in the case of Mars. The limits of motion in latitude represented by the various hippopedes were in tolerable agreement with observed facts, although the periods of their deviations and their places in the cycle were quite wrong. But, notwithstanding the imperfections of the system of homocentric spheres, we cannot but recognize in it a speculative achievement which was worthy of the great reputation of Eudoxus and all the more deserving of admiration because it was the first attempt at a scientific explanation of the apparent irregularities of the motions of the planets/’
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(a) First Principles
Aristot. Anal. Post. i. 10, 76 a 30-77 a 2
Λβγω δ’ άρχά$· εν εκάστω γενει ταύτας, as οτι cart μή εν8εχεται 8ct£ac. τι μεν ουν σημαίνει και τά πρώτα και τά εκ τούτων, λαμβάνεται· ότι δ>ν	χ χ > χ > /	\ Ο '	χ
εστι, Tas μεν αρχας αναγκη Λαμρανειν, τα ο αλλα οεικνυναι, οιον τι μονας η τι το ευυυ και τρίγωνον· εΐναι 8ε τήν μονά8α λαβεΐν και μεγεθος, τά δ’ ετερα δεικνύναι.
Έστι δ’ ών χρώνται εν Tais άπο8εικτικαΐ$ επιστήμαι$ τά μεν ΐ8ια εκάσπτ^ επιστήμη$ τά 8ε κοινά, κοινά 8ε κατ’ αναλογίαν, επει χρήσιμόν γε όσον εν τω υπό τήν επιστήμην γενει.
*Ιδια μεν οιον γραμμήν εΐναι τοιαν8ί, και τό ευυυ, κοινά οε οιον το ισα απο ίσων αν αφελή, οτι ίσα τά λοιπά, ικανόν δ’ έκαστον τούτων όσον εν τω γενει· ταύτό γάρ ποιήσει, καν μή κατά πάντων
α Aristotle interspersed his writings with illustrations from mathematics, and as he lived just before Euclid he throws valuable light on the transformation which Fuclid effected. A large number of the mathematical passages in Aristotle’s works are translated, with valuable notes, in Sir Thomas Heath’s posthumous book Mathematics in Aristotle.
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XIV. ARISTOTLE *
(a) First Principles
Aristotle, Posterior Analytics i. 10, 76 a 30-77 a 2
I mean by the first principles in every genus those elements whose existence cannot be proved. The meaning both of these primary elements and of those deduced from them is assumed; in the case of first principles, their existence is also assumed, but in the case of the others deduced from them it has to be proved. Examples are given by the unit, the straight and triangular ; for we must assume the existence of the unit and magnitude, but in the case of the others it has to be proved.
Of the first principles used in the demonstrative sciences some are peculiar to each science, and some are common, but common only by analogy, inasmuch as they are useful only in so far as they fall within the genus coming under the science in question.
Examples of peculiar first principles are given by the definitions of the Une and the straight; common first principles are such as that, when equals are taken from equals, the remainders are equal. Only so much of these common first principles is needed as falls within the genus in question ; for such a first principle will have the same force even though not
419
GREEK MATHEMATICS
λάβη άλλ’ βτη μεγεθών μόνον, τώ δ’ αριθμητικά) έπ' αριθμών.
Έστί, δ’ Ζδύα μέν και ά λαμβάνεται ecvat, περί α ή έπιστήμη θεωρεί τά υπάρχοντα καθ' αυτά, οΐον μονάδας η αριθμητική, ή δέ γεωμετρία σημεία και γραμμάς. ταΰτα γάρ λαμβάνουσι τό είναι, και τοδι εΐναι,. τά δέ τούτων πάθη καθ' αυτά, τί μέν σημαίνει έκαστον, λαμβάνουσιν, οΐον ή μέν άριθμητική τί περιττόν ή άρτιον ή τετράγωνον ή κύβος, ή δέ γεωμετρία τί τό άλογον ή τό κεκλάσθαι ή νεύειν, ότι δ' εστυ, δεικνύουσι διά τε τών κοινών και έκ τών αποδεδειγμένων. και ή αστρολογία ωσαύτως, πασα γάρ αποδεικτική επιστήμη περί τρία εστίν, όσα τε είναι τίθεται [ταΰτα δ' έστι τό γένος, ου τών καθ' αυτά παθημάτων έστι θεωρητική), και τά κοινά λεγάμενα αξιώματα, έξ ών πρώτων άποδείκνυσι, και τρίτον τά πάθη, ών τί σημαίνει έκαστον λαμβάνει. ένίας μέντοι έπι-στήμας ούδέν κωλύει ενια τούτων παροράν, οΐον τό γένος μη ύποτίθεσθαι εΐναι, αν ή φανερόν ότι εστιν [ου γάρ ομοίως δήλον ότι αριθμός έστι και ότι φυχρόν και θερμόν), και τά πάθη μη λαμβάνειν τί σημαίνει, αν ή δήλα- ώσπερ ουδέ τά κοινά ου λαμβάνει τί σημαίνει τό ίσα από ίσων άφελεΐν, ότι γνώριμον, άλλ' ούδέν ήττον τή γε φύσει τρία ταΰτά έστι, περί ό τε δείκνυσι και ά δείκνυσι και έξ ών.
Ουκ έστι δ' ύπόθεσις ούδ' αίτημα, ό ανάγκη
α Euclid does not define κεκλάσθαι, “to be inflected,” or νεύειν, “ to verge.” For an example of “ inflection,” see supra, pp. 358-359, and of “ verging,” supra pp. 242-24-5. 420
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applied generally but only to magnitudes, or by the arithmetician only to numbers.
Also peculiar to a science are the first principles whose existence it assumes and whose essential attributes it investigates, for example, in arithmetic units, in geometry points and lines. Both their existence and their meaning are assumed. But of their essential attributes, only the meaning is assumed. For example, arithmetic assumes the meaning of odd and even, square and cube, geometry that of irrational or inflection or verging,61 but their existence is proved from the common first principles and propositions already demonstrated. Astronomy proceeds in the same way. For indeed every demonstrative science has three elements : (1) that which it posits (the genus whose essential attributes it examines) ; (2) the so-called common axioms, which are the primary premisses in its demonstrations ; (3) the essential attributes, wfliose meaning it assumes. There is nothing to prevent some sciences passing over some of these elements ; for example, the genus may not be posited if it is obvious (the existence of number, for instance, and the existence of hot and cold are not similarly evident) ; or the meaning of the essential attributes might be omitted if that were clear. In the case of the common axioms, the meaning of taking equals from equals is not expressly assumed, being well known. Nevertheless in the nature of the case there are these three elements, that about which the demonstration takes place, that which is demonstrated and those premisses by which the demonstration is made.
That which necessarily exists from its very nature and which we must necessarily believe is neither
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eivai δι* αυτό καϊ δοκεΐν ανάγκη, ού γάρ προς-top εςω Λογον η αποοειςις, αΛΛα ττρος τον εν τη φυχή, επει ούδέ συλλογισμός. del γάρ εστιν
» λ	'	X »/>	\ /	5 X X \	'	'	*
ενστηναι ττρος τον εςω Λογον, αΛΛα προς τον εσω λόγον ούκ αεί. όσα μεν ουν δεικτά όντα λαμβάνει αυτός μη δείζας, ταΰτ', εάν μεν δοκοΰντα λαμβάνη τω μανθάνοντι, υποτίθεται, και εστιν ούχ απλώς ύπόθεσις αλλά προς εκείνον μόνον* άν δε ή μη-δεμιάς ενούσης δόζης ή και εναντίας ενούσης λαμβάνη το αύτό αιτεΐται. και τούτω διαφέρει ύπόθεσις και αίτημα· εστι γάρ αίτημα τό ύπεναντίον τοΰ μανθάνοντος τή δόζη, [ή] δ άν τις άποδεικτον όν λαμβάνη και χρηται μη δείζας.
Οί μεν ουν όροι ούκ εισιν υποθέσεις (ούδέ γάρ εΐναι η μη λέγονται), αλλ’ εν ταΐς προτάσεσιν αί υποθέσεις, τούς δ’ όρους μόνον ζυνίεσθαι δεΐ* τοΰτο δ’ ούχ ύπόθεσις, ει μη και το άκούειν ύπόθεσίν τις εΐναι φήσει. άλλ" όσων όντων τω εκείνα εΐναι γίνεται τό συμπέρασμα. ούδ’ ό γεωμετρης ψευδή ύποτίθεται, ώσπερ τινες εφασαν, λεγοντες ώς ού δεΐ τω φεύδει χρήσθαι, τον δε γεωμετρην φεύδεσθαι λεγοντα ποδιαίαν τήν ού ποδιαίαν ή εύθεΐαν τήν γεγραμμενην ούκ εύθεΐαν ουσαν. ό δε γεωμετρης ούδέν συμπεραίνεται τω τήνδε εΐναι γραμμήν, ήν αύτός εφθεγκται, αλλά τα οια τούτων οηΛουμενα. ετι το αίτημα και υπουεσις πασα η ως οΛον η ως εν μερει, οι ο οροί ουδέτερον τούτων.
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hypothesis nor postulate. For demonstration is a matter not of external discourse but of meditation within the soul, since syllogism is such a matter. And objection can always be raised to external discourse but not to inward meditation. That which is capable of proof but assumed by the teacher without proof is, if the pupil believes and accepts it, hypothesis, though it is not hypothesis absolutely but only in relation to the pupil; if the pupil has no opinion on it or holds a contrary opinion, the same assumption is a postulate. In this lies the distinction between hypothesis and postulate ; for a postulate is contrary to the pupil’s opinion, demonstrable, but assumed and used without demonstration.
The definitions are not hypotheses (for they do not assert either existence or non-existence), but it is in the premisses of a science that hypotheses lie. Definitions need only to be understood ; and this is not hypothesis, unless it be contended that the pupil’s hearing is also a hypothesis. But hypotheses lay down facts on whose existence depends the existence of the fact inferred. Nor are the geometer’s hypotheses false, as some have maintained, urging that falsehood must not be used, and that the geometer is speaking falsely in saying that the line which he draws is a foot long or straight when it is neither a foot long nor straight. The geometer draws no conclusion from the existence of the particular line of which he speaks, but from what his diagrams represent. Furthermore, all hypotheses and postulates are either universal or particular, but a definition is neither.
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(δ) The Infinite
Aristot. Phys. Γ 6, 206 a 9-18
"Ort δ’ et μη έστιν άπειρον απλώς, πολλά αδύνατα συμβαίνει, δηλον. τοΰ τε γάρ χρόνου έσται τις αρχή και τελευτή, και τά μεγέθη ού διαιρετά εις μεγέθη, και αριθμός ουκ εσται άπειρος, όταν δέ διωρισμένων ούτως μηδετέρως φαίνηται ένδέχεσθαι, διαιρητοΰ δει, και δηλον ότι πώς μέν έστιν πώς δ’ ου. λέγεται δη τό είναι τό μέν δυνάμει τό δέ έντελεχεία, και τό άπειρον έστι μέν προσθέσει έστι δέ και διαιρέσει, τό δέ μέγεθος ότι μέν κατ' ενέργειαν ουκ έστιν άπειρον, ειρηται, διαιρέσει δ’ εστίν ού γάρ χαλεπόν άνελεΐν τάς άτόμους γραμμάς· λείπεται ουν δυνάμει είναι τό άπειρον.
Ibid. Γ 6, 206 b 3-12
Τδ δέ κατά πρόσθεσιν τό αυτό εστί πως και τό κατά διαίρεσιν έν γάρ τώ πεπερασμένα) κατα πρόσθεσιν γίγνεται άντεστραμμένως· η γάρ διαι-ρούμενον όραται εις άπειρον, ταύτη προστιθέμενον φανεΐται προς τό ώρισμένον. έν γάρ τώ πεπερασμένο) μεγέθει άν λαβών τις ώρισμένον προσλαμ-βάνη τώ αύτώ λόγω, μη τό αυτό τι τοΰ όλου μέγεθος περιλαμβάνων, ού διέζεισι το πεπερα-σμένον εάν δ’ ούτως αύξη τόν λόγον ώστε αεί τι
° After criticizing the beliefs of the Pythagoreans and Plato’s school, Aristotle has just shown that there cannot be an infinite sensible body.
b The doctrine of “ indivisible lines ” is attributed to Plato by Aristot. Met. 992 a 20-22 and to Xenocrates, who succeeded Speusippus as head of the Academy, by Proclus 424
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(ό) The Infinite®
Aristotle, Physics Γ 6, 206 a 9-18
But it is clear that the complete denial of an infinite leads to many impossibilities. Time will have a beginning and an end, there will be magnitudes not divisible into magnitudes, and number will not be infinite. Since neither of these opposing views can be accepted, there is need of an arbitrator, and clearly each view must be in some sense true, in some sense untrue. Now “ to be ” is used in the sense either to exist actually or to exist potentially, while what is infinite is infinite either by addition or by division. It has already been stated that spatial extension is not infinite in actuality, but it is so by division ; for it is not difficult to refute the belief in indivisible lines & ; therefore it follows that the spatially infinite exists potentially.
Ibid, Γ 6, 206 b 3-12
The infinite in respect of addition is in a sense the same as the infinite in respect of division, the process of addition in a finite magnitude taking place conversely to that of division ; but where division is seen to go on ad infinitum, the converse process of addition tends to a definite limit. For if in a finite magnitude you take a determinate part and add to it in the same ratio, provided the successive added terms are not of the same magnitude, you will not come to the end of the finite magnitude ; but if the ratio is increased so that the terms added are always of the same
in Tim, 36 b, ed. Diehl ii. 246. and in Eucl, i., ed. Friedlein 279. 5, as well as by the commentators on Aristotle. The pseudo-Aristotelian tract De lineis insecabilibus seems directed against Xenocrates.
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το αυτό περιλαμβάνει» μέγεθος, διέξει,σι,, διά το παν πεπερασμένον άναι,ρεΐσθαι, ότωοΰν ώρι,σμένω.
Ibid. Γ 6, 206 b 27-207 a 7
Πλάτων διά τοΰτο δυο τά άπειρα έποίησεν, ότι και έπι την αύξην δοκεΐ ύπερβάλλειν και είς άπειρον ιέναι και έπι την καθαίρεσιν. ποιησας μέντοι δύο ού χρηται· ούτε γάρ εν τοΐς άριθμοΐς τό έπι την καθαίρεσιν άπειρον υπάρχει (η γάρ μονάς έλάχιστον), ούτε τό έπι την αύξην (μέχρι γάρ δεκάδος ποιεί τόν αριθμόν).
Συμβαίνει δέ τουναντίον είναι άπειρον η ώς λέγουσιν. ού γάρ ού μηδέν έξω, άλλ’ ου αεί τι εξω εστί, τοΰτο άπειρόν έστιν. σημεΐον δέ9 και γάρ τούς δακτυλίους απείρους λέγουσι τούς μη έχοντας σφενδόνην, οτι αίεί τι έξω βστι λαμβάνειν,
° From a finite magnitude AA' a “ determinate part ’* (ώρισμένον) AB is cut off. BA' is then divided at C, CA' at
BCD
D and so on, in such a manner that the fractions diminish in the same ratio, i.e., AB, BC, CD . . . form a geometrical progression. If the fractions diminish in this way, then AA' will never be exhausted by this process, which will proceed ad infinitum. We may then look on A Az as divided into an infinite number of parts, giving an infinite by division, or we may look on AB as having added to it an infinite number of parts, giving an infinite by addition. But if the successive added fractions are equal to each other, i.e. AB = BC = CD= . . ., then A A' will be exhausted in a finite number of steps. This statement is equivalent to the 426
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magnitude, you will come to the end, since any finite magnitude is exhausted by continually subtracting from it any definite fraction whatsoever.®
Ibid. Γ 6, 206 b 27-207 a 7
Plato posited two infinites δ for this reason, that it is possible to proceed without limit both by way of increase and by way of diminution. But although he posits two infinites he does not use them ; for in numbers there is for him no infinite by way of diminution (for the unit is a minimum), nor by way of increase (for he makes number go up to ten).c
So it comes about that the infinite is the opposite of what it is usually said to be. Not that beyond which there is nothing, but that of which there is always something beyond, is infinite. An illustration is given by the rings not having a bezel which are called endless, because there is always something beyond any Axiom of Archimedes, already used by Eudoxus (see supra, p. 319 n. b).
b The reference is evidently to the famous “ undetermined dyad of the great and small.” A. E. Taylor (Mind, xxxv., pp. 419-440, 1926, and xxxvi., pp. 12-33, 1927) puts forward an ingenious theory of the nature of the “ undetermined dyad.” He sees a reference to the process of approximating more and more closely to a number by approximations alternately greater and less ; D’Arcy Wentworth Thompson (Mind, xxxviii., pp. 43-55, 1929) adds the further refinement that the method is approximation by continued fractions. Though such conceptions were doubtless not beyond the mathematical capacity of Plato’s Academy, they must remain guesses ; and there is nothing to force us to believe that there is anything more profound in the concept of the undetermined dyad than Aristotle here indicates, viz., it is possible to proceed in an infinite series either by way of increase or by way of diminution.
Aristotle has probably misunderstood some obiter dictum of Plato’s.
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καθ' ομοιότητα μέν τινα λέγοντες, ού μέντοι κυρίως· δε? γάρ τοΰτο τε ύπάρχειν και μηδέ ποτέ τό αυτό λαμβάνεσθαι· έν δέ τω κύκλω ού γίγνεται ούτως, άλλ' aiet τό εφεξής μόνον έτερον.
Ibid. Γ 7, 207 b 27-34
Ούκ άφαιρεΐται δ’ ο λόγος ουδέ τούς μαθηματικούς την θεωρίαν, άναιρών ούτως εΐναι άπειρον ώστε ένεργεία εΐναι επι την αύξησιν άδιεξίτητον ουδέ γάρ νυν δέονται τοΰ απείρου (ού γάρ χρώνται), αλλά μόνον εΐναι όσην άν βού-λωνται πεπερασμένην τω δέ μεγίστω μεγεθει τον αυτόν εστι τετμησθαι λόγον όπηλικονοΰν μέγεθος ετερον. ώστε πρός μεν τό δεΐξαι εκείνοις ούδέν διοίσει τό εΐναι εν τοΐς ούσιν μεγέθεσιν.
(c) Proof differing from Euclid’s
Aristot. Anal. Pr. i. 24, 41b 5-22
Μάλλον δέ γίνεται φανερόν εν τοΐς διαγράμμασιν, οιον ότι τοΰ ισοσκελούς ΐσαι αί πρός τή βάσει, εστωσαν εις τό κεντρον ηγμεναι αί ΛΒ. εί ουν ϊσην λαμβάνοι την ΑΓ γωνίαν τή ΒΔ μη όλως
α Aristotle had been arguing that in any syllogism one of the propositions must be affirmative and universal.
b Lit. “ drawn.”
c For this method of expressing the sum of two angles by the juxtaposition of the letters representing them, see Archytas’s method of representing the sum of two numbers 428
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point on them, but they are so called only after a certain resemblance, and not strictly ; for this ought to be an essential attribute, and the same point should never do duty again; but in the circle this is not so, but the same point is used over and over.
Ibid. Γ 7, 207 b 27-34
But the argument does not deprive mathematicians of their study, although it denies that the infinite exists in the sense of actual existence as something increased to such an extent that it cannot be gone through ; for even as it is they do not need the infinite (or use it), but only require that the finite straight line shall be as long as they please. Now any other magnitude may be divided in the same ratio as the largest magnitude. Hence it will make no difference to them, for the purpose of demonstration, whether there is actually an infinite among existing magnitudes.
(c)	Proof differing from Euclid’s
Aristotle, Prior Analytics i. 24, 41 b 5-22
This a is made clearer by geometrical theorems, such as that the angles at the base of an isosceles triangle are equal [Eucl. i. 5]. For let A, B be joined6 to the centre. If then we assumed that the angle ΑΓ [i.e. A 4- Γ]c is equal to the angle ΒΔ [z.e. B 4- Δ] supra, p. 130. The angles A, B are the angles OAB, OBA, and are the same as those later described, in a confusing manner, as Ε, Z. The angles Γ, Δ are the smaller angles between AB and the arc of the circle. There is other evidence that such “ mixed ” angles played a big part in pre-Euclidean geometry, but Euclid himself scarcely uses them.
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άξιώσας ΐσας τάς τών ημικυκλίων, καί πάλιν την Γ τή Δ μη πάσαν προσλαβών την τοΰ τμήματος, έτί δ’ απ’ ΐσων ούσών τών όλων γωνιών καί ΐσων άφηρημένων ΐσας εΐναι, τάς λοι,πάς τάς ΕΖ, το έζ άρχής αίτήσεται, εάν μη λάβη άπο τών ΐσων ΐσων άφαιρουμένων ΐσα λείπεσθαι,.
(d)	Mechanics
(i.) Principle of the Lever
[Aristot.] Meeh, 3, 850 a-b
ΈπβΙ δέ θάττον υπό τοΰ ΐσον βάρους κινείται ή μείζων τών εκ τοΰ κέντρου, εστι δέ τρία τά περί τον μοχλόν, τό μέν ύπομόχλιον, σπαρτόν καί κεντρον, δυο δέ βάρη, δ τε κινών καί τό κινουμενον δ ουν τό κινουμενον βάρος προς τό κινοΰν, τό μήκος προς τό μήκος άντιπέπονθεν. αίεΐ δέ οσω αν μεΐζόν άφεστήκη τοΰ ύπομοχλίου, ραον κινήσει, αίτια δέ έστιν ή προλεχθεΐσα, ότι ή πλεΐον άπ-
° Euclid proves this theorem by producing the equal sides AB, AC of an isosceles triangle to F, G where AF is
equal to AG. He shows that the triangle AFC is congruent with the triangle AGB, hence that the triangle BFC is congruent with the triangle CGB, and so finally that the angle ABC is equal to the angle ACB.
b The Mechanics is not by Aristotle, but must have been 430
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without asserting generally that the angles of semicircles are equal, and again that the angle Γ is equal to the angle Δ without assuming generally that the two angles of all segments are equal, and if we further inferred that, since the whole angles are equal, and equal angles have been subtracted from them, the remaining angles
E, Z are equal, we should commit a petitio principii unless we assumed generally that if equals are subtracted from equals the remainders are equal.a
(cQ Mechanics
(i.) Principle of the Lever [Aristotle], Mechanics 3, 850 a-b *
Since the greater radius is moved more quickly than the less by an equal weight, and there are three elements in the lever, the fulcrum, that is the cordc or centre, and two weights, that which moves and that which is moved, therefore the ratio of the weight moved to the moving weight is the inverse ratio of their distances from the fulcrum. It is always true that the farther the moving weight is away from the fulcrum, the more easily will it move. The reason is written by someone under his influence at a not much later date ; it may be taken as reflecting Aristotle’s own ideas.
c The author has compared the fulcrum supporting a lever to the cord by which the beam of a balance is suspended.
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βχουσα έκ τοΰ κέντρου μείζονα κύκλον γράφει, ώστε άπο της αυτής ισχύος πλέον μεταστήσεται τό κινούν τό πλεΐον τοΰ ύπομοχλίου άπεχον.
(ii.) Parallelogram of Velocities
[Aristot.] Meeh. 1, 848 b
”Οταν μεν ουν έν λόγω τινι φέρηται, έπ* ευθείας ανάγκη φέρεσθαι τό φερόμενον, και γίνεται διάμετρος αύτη τοΰ σχήματος ό ποιοΰσιν αι έν τούτω τώ λόγω συντεθεΐσαι γραμμαί.
”Εστω γάρ ο λόγος όν φέρεται τό φερόμενον, όν έχει η ΑΒ πρός την ΑΓ* και τό μέν ΑΓ φερέσθω πρός τό Β, η δέ ΑΒ ύποφερέσθω πρός την ΗΓ* ένηνέχθω δέ τό μέν Α πρός τό Δ, η δέ έφ' η ΑΒ πρός τό Ε. ει ουν έπι της φοράς ό λόγος ην όν η ΑΒ έχει πρός την ΑΓ, ανάγκη και την ΑΔ πρός την ΑΕ τοΰτον έχειν τον λόγον, όμοίον άρα έστι τώ λόγου τό μικρόν τετράπλευρον τώ μείζονι, ώστε και η αύτη διάμετρος αύτών, και τό Α έσται προς Ζ. τον αυτόν δη τρόπον δειχθησεται καν όπου-οΰν διαληφθη η φορά· αιει γάρ έσται έπι της διαμέτρου. φανερόν ουν ότι τό κατά την διάμετρον φερόμενον έν δύο φοραΐς ανάγκη τον τών πλευρών φέρεσθαι λόγον.
° i.e. has two linear movements in a constant ratio to each other.
b i.e. parallelogram.
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that already stated, that the point which is farther from the centre describes the greater circle. As a result, if the power applied is the same, that which moves the system will have a greater effect the farther it is from the fulcrum.
(ii.) Parallelogram of Velocities
[Aristotle], Mechanics 1, 848 b
When a body is moved in a certain ratio,0 it must move in a straight line, and this straight line is the diagonal of the figure & formed from the two straight lines which have the given ratio.
For let the ratio according to which the body moves be that of AB to ΑΓ ; let ΑΓ be moved towards B while AB be moved
towards ΗΓ ; and let A travel to Δ, while AB travels to a position marked by E. If the ratio of the movement is that of AB to ΑΓ, then ΑΔ must needs have the same ratio to AE. Therefore
the small quadri-
lateral is similar to the larger, so that they have the same diagonal, and A will be at Z. It may be shown that it will behave in the same manner wherever the
motion be interrupted ; it will be always on the diagonal. Therefore it is also manifest that a body travelling along the diagonal with two movements will travel according to the ratio of the sides.
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XV. EUCLID
XV. EUCLID
(a) General
Stob. Eel. ii. 31. 114, ed. Wachsmuth ii. 228. 25-29
Παρ’ Εύκλβ/δ?? rts άρξάμενος γεωμετρεΐν, ώς το πρώτον θεώρημα εμαθεν, ηρετο τον Γύκλείδην “ τί δε μοι πλέον εσται, ταΰτα μαθόντι; ” καί ο Ευκλείδης τον παΐδα καλεσας “ δός/’ ίίφη> “ αύτω τριώβολον, επει,δη δει αύτω έξ ών μανθάνει ο /	>>
κεροαινειν.
(Ε) The Elements
(i.) Foundations
Eucl. Elem. L
"Οροι
α'. Σημεΐον εστιν, ου μέρος ούθεν.
β'. Γραμμή δε μήκος άπλατές.
γ'. Γραμμής δέ πέρατα σημεία.
α Hardly anything is known of the life of Euclid beyond what has already been stated in the passage quoted from Proclus (supra, p. 154). From Pappus vii. 35, ed. Hultsch ii. 678. 10-12, infra, p. 489, we infer the additional detail that he taught at Alexandria and founded a school there. Arabian references are summarized by Heath, The Thirteen Books of Euclid's Elements, 2nd edn., 1926, vol. i. pp. 4-6. Euclid must have flourished c. 300 b.c.
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(a) General
Stobaeus, Extracts ii. 31. 114, ed. Wachsmuth ii. 228.
25-29 l
Someone who had begun to read geometry with Euclid, when he had learnt the first theorem asked Euclid, “ But what advantage shall I get by learning these things ? ” Euclid called his slave and said, ° Give him threepence, since he must needs make profit out of what he learns.”
(δ) The Elements &
(i.) Foundations Euclid, Elements i.
DEFINITIONS c
1.	A point is that which has no part.
2.	A line is length without breadth.
3.	The extremities of a line are points.
For the meaning of elements, see supra, p. 150 n. c.
e For a full discussion of the many problems raised by Euclid’s definitions, postulates and common notions the reader is referred to Heath, The Thirteen Books of Euclid's Elements, vol. i. pp. 155-240.
437
GREEK MATHEMATICS
δζ. Ευθεία γραμμή etrriv, ητυς εξ ΐσον τοΐς έ</>’ εαυτης σημείο is κεΐταυ.
ε . *Έτπυφάνευα δέ εστυν, δ μήκος καί πλάτος μόνον €χευ.
ς'. *Έ/πυφανείας δέ περατα γραμμαί.
ς . ιΣπυπεοος επυφανευα εστυν, ητυς εξ υσου rat? εφ* εαυτης εύθείαυς κεΐταυ.
η . Επίπεδο? όε ywm εστιν η εν επυπεοω ουο γραμμών άπτομενων άλληλων καί μη έπ* ευθείας κευμένων πρός άλληλας τών γραμμών κλίσυς.
θ'. “Οταν δέ αί περυεχουσαυ την γωνίαν γραμμαί εύθεΐαυ ώσιν, εύθύγραμμος καλεΐταυ η γωνία,
u . “Οταν δέ ευθεία επ’ εύθεΐαν σταθεΐσα τάς εφεξής γωνίας ίσας άλληλαυς πουη, δρθη εκατερα τών ίσων γωνυών εστι, καί η εφεστηκυΐα ευθεία κάθετος καλεΐταυ, εφ* ην εφεστηκεν.
υα', ’Αμβλεία γωνία εστυν η μείζων ορθής.
υβ'. *Οξευα δέ η ελάσσων ορθής.
ιγ . Όρος εστυν, ο τυνος εστυ πέρας.
. Σχήμα εστυ το υπο τυνος η τυνων ορών περυεχόμενων.
υε'. Κύκλο? εστυ σχήμα επίπεδον υπό μυάς γραμμής περυεχόμενον [τ/ καλεΐταυ περυφερευα], πρός ην άφ* ενός σημείου τών εντός τοΰ σχήματος κευμενων πάσαυ αυ προσπίπτουσαυ εύθευαυ [πρός την τοΰ κύκλου περυφέρευαν] υσαυ άλληλαυς ευσυν.
υς'. Κέντρον δέ τοΰ κύκλου τό σημεΐον καλεΐταυ.
υζ'. Αυάμετρος δέ τοΰ κύκλου εστυν εύθευά τυς δίά τοΰ κέντρου ηγμενη καί περατουμενη εφ*
α Plato (Parmenides 137 ε) defines a straight line as “ that of which the middle covers the ends.” Euclid appears to be trying to say the same kind of thing in more geometrical 438
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4.	A straight line is a line which lies evenly with the points on itself.6*
5.	A surface is that which has length and breadth only.
6.	The extremities of a surface are lines.
7.	A plane surface is a surface which Ues evenly with the straight lines on itself.
8.	A plane angle is the inclination towards one another of two lines in a plane which meet one another and do not lie in a straight line.
9.	And when the lines containing the angle are straight, the angle is called rectilineal.
10.	When a straight line set up on a straight line makes the adjacent angles equal one to another, each of the equal angles is right, and the straight line standing on the other is called a perpendicular to that on which it stands.
11.	An obtuse angle is an angle greater than a right angle.
12.	An acute angle is an angle less than a right angle.
13.	A boundary is that which is the extremity of anything.
14.	A fgure is that which is contained by any boundary or boundaries.
15.	A circle is a plane figure contained by one line such that all the straight lines falling on it from one point among those lying within the figure are equal one to another.
16.	And the point is called the centre of the circle.
17.	A diameter of the circle is any straight line drawn through the centre and terminated in both
language. Neither statement is satisfactory as a definition (cf. Def. 7).
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έκάτερα τά μέρη ύπο τής τοΰ κύκλου περι,φερείας, ήτίς καϊ δίχα τέμνει τον κύκλον.
ίη'. 'Ημικύκλιον δέ έστί το περίεχόμενον σχήμα υπό τε τής διαμέτρου καϊ τής άπολαμβανομένης ύπ* αυτής περιφέρειας. κέντρον δέ τοΰ ημικυκλίου τό αυτό, δ και τοΰ κύκλου έστίν.
ίθ'. Σχήματα εύθύγραμμά έστι τά υπό ευθειών περιεχόμενα, τρίπλευρα μέν τά υπό τριών, τετράπλευρα δέ τά υπό τεσσάρων, πολύπλευρα δέ τά υπό πλειόνων ή τεσσάρων ευθειών περιεχόμενα.
κ. Τών δέ τρίπλεύρων σχημάτων ισόπλευρον μέν τρίγωνόν έστί τό τάς τρεις ΐσας έχον πλευράς, Ισοσκελές δέ τό τάς δύο μάνας ΐσας έχον πλευράς, σκαληνόν δέ τό τάς τρεις άνίσους έχον πλευράς.
κα . Έτι δέ τών τρίπλεύρων σχημάτων ορθογώνιον μέν τρίγωνόν έστι τό έχον ορθήν γωνίαν, αμβλυγώνιον δέ τό έχον άμβλεΐαν γωνίαν, οξυγώνιον δέ τό τάς τρεις οξείας έχον γωνίας.
κβ'. Τών δέ τετραπλεύρων σχημάτων τετράγωνον μέν έστίν, δ Ισόπλευρόν τέ έστί και ορθογώνιον, έτερόμηκες δέ, δ ορθογώνιον μέν, ούκ Ισόπλευρον δέ, ρόμβος δέ, δ Ισόπλευρον μέν, ούκ ορθογώνιον δέ, ρομβοειδές δέ τό τάς άπεναντίον πλευράς τε και γωνίας ΐσας άλλήλαις έχον, δ ούτε Ισόπλευρόν έστιν ούτε ορθογώνιον τά δέ παρά ταΰτα τετράπλευρα τραπέζια καλείσθω.
κγ'. Παράλληλοί εισιν εύθεΐαι, αιτινες έν τώ σύτώ έπιπέδω ούσαι και έκβαλλόμεναί είς άπειρον έφέ έκάτερα τά μέρη έπϊ μηδέτερα συμπίπτουσίν άλλήλαις.
α Heath classifies modern definitions of parallel straight 440
EUCLID
directions by the circumference of the circle, and such a straight line bisects the circle.
18.	A semicircle is the figure contained by the diameter and the circumference cut off by it. And the centre of the semicircle is the same as that of the circle.
19.	Rectilineal figures are those contained by straight lines, trilateral figures being those contained by three, quadrilateral those contained by four, and multilateral those contained by more than four straight lines.
20.	Of trilateral figures an equilateral triangle is that which has its three sides equal, an isosceles triangle that which has only two of its sides equal, and a scalene triangle that which has its three sides unequal.
21.	Further, of trilateral figures, a right-angled triangle is that which has a right angle, an obtuse-angled triangle is that which has an obtuse angle, and an acute-angled triangle is that which has its three angles acute.
22.	Of quadrilateral figures, a square is that which is both equilateral and right-angled ; an oblong is that which is right-angled but not equilateral ; a rhombus is that which is equilateral but not right-angled ; and a rhomboid is that which has its opposite sides and angles equal one to another but is neither equilateral nor right-angled ; and let quadrilaterals other than these be called trapezia.
23.	Parallel straight lines are straight lines which, being in the same plane and produced indefinitely in both directions, do not meet one another in either direction.®
lines into three main groups : (1) Parallel straight lines have no point common, under which general conception the following varieties of statement are included : (a) they do
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Αίτηματα
α. 'Χλίτησθω άπο παντός σημείου επί παν σημεΐον ευθεΐαν γραμμήν άγαγεΐν.
β'. Kat πεπερασμένην ευθεΐαν κατά τό συνεχές επ' ευθείας έκβαλεΐν.
γ'. Kat παντί κέντρω καί διαστήματα κύκλον γράφεσθαι,.
δζ. Kat πάσας τάς όρθάς γωνίας ΐσας άλλήλαας etvat.
€ζ. Kat εάν είς δύο ευθείας ευθεία εμπίπτουσα τάς εντός καί επί τά αυτά μέρη γωνίας δύο ορθών ελασσόνας ποαη, έκβαλλομένας τάς δύο ευθείας επ' άπειρον συμπίπτει,ν, έφ' ά μέρη είσιν at τών δύο ορθών ελασσόνες.
not cut one another, (b) they meet at infinity, (c) they have a common point at infinity·, (2) parallel straight lines have the same, or like, direction or directions; (3) parallel straight lines have the distance between them constant. Euclid’s definition belongs to 1(a), and he avoids many fallacies latent in the other definitions, showing himself superior not only to many ancient, but to many modern, geometers.
α The chief purpose of these first three postulates is perhaps not to lay down that straight lines and circles can be drawn, but to delineate the nature of Euclidean space. They imply that space is continuous (not discrete) and infinite (not limited).
b This gives a determinate magnitude by which angles 412
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POSTULATES
1.	Let the following be postulated : to draw a straight Une from any point to any point.
2.	To produce a finite straight line continuously in a straight line.
3.	To describe a circle with any centre and diameter.0
4.	All right angles are equal one to another?
5.	If a straight Une falling on two straight Unes make the interior angles on the same side less than two right angles, the two straight lines, if produced indefinitely, meet on that side on which are the angles less than two right angles?
can be measured, but it does far more. To prove this statement it would be necessary to assume the invariability of figures. Euclid preferred to postulate the equality of right angles, which amounts to an assumption of the in-variability of figures or the homogeneity of space.
e Heath says that this postulate “ must ever be regarded as among the most epoch-making achievements in the domain of geometry,” and observes : “ When we consider the countless successive attempts made through more than twenty centuries to prove the postulate, many of them by geometers of ability, we cannot but admire the genius of the man who concluded that such a hypothesis, which he found necessary to the validity of his whole system of geometry, was really indemonstrable.”
The postulate was frequently attacked in antiquity and many attempts have been made to prove it—by Ptolemy and Proclus in ancient days, by Wallis, Saccheri, Lambert and Legendre in modern times. All have failed. By omitting this postulate, Lobachewsky, Bolyai and PJemann developed “ non-Euclidean ” systems of geometry. Saccheri, in his book Euclides ab omni naevo vindicatus (1733), saw the possibility of alternative hypotheses, and worked out the consequences of several; but his faith in Euclidean geometry as the sole possible geometry was so strong that he failed to realize the full implications of his work.
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Kotvat ewoicu
a . Τά τώ αύτω ΐσα καϊ, αλΛηλοι? έστϊν ΐσα.
β'. Kat ε’άν ΐσοι,ς ΐσα προστεθη, τά όλα εστίν ΐσα.
γ7. Kat εάν από ΐσων ΐσα άφαι,ρεθη, τά κατα-λενπόμενά έστιν ΐσα.
[δζ. Kat εάν avtaot? taa προστεθη, τά όλα εστίν avtaa.
ε . Kat τά του αυτού διπλάσία ΐσα άλλήλοις » / εστίν.
ζ7. Kat τά τού αυτού ή μίση ΐσα άλλήλοι,ς εστίν. J ζ7. Kat τά έφαρμόζοντα έπ' άλληλα ΐσα άλλήλοις » / εστιν.
η7. Kat τό όλον τού μέρους μεΐζόν [εστίν].
[0Ζ. Kat δύο εύθεΐαί χωρίον ού περίεχουση'.]
(ii.) Theory of Proportion
Eucl. Elem. v.
"Opot
a . Μέρος εστί μέγεθος μεγέθους το ελασσον τοΰ μείζονος, όταν καταμετρη τό μεΐζόν.
β7. Πολλαπλάσίον δέ τό μεΐζόν τοΰ έλάττονος, όταν καταμετρηται, υπό τοΰ ελάττονος.
γ7. Λόγος εστί δύο μεγεθών ομογενών η κατά πηλίκότητά ποια σχεσLς.
δζ. Λόγον όχευν προς άλληλα μεγέθη λέγεται, ά δύναται, πολλαπλασιαζόμενα άλληλων ύπερέχειν.
ε'. Έν τώ αύτω λόγω μεγέθη λέγεται εΓvat πρώτον προς δεύτερον καί τρίτον προς τέταρτον, 444
EUCLID
COMMON NOTIONS
1.	Things which are equal to the same thing are equal one to another.
2.	If equals are added to equals, the wholes are equal.
3.	If equals are subtracted from equals, the remainders are equal.
7.	Things which coincide with one another are equal one to another.
8.	The whole is greater than the part.a
(ii.) Theory of Proportion
Euclid, Elements v.
DEFINITIONS
1.	A magnitude is a part of a magnitude, the less of the greater, when it measures the greater.
2.	The greater is a multiple of the less when it is measured by the less.
3.	A ratio is a sort of relation in respect of size between two magnitudes of the same kind.
4.	Magnitudes are said to have a ratio one to another which are capable, when multiplied, of exceeding one another.
5.	Magnitudes are said to be in the same ratio, the first to the second and the third to the fourth, when,
α The mss. have four other Common Notions, but they are unnecessary, and their genuineness was suspected even in antiquity. They are : 4. If equals are added to unequals, the wholes are unequal; 5. Things which are double of the same thing are equal one to another ; 6. Things which are halves of the same thing are equal one to another ; 9. Two straight lines do not enclose a space.
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όταν τά τοΰ πρώτου καί τρίτου Ισάκις πολλαπλάσια τών τοΰ δευτέρου καί τετάρτου ισάκις πολλαπλασίων καθ' όποιονοΰν πολλαπλασιασμόν εκά-τερον εκατερου η άμα ΰπερεχη η άμα ίσα η η άμα έλλείπη ληφθεντα κατάλληλα.
S' . 1 α de τον αυτόν εχοντα Λογον μεγευη ανα-λογον καλείσθω.
ζ'. 'Όταν δβ τών Ισάκις πολλαπλασίων τό μεν τοΰ πρώτου πολλαπλάσιον ΰπερεχη τοΰ τοΰ δευτέρου πολλαπλασίου> τό δε τοΰ τρίτου πολλαπλάσιον μη ΰπερεχη τοΰ τοΰ τετάρτου πολλαπλασίου, τότε τό πρώτον πρός τό δεύτερον μείζονα λόγον εχειν λεγεται, ηπερ τό τρίτον πρός τό τέταρτον.
η'. 'Αναλογία δε εν τρισιν όροις ελάχιστη εστιν.
θ'. 'Όταν δε τρία μεγεθη άνάλογον η, τό πρώτον πρός τό τρίτον διπλασίονα λόγον εχειν λεγεται ηπερ πρός τό δεύτερον.
° In the translation of this remarkable definition I cannot improve on Heath. Literal translation is difficult because the words καθ’ όποιονοΰν πολλαπλασιασμόν come only once in the Greek but refer both to τά ... Ισάκις πολλαπλάσια in the nominative and τών . . . ισάκις πολλαπλασίων in the genitive.
The definition, which avoids all mention of a part of a magnitude (unlike Elements vii. Def. 21), is applicable to all magnitudes, commensurable and incommensurable. It must be due, in substance at least, to Eudoxus (see supra, p. 408). The definition has often been assailed through misunderstanding, but has been brilliantly defended by such great mathematicians as Barrow and De Morgan, and was adopted by Weierstrass for his definition of equal numbers.
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if any equimultiples whatever be taken of the first and third, and any equimultiples whatever of the second and fourth, the former equimultiples alike exceed, are alike equal to, or alike fall short of, the latter equimultiples respectively taken in corresponding order.®
6.	Let magnitudes which have the same ratio be called proportional.
7.	When, of the equimultiples, the multiple of the first magnitude exceeds the multiple of the second, but the multiple of the third does not exceed the multiple of the fourth, then the first is said to have a greater ratio to the second than the third has to the fourth.
8.	A proportion in three terms is the least possible.
9.	When three magnitudes are proportional, the first is said to have to the third the duplicate ratio of that which it has to the second?
Max Simon (Euclid und die sechs planimetrischen Bucher, p. 110) thinks it is clear from this definition that the Greeks possessed a notion of number as general as modern mathematicians. Heath (The Thirteen Books of Euclid's Elements, ii., pp. 124-126) shows how Euclid’s definition divides all rational numbers into two coextensive classes, and so defines equal ratios in a manner exactly corresp u'ding to Dedekind’s theory of the irrational.
De Morgan gives the following modern equivalent of the definition. “ Four magnitudes, A and B of one kind, and C and D of the same or another kind, are proportional when all the multiples of A can be distributed among the multiples of B in the same intervals as the corresponding multiples of C among those of D.” That is to say, m, n being any numbers whatsoever, if mA lies between nB and (n+ 1)B, mC lies between ?^D and (n+ 1)D.
ax	a ci%
b If- = T, then y = -s, and a has to b the duplicate ratio x b	b x2
of a to x.
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ι. ‘Οταν δβ τβσσαρα μεγέθη άνάλογον ή, τό πρώτον πρός τό τέταρτον τρυπλασίονα λόγον έχευν λέγεταυ ηπερ πρός τό δεύτερον, καυ άευ έξης ομοίως, ώς αν η αναλογία ύπάρχη.
La'. Όμ,ολογα μεγέθη λέγεταυ τα μέν ηγούμενα τοΐς ηγουμένους τα, δέ επόμενα τοΐς επομένους.
υβ'. Εναλλάξ λόγος εστυ ληψυς τον ηγουμένου πρός τό ηγούμενον καυ τοΰ επομένου πρός τό επόμενον.
υγ'. Άνάπαλιν λόγος εστυ ληψυς τοΰ επομένου ώς ηγουμένου πρός τό ηγούμενον ώς επόμενον.
υδ'. Συνθεσυς λόγου εστυ ληψυς τοΰ ηγουμένου μετά τοΰ επομένου ώς ενός πρός αυτό τό επόμενον.
υε'. Δυαίρεσυς λόγου εστυ ληψυς της υπέροχης, η ύπερέχευ τό ηγούμενον τοΰ επομένου, πρός αυτό τό επόμενον.
υς'. Αναστροφή λόγου εστυ ληψυς τοΰ ηγουμένου πρός τήν υπεροχήν, ή ύπερέχευ τό ηγούμενον τοΰ επομένου.
υζ'. Δι’ υσου λόγος εστυ πλευόνων όντων μεγεθών καυ άλλων αυτοΐς ίσων τό πλήθος σύνδυο λαμβανομένων καυ έν τώ αύτώ λόγω, όταν ή ώς έν τοΐς πρώτους μεγέθεσυ τό πρώτον πρός τό έσχατον, ούτως έν τους δευτέρους μεγέθεσυ τό
α The magnitudes must be in continuous proportion. If
- = - = then and a has to ό the triplicate ratio of x y b b x3	r
a to x. Alternatively, a cube with side a has the same ratio to a cube with side a? as a to ό (see supra, p. 258 n. b). 448
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10.	When four magnitudes are proportional a the first is said to have to the fourth the triplicate ratio of that which it has to the second, and so on continually, whatever the proportion.
11.	The term corresponding magnitudes is used of antecedents in relation to antecedents and of consequents in relation to consequents?
12.	Alternate ratio means taking the antecedent in relation to the antecedent, and the consequent in relation to the consequent.®
13.	Inverse ratio means taking the consequent as antecedent in relation to the antecedent as consequent?
14.	Composition of a ratio means taking the antecedent together with the consequent as one in relation to the consequent by itself.®
15.	Separation of a ratio means taking the excess by which the antecedent exceeds the consequent in relation to the consequent by itself/
16.	Conversion of a ratio means taking the antecedent in relation to the excess by which the antecedent exceeds the consequent.g
17.	A ratio ex aequali arises when, there being several magnitudes and another set equal to them in multitude which taken two by two are in the same proportion, as the first is to the last in the first set of magnitudes, so is the first to the last in the second
6	“ Antecedents ” are literally “ leading terms,” “ consequents ” the “ following terms.” In the ratio a : δ, a is the antecedent, b the consequent.
c If a : b : : A : B, then a : A : : b : B.
d If a : b : : A : B, then b : a : : B : A.
• i.e. the transformation of the ratio a : b into a + b : b.
f i.e. the transformation of the ratio a :	b	into a -	b	:	b.
° i.e. the transformation of the ratio a :	b	into a :	a	-	b.
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πρώτον προς τό έσχατον ή άλλως· ληψυς τών άκρων καθ' νπεξαίρεσυν τών μέσων.
υη'. Τεταραγμένη δε αναλογία εστιν, όταν τρυών όντων μεγεθών καϊ, άλλων αυτοΐς ΐσων τό πλήθος γίνηταυ ώς μεν εν τοΐς πρώτους μεγεθεσυν ηγούμενον πρός επόμενον, όντως εν τους δεύτερους μεγεθεσυν ηγούμενον πρός επόμενον, ώς δέ εν τους πρώτους μεγεθεσυν επόμενον πρός άλλο τυ, όντως εν τους δεντερους άλλο τυ πρός ηγούμενον.
(iii.) Theory of Incommensurables
Eucl. Elem. x.
αζ. Σύμμετρα μεγέθη λέγεταυ τά τώ αντώ μέτρω μετρούμενα, ασύμμετρα δέ, ών μηδέν ένδέχεταυ κουνάν μέτρον γενέσθαυ.
β'. Έώθευαυ δννάμευ σύμμετροί ευσυν, όταν τά απ' αντών τετράγωνα τώ αντώ χωρυω μετρηταυ, ασύμμετρου δέ, όταν τους απ' αντών τετραγώνους μηδέν ένδέχηταυ χωρίον κουνάν μέτρον γενέσθαυ.
γ'. Τούτων νποκευμένων δείκννταυ, ότυ τή προ-τεθείση ενθεία νπάρχονσυν ενθευαυ πληθευ άπευρου σύμμετρου τε καυ ασύμμετρου αυ μέν μηκευ μόνον, αυ δέ καυ δννάμευ. καλευσθω ονν η μέν προτεθευσα ενθεία ρητή, καυ αυ ταύτη σύμμετρου ευτε μηκευ
° δι’ ΐσον must mean “ at an equal distance,” i.e., after an equal number of terms. If a, b, c . . . m, n is one set of magnitudes and A, B, C . . . Μ, N the other, and a : 0 = A : B, and so on, up to m : n = M : N, then a : n = A : N. This is proved in v. 22. The definition merely serves to gave a name to the inference.
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get of magnitudes ; in other words, a taking of the extremes by removal of the intermediate terms.01
18. A perturbed proportion arises when, there being three magnitudes and another set equal to them in multitude, as antecedent is to consequent in the first magnitudes, so is antecedent to consequent in the second magnitudes, while as the consequent is to the other term in the first magnitudes, so is the other term to the antecedent in the second magnitudes.b
(iii.) Theory of Incommensurables
Euclid, Elements x.
DEFINITIONS
1.	Those magnitudes are said to be commensurable which are measured by the same common measure, and those incommensurable which cannot have any common measure.
2.	Straight lines are commensurable in square, when the squares on them are measured by the same area, and incommensurable in square when the squares on them cannot have any area as a common measure.
3.	With these hypotheses, it is proved that there exist straight lines infinite in multitude which are commensurable and incommensurable respectively, some in length only, and others in square also, with an assigned straight line. Let then the assigned straight line be called rational, and those straight lines which are commensurable with it, whether in length
b If α, ό, c and A, B, C are the two sets of magnitudes, and a : 6 = B : C, ό : c = A : B the proportion is said to be perturbed. It follows that a : c = A : C. This is a particular case of the inference δι’ Ισου and is proved in v. 23.
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xat δυνάμευ εΐτε δυνάμευ μόνον ρηταί, al δέ ταύτη ασύμμετροι, άλογου καλείσθωσαν.
δ'. Kat τό μέν από της προτεθείσης ευθείας τετράγωνον ρητόν, καυ τά τούτω σύμμετρα ρητά, τά δέ τούτω ασύμμετρα άλογα καλείσθω, καυ at δυνάμεναυ αυτά άλογου, ευ μέν τετράγωνα ευη, αύταυ at πλευραί, ευ δέ ετερά τυνα εύθύγραμμα, at ΐσα αυτούς τετράγωνα άναγράφουσαυ.
/ α
Δύο μεγεθών άνίσων έκκευμένων, εάν από τοΰ μείζονος άφαυρεθη μεΐζόν η τό ημυσυ καυ τοΰ κατα-λευπομένου μεΐζόν η τό ημυσυ, καυ τοΰτο άευ γίγνηταυ, λευφθησεταί τυ μέγεθος, δ εσταυ έλασσον τοΰ έκκευμένου έλάσσονος μεγέθους.
Έστω δυο μεγέθη άνυσα τά ΑΒ, Γ, ών μεΐζόν το ΑΒ* λέγω, ότυ εάν από τοΰ ΑΒ άφαυρεθη μεΐζόν η τό ημυσυ καυ τοΰ καταλευπομένου μεΐζόν η τό ημυσυ, καυ τοΰτο άευ γίγνηταυ, λευφθησεταί τυ μέγεθος, δ εσταυ έλασσον τοΰ Γ μεγέθους.
Τό Γ γάρ πολλαπλασυαζόμενον εσταυ ποτέ τοΰ 452
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and in square or in square only, be called rational, but those which are incommensurable with it be called irrational.
4.	And let the square on the assigned straight line be called rational, and those areas which are commensurable with it rational, but those which are incommensurable with it irrational, and the straight lines which produce them irrational, that is, if the areas are squares, the sides themselves, but if the areas are any other rectilineal figures, the straight Unes on which are described squares equal to them.
Prop. 1
Two unequal magnitudes being set out, if from the greater there be subtracted a magnitude greater than the half, and from the remainder a magnitude greater than its half, and so on continually, there will be left some magnitude which will be less than the lesser magnitude set out.
Let AB, Γ be the two unequal magnitudes, of which AB is the greater ; I say that, if from AB there be
K
Γ
Β
Δ
Z
-t-
H
E
subtracted a magnitude greater than its half, and from the remainder a magnitude greater than its half, and so on continually, there will be left some magnitude which will be less than the magnitude Γ.
For Γ, if multiplied, will at some time be greater
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AB μεΐζόν. πεπολλαπλασιάσθω, καί έστω τό ΔΕ τοΰ μεν Γ πολλαπλάσιον, τοΰ δέ ΑΒ μεΐζόν, και διηρησθω το ΔΕ εις τά τω Γ ΐσα τά ΔΖ, ZH, HE, και άφηρησθω άπο μεν τοΰ ΑΒ μεΐζόν η το ημισυ τό ΒΘ, από δέ τοΰ ΑΘ μεΐζόν η τό ημισυ τό ΘΚ, και τοΰτο άει γιγνεσθω, εως αν αί εν τω ΑΒ διαιρέσεις ίσοπληθεΐς γενωνται ταΐς εν τω ΔΕ διαιρεσεσιν.
’Έστω σαν ουν αί ΑΚ, ΚΘ, ΘΒ διαιρέσεις ίσο-πληθεΐς οΰσαι ταΐς ΔΖ, ZH, HE* /cat επεί μεΐζόν εστι τό ΔΕ τοΰ ΑΒ, /cat άφηρηται άπο μεν τοΰ ΔΕ έλασσον τοΰ ημίσεως τό ΕΗ, από δέ τοΰ ΑΒ μεΐζόν η τό ημισυ τό ΒΘ, λοιπόν άρα τό Η Δ λοιποΰ τοΰ ΘΑ μεΐζόν εστιν. και επεί μεΐζόν εστι τό ΙΙΔ του ΘΑ, καί άφηρηται τοΰ μεν Η Δ ημισυ τό ΗΖ, τοΰ δε ΘΑ μεΐζόν η τό ημισυ τό ΘΚ, λοιπόν άρα τό ΔΖ λοιποΰ τοΰ ΑΚ μεΐζόν εστιν. ίσον δε τό ΔΖ τω Γ* καί τό Γ άρα τοΰ ΑΚ μεΐζόν εστιν. έλασσον άρα τό ΑΚ τοΰ Γ.
Καταλείπεται άρα άπο τοΰ ΑΒ μεγέθους τό ΑΚ μεγεθος έλασσον όν τοΰ εκκειμενου ελάσσονος μεγέθους τοΰ Γ* όπερ εδει δεΐζαι—ομοίως δέ δειχθησεται, καν η μίση η τά άφαιρουμενα.
454
EUCLID
than AB [see v. Def. 4]. Let it be multiplied, and let ΔΕ be a multiple of Γ, greater than AB, and let ΔΕ be divided into the parts ΔΖ, ZH, HE equal to Γ, and from AB let there be subtracted ΒΘ greater than its half, and from ΑΘ let there be subtracted ΘΚ greater than its half, and so on continually, until the divisions in AB are equal in multitude to the divisions in ΔΕ.
Let, then, AK, ΚΘ, ΘΒ be divisions equal in multitude with ΔΖ, ZH, HE ; now since ΔΕ is greater than AB, and from ΔΕ there has been subtracted EH less than its half, and from AB there has been subtracted ΒΘ greater than its half, therefore the remainder HA*is greater than the remainder ΘΑ. And since ΗΔ is greater than ΘΑ, and from ΗΔ there has been subtracted the half, HZ, and from ΘΑ there has been subtracted ΘΚ greater than its half, therefore the remainder ΔΖ is greater than the remainder AK. Now ΔΖ is equal to Γ ; and therefore Γ is greater than AK. Therefore AK is less than Γ.
There is therefore left of the magnitude AB the magnitude AK which is less than the lesser magnitude set out, namely, Γ ; which was to be proved—and this can be similarly proved even if the parts to be subtracted be halves.0
° This important theorem is often known as the Axiom of Archimedes because of the use to which he puts it, or a similar lemma : “ The excess by w’hich the greater of two unequal areas exceeds the lesser can, by being continually added to itself, be made to exceed any given finite area.” Archimedes makes no claim to have discovered this lemma, which is doubtless due to Eudoxus. The chief use of the “axiom ” by Euclid is to prove Elements xii. 2, that circles are to one another as the squares on their diameters.
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Prop. Ill, coroll.
eH αποτομη καί al μετ' αυτήν άλογοί ούτε τη μέοη ούτε άλλήλαίς είσϊν al αύταί. . . .
Kat 67T€t δεάείκταί η άποτομη ούκ ούσα η αύτη τη εκ δυο ονομάτων, ποίοΰσί δβ πλάτη παρά ρητην
a Much of Eucl. Elem. x. is devoted to an elaborate classification of irrational straight lines. Zeuthen (Geschichte der Mathematik im Altertum und Mittelalter, p. 56) suggests that, inasmuch as one straight line looks very much like another, the Greeks could not perceive by simple inspection that difference among irrational quantities which our system of algebraic symbols enables us to see ; consequently they were led to classify irrational straight lines in the manner of Eucl. Elem. x., and we know from an Arabic commentary on this book discovered by Woepcke (M emoires presentes a l'Academie des Sciences, xiv., 1856, pp. 658-720)that Theaetetus had to some extent preceded Euclid. In this system irrational straight lines are classified according to the areas they produce when “applied” (v. supra, pp. 186-187) to other straight lines. For full details the reader must be referred to Loria, Le scienze esatte nelV antica Grecia, pp. 225-231, Heath’s notes in The Thirteen Books of Euclid's Elements, vol. iii., and H.G.M. i. 404-411, but it may be useful to give here, in Heath’s notation, the modern algebraic equivalents of Euclid’s irrational straight lines. A medial line is of the form Mp, i.e., the positive solution of the equation x2- p\/k.p=0. The other twelve irrational lines are compound, and may best be arranged in pairs as follows :
1.	Binomials Apotome J
Ρ +
being the positive roots of the equation
x* - 2(1 + k)p2. x2 + (1 - Λ)V =0.
2.	First bimedial	) JU + k*o
First apotome of a medial f Ρ ~ P9
being the positive roots of the equation
x* - 2 V*( 1 + k)p2. x2 + 1(1- k)2p* = 0.
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Prop. Ill, corollary
The apotome and the irrational straight lines following it are the same neither with the medial straight line nor with one another.a . . .
Since the apotome has been proved not to be the same as the binomial straight line [x. Ill], and, if
3.	Second bimedial	\ f λ*ρ
Second apotome of a medial J ί
being the positive roots of the equation . Jc+λ. , α-λ)\ „
x Vkp -x +~ir p =0·
4.	Major \ p // , A; t p f
Minorf <g V \	Vl+T2/ V2\
being the positive roots of the equation
k
a;4 - 2pa . x2 +
5. Side of a rational plus aA medial area
Producing with a rational f area a medial whole
z-2 i+T^=0·
___.
<2(1 + A·2)
P
±V2(1 + A;2;
s/(Vl + k2-k),
being the positive roots of the equation o	k2
**' V(i +¥)pi ·xi+(W’*=0·
6. Side of the sum of two |	/ /	___&__\
medial areas	\	4- k2/
Producing with a med- I	. *	_________-_
ial area a medial >	_ /(-	*	\
whole	V yf 1 + k2)'
being the positive roots of the equation
A·2
a;4 - 2 νλ · χ2Ρ2 + λΐ77Γ2ί>4 = θ’
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παραβαλλόμενοι αί μετά την άποτομην άποτομάς ακολούθως έκαστη τη τάξει, τη καθ' αυτήν, αί δέ μετά την εκ δύο ονομάτων τάς εκ δύο ονομάτων και αύται τη τάξει ακολούθως, ετεραι άρα εισιν αί μετά την άποτομην και ετεραι αί μετά την εκ δύο ονομάτων, ώς εΐναι τη τάξει πάσας αλόγους ιγ,
Μεσην,
Έκ δύο ονομάτων,
Έκ δύο μέσων πρώτην,
Έκ δύο μέσων δευτεραν,
Μείζονα,
r Ρητόν και μέσον δυναμενην,
Δύο μέσα δυναμενην,
Άποτομην,
λϊεσης άποτομην πρώτην,
λϊεσης άποτομην δευτεραν,
Έλάσσονα,
Μετά ρητού μέσον τό όλον ποιούσαν, Μετά μέσου μέσον τό όλον ποιούσαν.
(iv.) Method of Exhaustion
Eucl. Elem. xii. 2
Ot κύκλοι πρός άλληλους εισιν ώς τά άπο τών διαμέτρων τετράγωνα.
’Έστωσαν κύκλοι οί ΑΒΓΔ, ΕΖΗΘ, διάμετροι δε αυτών αί ΒΔ, ΖΘ’ λέγω, ότι εστιν ώς ό ΑΒΓΔ κύκλος πρός τον ΕΖΗΘ κύκλον, ούτως τό άπο της ΒΔ τετράγωνον πρός τό άπο της ΖΘ τετράγωνον.
° Eudemus attributed the discovery of this important theorem to Hippocrates (see supra, p. 238). Unfortunately we do not know how Hippocrates proved it.
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applied to a rational straight line, the straight lines following the apotome produce, as breadths, apotomes according to their order, and those following the binomial straight line produce, as breadths, binomials according to their order, therefore the straight lines following the apotome are different, and the straight lines following the binomial straight Une are different, so that in all there are, in order, thirteen straight lines,
Medial,
Binomial,
First bimedial,
Second bimedial,
Major,
Side of a rational plus a medial area,
Side of the sum of two medial areas,
Apotome,
First apotome of a medial straight line, Second apotome of a medial straight Une, Minor,
Producing with a rational area a medial whole, Producing with a medial area a medial whole.
(iv.) Method of Exhaustion
Euclid, Elements xii. 2 a
Circles are to one another as the squares on the diameters.
Let ΑΒΓΔ, ΕΖΗΘ be circles, and ΒΔ, ΖΘ their diameters ; I say that, as the circle ΑΒΓΔ is to the circle ΕΖΗΘ, so is the square on ΒΔ to the square on ΖΘ.
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Ει’ γάρ μη εστιν ώς ό ΑΒΓΔ κύκλος προς τον ΕΖΗΘ, ούτως το άπο τής ΒΔ τετράγωνον προς το άπο τής ΖΘ, εσται, ώς το άπο τής ΒΔ προς τό άπο τής ΖΘ, ούτως ό ΑΒΓΔ κύκλος ήτοι, προς ελασσόν τι τοΰ ΕΖΗΘ κύκλου χωρίον ή προς μεΐζόν. έστω πρότερον προς έλασσον τό Σ. καί εγγεγράφθω είς τόν ΕΖΗΘ κύκλον τετράγωνον τό ΕΖΗΘ* τό δή εγγεγραμμενον τετράγωνον μεΐζόν έστιν ή τό ημισυ τοΰ ΕΖΗΘ κύκλου, επειδήπερ εάν διά τών Ε, Ζ, Η, Θ σημείων έφ-απτομενας τοΰ κύκλου άγάγωμεν, τοΰ περιγραφο-μενου περί τόν κύκλον τετραγώνου ημισυ εστι τό ΕΖΗΘ τετράγωνον, τοΰ δέ περιγραφέντος τετραγώνου έλάττων εστίν ο κύκλος* ώστε τό ΕΖΗΘ εγγεγραμμενον τετράγωνον μεΐζόν εστι τοΰ ήμί-σεως τοΰ ΕΖΗΘ κύκλου, τετμήσθωσαν δίχα αί ΕΖ, ZH, IIΘ, ΘΕ περιφέρειαι κατά τά Κ, Λ, Μ, Ν σημεία, καί έπεζεύχθωσαν αί ΕΚ, ΚΖ, ΖΛ, ΛΗ, ΗΜ, ΜΘ, ΘΝ, ΝΕ· καί έκαστον άρα τών ΕΚΖ, ΖΛΗ, ΗΜΘ, ΘΝΕ τριγώνων μεΐζόν εστιν ή τό ημισυ τοΰ καθ' εαυτό τμήματος τοΰ κύκλου, επειδήπερ εάν διά τών Κ, Λ, Μ, Ν σημείων εφαπτομενας τοΰ κύκλου άγάγωμεν καί άνα-πληριυσωμεν τά επί τών ΈΤι, ΖΗ, ΗΘ, ΘΕ ευθειών παραλληλόγραμμα, έκαστον τών ΕΚΖ, ΖΛΗ, ΗΜΘ, ΘΝΕ τριγώνων ημισυ εσται τοΰ καθ' εαυτό παραλληλογράμμου, άλλά τό καθ' 460
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For if the circle ΑΒΓΔ is not to the circle ΕΖΗΘ as the square on ΒΔ to the square on ΖΘ, then the square on ΒΔ will be to the square on ΖΘ as the circle ΑΒΓΔ is to some area either less than the circle ΕΖΗΘ or greater. Let it first be in that ratio to a lesser area Σ. And let the square ΕΖΗΘ be inscribed in the circle ΕΖΗΘ ; then the inscribed square is greater than the half of the circle ΕΖΗΘ, inasmuch as, if through the points Ε, Ζ, Η, Θ we draw tangents to the circle, the square ΕΖΗΘ is half the square circumscribed about the circle, and the circle is less
than the circumscribed square ; so that the inscribed square ΕΖΗΘ is greater than the half of the circle ΕΖΗΘ. Let the circumferences EZ, ZH, ΗΘ, ΘΕ be bisected at the points K, A, Μ, N, and let EK, KZ, ΖΛ, AH, HM, Μθ, ΘΝ, NE be joined ; therefore each of the triangles ΕΚΖ, ΖΛΗ, ΗΜΘ, ΘΝΕ is greater than the half of the segment of the circle about it, inasmuch as, if through the points K, Λ, Μ, N we draw tangents to the circle and complete the parallelograms on the straight lines EZ, ZH, ΗΘ, ΘΕ, each of the triangles ΕΚΖ, ΖΛΗ, ΗΜΘ, ΘΝΕ will be half of the parallelogram about it, while the segment
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εαυτό τμήμα ελαττόν εστι, τοΰ παραλληλογράμμου· ώστε έκαστον τών ΕΚΖ, ΖΛΗ, ΗΜΘ, ΘΝΕ τρι,γώνων μεΐζον εστι, τοΰ ημίσεως τοΰ καθ' εαυτό τμήματος τοΰ κύκλον, τεμνοντες δη τάς ΰπολει,πο-μενας περι,φερείας δίχα καϊ επι,ζευγνΰντες ευθείας καϊ τοΰτο άεϊ πονοΰντες καταλείφομεν τι,να άπο-τμήματα τοΰ κύκλου, ά εσται, ελασσόνα της υπέροχης, η ΰπερεχει, ό ΕΖΗΘ κύκλος τοΰ Σ χωρίου, εδείχθη γάρ εν τώ πρώτω θεωρήματι, τοΰ δέκατου βιβλίου, otl δύο μεγεθών άνίσων εκκει,-μενών, εάν από τοΰ μείζονος άφαυρεθη μεΐζον η τό ημυσυ καϊ τοΰ καταλευπομενου μεΐζον η τό ημίσυ, καϊ τοΰτο άεϊ γίγvητaL, λευφθησεταί tl μεγεθος, δ εσταυ ελασσον τοΰ εκκεLμεvoυ ελάσσονος μεγέθους. λελείφθω ουν, καϊ έστω τά επϊ τών ΕΚ, ΚΖ, ΖΛ, ΛΗ, ΗΜ, ΜΘ, ΘΝ, ΝΕ τμήματα τοΰ ΕΖΗΘ κύκλου έλάττονα της υπέροχης, ή ύπεpεχεL ό ΕΖΗΘ κύκλος τοΰ Σ χωρίου. λoLπόv άρα τό ΕΚΖΛΗΜΘΝ πολύγωνον μεΐζον ecrrL τοΰ Σ χωρίου, εγγεγράφθω καϊ είς τον ΑΒΓΔ κύκλον τώ ΕΚΖΛΗΜΘΝ πολυγώνω c^olov πολύγωνον τό ΑΞΒΟΓΠΔΡ· εσπν άρα ώς τό από της ΒΔ τετράγωνον πρός τό από της ΖΘ τετράγωνον, ούτως τό ΑΞΒΟΓΠΔΡ πολύγωνον πρός τό ΕΚΖΛΗΜΘΝ πολύγωνον, αλλά καϊ ώς τό από της ΒΔ τετράγωνον πρός τό από της ΖΘ, ούτως ο ΑΒΓΔ κύκλος πρός τό Σ χωρίον καϊ ώς άρα ο ΑΒΓΔ κύκλος πρός τό Σ χωρίον, ούτως τό ΑΞΒΟΓΠΔΡ πολύγωνον πρός τό ΕΚΖΛΗΜΘΝ πολύγωνον εναλλάξ άρα ώς ό ΑΒΓΔ κύκλος πρός τό εν αύτώ πολύγωνον, ούτως τό Σ χωρίον πρός τό ΕΚΖΛΗΜΘΝ πολύγωνον, μείζων δε ό ΑΒΓΔ 462
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about it is less than the parallelogram ; so that each of the triangles ΕΚΖ, ΖΛΗ, ΗΜΘ, ΘΝΕ is greater than the half of the segment of the circle about it. Thus, by bisecting the remaining circumferences and joining straight lines, and doing this continually, we shall leave some segments of the circle which will be less than the excess by which the circle ΕΖΗΘ exceeds the area Σ. For it was proved in the first theorem of the tenth book that,· if two unequal magnitudes be set out, and if from the greater there be subtracted a magnitude greater than its half, and from the remainder a magnitude greater than its half, and so on continually, there will be left some magnitude which is less than the lesser magnitude set out. Let such segments be then left, and let the segments of the circle ΕΖΗΘ on ΕΚ, ΚΖ, ΖΛ, ΛΗ, ΗΜ, ΜΘ, ΘΝ, NE be less than the excess by which the circle ΕΖΗΘ exceeds the areaX. Therefore the remainder, the polygon ΕΚΖΛΗΜΘΝ, is greater than the area Σ. Let there be inscribed, also, in the circle ΑΒΓΔ the polygon ΑΞΒΟΓΠΔΡ similar to the polygon ΕΚΖΛΗΜΘΝ ; therefore as the square on ΒΔ is to the square on ΖΘ, so is the polygon ΑΞΒΟΓΠΔΡ to the polygon ΕΚΖΛΗΜΘΝ [xii. 1]. But as the square on ΒΔ is to the square on ΖΘ, so is the circle ΑΒΓΔ to the area Σ; therefore also as the circle ΑΒΓΔ is to the area Σ, so is the polygon ΑΞΒΟΓΠΔΡ to the polygon ΕΚΖΑΗΜΘΝ [v. 11] ; therefore, alternately, as the circle ΑΒΓΔ is to the polygon in it, so is the areaΣ to the polygon ΕΚΖΛΗΜΘΝ. Now the circle
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GREEK MATHEMATICS κύκλος τοΰ ev αύτω πολυγώνου· μεΐζόν άρα και το Σ χωρίον τοΰ ΕΚΖΛΗΜΘΝ πολυγώνου, αλλά καί ελαττον όπερ εστίν αδύνατον, ουκ άρα εστίν ώς τό από της ΒΑ τετράγωνον προς τό από της ΖΘ, ούτως ό ΑΒΓΔ κύκλος προς ελασσόν tl τοΰ ΕΖΗΘ κύκλου χωρίον. ομοίως δη δείξομεν, otl ουδέ ώς τό από ΖΘ προς τό από ΒΔ, ούτως ό ΕΖΗΘ κύκλος προς ελασσόν tl τοΰ ΑΒΓΔ κύκλου χωρίον.
Αεγω δη, otl ουδέ ώς τό από της ΒΔ προς τό από της ΖΘ, ούτως ό ΑΒΓΔ κύκλος προς μεΐζόν tl τοΰ ΕΖΗΘ κύκλου χωρίον.
Et γαρ ουνατον, έστω προς μεLL>ov το λ>. ανα-παλύν άρα ώς τό από της ΖΘ τετράγωνον προς τό από της ΔΒ, ούτως τό Σ χωρίον προς τόν ΑΒΓΔ κύκλον, άλλ’ ώς τό Σ χωρίον προς τόν ΑΒΓΔ κύκλον, ούτως ό ΕΖΗΘ κύκλος προς ελαττόν tl τοΰ ΑΒΓΔ κύκλου χωρίον· καί ώς άρα τό από της ΖΘ προς τό από της ΒΔ, ούτως ο ΕΖΗΘ κύκλος προς ελασσόν tl τοΰ ΑΒΓΔ κύκλου χωρίον· όπερ αδύνατον εδείχθη. ουκ άρα εστίν ώς τό από ΒΔ τετράγωνον προς τό από της ΖΘ, ούτως ό ΑΒΓΔ κύκλος προς μεΐζόν tl τοΰ ΕΖΗΘ κύκλου χωρίον. εοει,χυη οε, otl ουοε προς έλασσον· εσπν αρα ως τό από της ΒΔ τετράγωνον προς τό από της ΖΘ, ούτως ό ΑΒΓΔ κύκλος προς τόν ΕΖΗΘ κύκλον.
01 άρα κύκλοl προς άλλήλους είσιν ώς τά από τών δLaμετpωv τετράγωνα* οπερ i^L δεΐζαι.
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ΑΒΓΔ is greater than the polygon in it ; therefore the area Σ also is greater than the polygon ΕΚΖΛΗΜΘΝ. But it is also less ; which is impossible. Therefore it is not true that, as is the square on ΒΔ to the square on ΖΘ, so is the circle ΑΒΓΔ to some area less than the circle ΕΖΗΘ. Similarly we shall prove that neither is it true that, as the square on ΖΘ is to the square on ΒΔ, so is the circle ΕΖΗΘ to some area less than the circle ΑΒΓΔ.
I say now that neither is the circle ΑΒΓΔ towards some area greater than the circle ΕΖΗΘ as the square on ΒΔ is to the square on ΖΘ.
For, if possible, let it be in that ratio to some greater area Σ. Therefore, inversely, as the square on ΖΘ is to the square on ΔΒ, so is the area Σ to the circle ΑΒΓΔ. But as the area Σ is to the circle ΑΒΓΔ, so is the circle ΕΖΗΘ to some area less than the circle ΑΒΓΔ ; therefore also, as the square on ΖΘ is to the square on ΒΔ, so is the circle ΕΖΗΘ to some area less than the circle ΑΒΓΔ [v. 11] ; which was proved impossible. Therefore it is not true that, as the square on ΒΔ is to the square on ΖΘ, so is the circle ΑΒΓΔ to some area greater than the circle ΕΖΗΘ. And it was proved not to be in that relation to a less area ; therefore as the square on ΒΔ is to the square on ΖΘ, so is the circle ΑΒΓΔ to the circle ΕΖΗΘ.
Therefore circles are to one another as the squares on the diameters ; which was to be proved.
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(v.) Regular Solids
Eucl. Elem. xiii. 18
Τάς πλευράς τών πεντε σχημάτων εκθεσθαν καν συγκ ρίναν προς άλλήλας.
Έκκείσθω η της 8οθείσης σφαίρας 8νάμετρος η ΑΒ, καϊ τετμήσθω κατά το Γ ώστε νσην etVat την ΑΓ τη ΓΒ, κατά δβ το Δ ώστε 8νπλασίονα εΐναν την ΑΔ της ΔΒ, καν γεγράφθω έπϊ της ΑΒ ημνκυκλνον το ΑΕΒ, καν άπο τών Γ, Δ τη ΑΒ προς όρθάς ηχθωσαν αν ΓΕ, ΔΖ, καϊ έπεζεύ-χθοισαν at ΑΖ, ΖΒ, ΕΒ. καϊ έπεϊ 8νπλη εστνν η ΑΔ της ΔΒ, τρνπλη άρα εστνν η ΑΒ της ΒΔ. άναστρεφαντν ημνολνα άρα εστνν η ΒΑ της ΑΔ. ώς 8έ η ΒΑ προς την ΑΔ, ούτως τό από της ΒΑ προς τό από της ΑΖ* νσογώννον γάρ εστν τό ΑΖΒ τρίγωνον τώ ΑΖΔ τρνγώνω* ημνόλνον άρα εστν τό από της ΒΑ τοΰ από της ΑΖ. εστν 8έ καϊ η της σφαίρας 8νάμετρος 8υνάμεν ημνολνα
° For the earlier history of the regular, cosmic or Platonic figures, v. supra, pp. 216-225, 378-379.
b This proposition cannot be fully understood without the previous propositions in the book which it assumes, but it will give an insight into the thoroughness and comprehensiveness of Euclid’s methods.
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(v.) Regular Solids a Euclid, Elements xiii. 18 b
To set out the sides of the five figures and to compare them one rvith another.
Let AB, the diameter of the given sphere, be set out, and let it be cut at Γ so that ΑΓ is equal to ΓΒ, and at Δ so that ΑΔ is double of ΔΒ ; and on AB let the semicircle AEB be drawn, and from Γ, Δ let ΓΕ, ΔΖ be drawn at right angles to AB, and let AZ, ZB, EB be joined. Then since ΑΔ = 2ΔΒ, therefore ΑΒ = 3ΒΔ. Convertendo, therefore ΒΑ = #ΑΔ. But BA : ΑΔ = ΒΑ2 : AZ2 [v. Def. for the triangle AZB is equiangular with the triangle ΑΖΔ [vi. 8] ;
H
therefore BA2 = ^AZ2. But the square on the diameter of the sphere is also one-and-a-half times the
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της πλευράς της πνραμίδος. καί έστυν η ΑΒ η της σφαίρας διάμετρος· η ΑΖ άρα ΐση έστυ τη πλευρά της πυραμίδος.
Παλίν, έπευ δυπλασίων έστυν η ΑΔ της ΔΒ, τρυπλή άρα έστυν η ΑΒ της ΒΔ. ώς δέ η ΑΒ προς την ΒΔ, ούτως τό άπο της ΑΒ προς τό άπο της ΒΖ· τρυπλάσυον άρα έστί το άπο της ΑΒ τοΰ απο της ΒΔ. εστυ οε καυ η της σφαυρας ουα-μετρος δννάμευ τρυπλασίων της τον κνβον πλεν-ράς. καί εστυν η ΑΒ η της σφαίρας δυάμετρος· η ΒΖ άρα τον κνβον εστυ πλενρά.
Κα'υ έπευ ΐση εστυν η ΑΓ τη ΓΒ, δυπλη άρα εστυν η ΑΒ της ΒΓ. ώς δέ η ΑΒ προς την ΒΓ, όντως το άπο της ΑΒ προς το άπο της ΒΕ· δυπλά-συον άρα εστυ το άπο της ΑΒ τον άπο της BE. εστυ δέ καυ η της σφαίρας δυάμετρος δννάμευ δυπλασίων της τον οκτάεδρον πλενράς. καί εστυν η ΑΒ η της δοθευσης σφαίρας δυάμετρος* η BE άρα τον οκτάεδρον εστυ πλενρά.
*Ήχ0ω δη από τον Α σημεΐον τη ΑΒ ενθεία πρός όρθάς η ΑΗ, καυ κείσθω ή ΑΗ ΐση τη ΑΒ, καυ έπεζενχθω η ΗΓ, /cat από τον Θ έπυ την ΑΒ κάθετος ηχθω η ΘΚ. καυ έπευ δυπλη έστυν η ΗΑ της ΑΓ· ΐση γάρ η IIΑ τη ΑΒ* ώς δέ η ΗΑ πρός την ΑΓ, όντως η ΘΚ πρός την ΚΓ, δυπλη άρα καυ η ΘΚ της ΚΓ. τετραπλάσυον άρα έστυ τό από της ΘΚ τον από της ΚΓ· τά άρα άπο τών ΘΚ, ΚΓ, όπερ έστυ τό άπο της ΘΓ, πενταπλάσυόν έστυ τον από της ΚΓ. ΐση δέ η ΘΓ τη ΓΒ· πενταπλάσυόν άρα έστυ τό άπο της ΒΓ τοΰ άπο της ΓΚ. καυ έπευ δυπλη έστυν η ΑΒ της ΓΒ, ών η ΑΔ της ΔΒ έστυ δυπλη, λουπη άρα η ΒΔ λουπής 468
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square on the side of the pyramid [xiii. 13]. And AB is the diameter of the sphere ; therefore AZ is equal to the side of the pyramid.
Again, since ΑΔ = 2ΔΒ, therefore ΑΒ = 3ΒΔ. But AB : ΒΔ = ΑΒ2 : BZ2 [vi. 8, v. Def. 9]; therefore AB2 = 3BZ2. But the square on the diameter of the sphere is also three times the square on the side of the cube [xiii. 15]. And AB is the diameter of the sphere ; therefore BZ is the side of the cube.
And since ΑΓ = ΓΒ, therefore ΑΒ = 2ΒΓ. But AB : ΒΓ = AB2 : BE2 [vi. 8, v. Def. 9]· Therefore AB2 = 2BE2. But the square on the diameter of the sphere is also double of the square on the side of the octahedron [xiii. 14]. And AB is the diameter of the given sphere ; therefore BE is the side of the octahedron.
Now let AH be drawn from the point A at right angles to the straight line AB, and let AH be made equal to AB, and let ΗΓ be joined, and from Θ let ΘΚ be drawn perpendicular to AB. Then since ΗΑ = 2ΑΓ (for HA = AB), and ΗΑ:ΑΓ = ΘΚ:ΚΓ [vi. 4], therefore ΘΚ = 2ΚΓ. Therefore ΘΚ2 = 4ΚΓ2. Therefore ΘΚ2+ΚΓ2 = 5ΚΓ2 = ΘΓ2 [i. 47]. But ΘΓ = ΓΒ; therefore ΒΓ2 = 5ΓΚ2. And since AB = 2ΓΒ, and in them ΑΔ = 2ΔΒ, therefore the remainder
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της ΔΓ βστι διπλή. τριπλή άρα η ΒΓ της ΓΔ* ένναπλάσιον άρα τό από της ΒΓ τοΰ από της ΓΔ. πενταπλάσιον δέ τό από της ΒΓ τοΰ από της ΓΚ· μεΐζόν άρα τό από της ΓΚ τοΰ από της ΓΔ. μείζων άρα έστϊν η ΓΚ της ΓΔ. κείσθω τη ΓΚ ΐση η ΓΛ, καϊ από τοΰ Λ τη ΑΒ προς όρθάς ηχθω η AM, /cat έπεζεύχθω η MB. καϊ έπεϊ πενταπλάσιόν εστν τό από της ΒΓ τοΰ από της ΓΚ, καί έστι της μέν ΒΓ διπλή η ΑΒ, της δέ ΓΚ διπλή η ΚΛ, πενταπλάσιον άρα έστϊ τό από της ΑΒ τοΰ από της ΚΛ. εστι δέ και η της σφαίρας διάμετρος δυνάμει πενταπλασίων της έκ τοΰ κέντρου τοΰ κύκλου, άφ' ου τό εικοσάεδρον άνα-γέγραπται. καί έστιν η ΑΒ η της σφαίρας διάμετρος* η ΚΛ άρα έκ τοΰ κέντρου έστι τοΰ κύκλου, άφέ ού τό εικοσάεδρον άναγέγραπται* η ΚΛ άρα έζαγώνου έστι πλευρά τοΰ είρημένου κύκλου, και έπεϊ η της σφαίρας διάμετρος σύγ-κειται εκ τε της τοΰ έζαγώνου και δύο των τοΰ δεκαγώνου των είς τόν είρημένον κύκλον έγγρα-φομένων, καί έστιν η μέν ΑΒ η της σφαίρας διάμετρος, η δέ ΚΛ έξαγώνου πλευρά, και ΐση η ΑΚ τη ΑΒ, έκατέρα άρα τών ΑΚ, ΑΒ δεκαγώνου έστι πλευρά τοΰ έγγραφομένου εις τόν κύκλον, άφέ ου τό εικοσάεδρον άναγέγραπται. και έπεϊ δεκαγώνου μέν η ΛΒ, έζαγώνου δέ η ΜΑ* ΐση γάρ έστι τη ΚΛ, έπεϊ και τη ΘΚ* ΐσον γάρ άπέχουσιν
α Euclid’s procedure, in constructing the icosahedron inscribable in a given sphere, is first to construct a circle with radius r such that r2 = ?d2, where d is the diameter of the sphere. In this he inscribes a regular decagon, and from its 470
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ΒΔ is double of the remainder ΔΓ. Therefore ΒΓ = 3ΓΔ; therefore ΒΓ2 = 9ΓΔ2. ΒηΐΒΓ2 = 5ΓΚ2; therefore ΓΚ2>ΓΔ2. Therefore ΓΚ>ΓΔ. Let ΓΛ be made equal to ΓΚ, and from Λ let AM be drawn at right angles to AB, and let MB be joined. Then since ΒΓ2 = 5ΓΚ2, and ΑΒ = 2ΒΓ, ΚΛ = 2ΓΚ, therefore AB2 = 5KA2. But the square on the diameter of the sphere is also five times the square on the radius of the circle from which the icosahedron has been described [xiii. 16, coroll.].σ And AB is the diameter of the sphere ; therefore KA is the radius of the circle from which the icosahedron has been described ; therefore KA is a side of the hexagon in the said circle [iv. 15, coroll.]. And since the diameter of the sphere is made up of the side of the hexagon and two of the sides of the decagon inscribed in the same circle [xiii. 16, coroll.], and AB is the diameter of the sphere, while KA is the side of the hexagon, and AK = AB, therefore each of the straight lines AK, AB is a side of the decagon inscribed in the circle from which the icosahedron has been described. And since AB belongs to a decagon and MA to a hexagon (for MA is equal to KA since it is also equal to ΘΚ, angular points draws straight lines perpendicular to the plane of the circle and equal in length to r ; this determines the angular points of another decagon inscribed in an equal parallel circle. By joining alternate angular points of one decagon, he obtains a pentagon, and then does the same with the other decagon, but in such a manner that the angular points are not opposite one another. Joining the angular points of one pentagon to the nearest angular points of the other, he obtains ten equilateral triangles, which are faces of the icosahedron. He completes the procedure by finding the common vertices of the five equilateral triangles standing on each of the pentagons, which form the remaining faces of the icosahedron.
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από τοΰ κέντρου* καί έστιν έκατέρα τών ΘΚ, ΚΛ διπλάσιων της ΚΓ* πενταγώνου άρα έστιν η MB. η δέ τοΰ πενταγώνου έστιν η τοΰ είκοσαέδρου* είκοσαέδρου άρα έστίν η MB.
Kai έπεί η 7Λ5 κΰβου έστί πλευρά, τετμήσθω άκρον καί μέσον λόγον κατά τό Ν, καί έστω μεΐζον τμήμα τό ΝΒ· η ΝΒ άρα δωδεκαέδρου έστι πλευρά.
Και έπεί η της σφαίρας διάμετρος έδείχθη της μέν Χ7 πλευράς της πυραμίδος δυνάμει, ημιολία, της δέ τοΰ οκταέδρου της BE δυνάμει, διπλάσιων, της δέ τοΰ κυβου της ΖΒ δυνάμει, τριπλασίων, οίων άρα η της σφαίρας διάμετρος δυνάμει έζ, το ιόντων η μέν της πυραμίδος τεσσάρων, η δέ τοΰ οκταέδρου τριών, η δέ τοΰ κυβου δυο. η μέν άρα της πυραμίδος πλευρά της μέν τοΰ οκταέδρου πλευράς δυνάμει έστιν έπίτριτος, της δέ τοΰ κυβου δυνάμει διπλή, η δέ τοΰ οκταέδρου της τοΰ κυβου δυνάμει ημιολία, αι μέν ουν είρημέναι τών τριών σχημάτων πλευραι, λέγω δη πυραμίδος και οκταέδρου καί κυβου, πρός άλληλας εισιν έν λόγοις ρητοις. αι οε Λοιπαι ουο, Λέγω οη η τε του είκοσαέδρου και η τοΰ δωδεκαέδρου, ούτε πρός άλληλας ούτε πρός τάς προειρημένας εισιν έν 472
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being the same distance from the centre, and each of the straight lines ΘΚ, KA is double of ΚΓ), therefore MB belongs to a pentagon [xiii. 10, i. 47]. But the side of the pentagon is the side of the icosahedron [xiii. 16] ; therefore MB is a side of the icosa hedron.
Now, since ZB is a side of the cube, let it be cut in extreme and mean ratio at N, and let NB be the greater segment ; therefore NB is a side of the dodecahedron [xiii. 17, coroll.].α
And, since the square on the diameter of the sphere was proved to be one-and-a-half times the square on the side AZ of the pyramid, double of the square on the side BE of the octahedron, and triple of the square on the side ZB of the cube, therefore, of parts of which the square on the diameter of the sphere contains six, the square on the side of the pyramid contains four, the square on the side of the octahedron contains three, and the square on the side of the cube contains two. Therefore the square on the side of the pyramid is four-thirds of the square on the side of the octahedron, and double of the square on the side of the cube ; while the square on the side of the octahedron is one-and-a-half times the square on the side of the cube. The said sides of the three figures, I mean the pyramid, the octahedron and the cube, are therefore in rational ratios one to another. But the remaining two, I mean the side of the icosahedron and the side of the dodecahedron, are not in rational ratios either to one another or to the afore-
° To construct the dodecahedron inscribable in a given sphere Euclid begins with the cube inscribed in the same sphere, and draws pentagons having the edges of the cube as diagonals.
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Aoyots· ρητοΐς· άλογοι γάρ είσιν, η u.ev ε’λάττων, η oe αποτομη.
*0τί μείζων εστίν η τοΰ είκοσαέδρου πλευρά ή MB τής τοΰ δωδεκαέδρου της ΝΒ, δείξομεν ούτως.
Έπ66 γάρ Ισογώνιόν εστί το ΖΔΒ τρίγωνον τώ ΖΑΒ τριγώνω, άνάλογον εστιν ώς η ΔΒ προς την ΒΖ, ούτως η ΒΖ προς την ΒΑ. καί1 επεί τρεις εύθεΐαί άνάλογον είσιν, εστίν ώς η πρώτη προς την τρίτην, ούτως τό άπο της πρώτης προς τό άπο της δεύτερας1· εστίν άρα ώς η ΔΒ προς την ΒΑ, ούτως τό άπο της ΔΒ προς τό άπο της ΒΖ· άνάπαλίν άρα ώς η ΑΒ προς την ΒΔ, ούτως τό άπο της ΖΒ προς τό άπο της ΒΔ. τριπλή δέ η ΑΒ της ΒΔ· τριπλάσιον άρα τό άπο της ΖΒ τοΰ άπο της ΒΔ. εστί δέ καί τό άπο της ΑΔ τοΰ άπο της ΔΒ τετραπλάσιον διπλή γάρ η ΑΔ της ΔΒ· μεΐζόν άρα τό άπο της ΑΔ τοΰ άπο της ΖΒ· μείζων άρα η ΑΔ της ΖΒ· πολλω άρα η ΑΛ της ΖΒ μείζων εστίν. καί της μέν ΑΛ άκρον καί μέσον λόγον τεμνομένης τό μεΐζόν τμημά έστω η ΚΛ, επειδήπερ η μέν ΛΚ έξαγώνου εστίν, η δέ ΚΛ δεκαγώνου* της δέ ΖΒ άκρον καί μέσον λόγον τεμνομένης τό μεΐζόν τμημά εστίν η ΝΒ· μείζων άρα η ΚΛ της ΝΒ. ΐση δέ η ΚΛ τή ΛΜ· μείζων άρα η ΛΜ της ΝΒ [τής δέ ΛΜ μείζων έστϊν ή
1 καί encl . . . Scut*ρας. “ Miramur, cur haec definitio hoc loco omnibus verbis citetur, praesertim forma parum Euclidea, cum tamen antea in hac ipsa propositione toties tacite sit usurpata. itaque puto, verba και ίπά . . . bevripas subditiva esse. ’ ’—Heiberg.
° If r be the radius of the sphere circumscribing the five regular solids,
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said sides ; for they are irrational, the one being minor [xiii. 16], the other an apotome [xiii. 17].σ
That the side MB of the icosahedron is greater than the side NB of the dodecahedron we shall prove thus.
For since the triangle ΖΔΒ is equiangular with the triangle ZAB [vi. 8], the proportion arises, ΔΒ : BZ = BZ : BA [vi. 4]. And since the three straight lines are in proportion, as the first is to the third, so is the square on the first to the square on the second [v. Def. 9] S therefore ΔΒ : ΒΑ = ΔΒ2 : BZ2 ; therefore, inversely, AB : ΒΔ = ΖΒ2 : ΒΔ2. But AB = 3ΒΔ ; therefore ΖΒ2 = 3ΒΔ2. But ΑΔ2 = 4ΔΒ2, for ΑΔ = 2ΔΒ ; therefore ΑΔ2>ΖΒ2 ; therefore ΑΔ> ZB ; therefore AA is by far greater than ZB. And, when AA is cut in extreme and mean ratio, KA is the greater segment, since AK belongs to a hexagon, and KA to a decagon [xiii. 9] \ and when ZB is cut in extreme and mean ratio, NB is the greater segment ; therefore KA is greater than NB. But KA = AM; therefore AM>NB. Therefore MB,
= iV6 . τ
side of pyramid side of octahedron side of cube
side of icosahedron
= \/2. r
= 710(5- <5)
y- -- —
side of dodecahedron = 5(^/15- K/3). o
In the sense of the term irrational as used by Euclid’s predecessors and by modern mathematicians, all these expressions are irrational; but in the special sense of Eucl. Elem. x. Def. 3, the first three are rational, because their squares are commensurable one with another. The fourth and fifth expressions are irrational even in Euclid’s sense, belonging to two species of irrational lines investigated in Book x.
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MB].1 πολλώ άρα η MB πλευρά οΰσα τοΰ εΖκοσαε'δρου μείζων εστί της ΝΒ πλευράς ούσης τοΰ δωδεκαέδρου* οπερ έδεί δεΐξαί.
Λέγω δη, οτι, παρά τά εφημένα πέντε σχήματα ού συσταθησεταί ετερον σχήμα περιεχόμενον υπό Ισοπλεύρων τε καϊ Ισογωνίων ΐσων άλλήλοίς.
'Υπό μέν γάρ δύο τρίγωνων η όλως επίπεδων στερεά γωνία ού συνίσταταί. υπό δέ τρίά)ν τρίγωνων η της πυραμίδος, υπό δέ τεσσάρων η τοΰ οκταέδρου, υπό δέ πέντε η τοΰ είκοσαέδρου* υπό δέ έξ τρίγωνων Ισοπλεύρων τε καϊ Ισογωνίων προς ένϊ σημείω συνίσταμένων ούκ εσται στερεά γωνία* ούσης γάρ της τοΰ ισοπλεύρου τρίγωνου γωνίας δίμοίρου ορθής έσονταί αί έξ τέσσαρσίν όρθαΐς ίσαί* όπερ αδύνατον* άπασα γάρ στερεά γωνία υπό ελασσονών η τεσσάρων όρθά>ν περίέχεταί. διά τά αυτά δη ούδέ υπό πλείόνων η έξ γωνιών επιπέδων στερεά γωνία συνίσταταί.
'Υπό δε τετραγώνων τριών η τοΰ κύβου γωνία περίέχεταί* υπό δέ τεσσάρων αδύνατον* έσονταί γάρ πάλιν τέσσαρες όρθαί.
'Υπό δέ πενταγώνων Ισοπλεύρων καϊ Ισογωνίων, υπό μέν τριών η τοΰ δαιδεκαέδρου* υπό δέ τεσσάρων αδύνατον* ούσης γάρ της τοΰ πενταγώνου Ισοπλεύρου γωνίας ορθής καϊ πέμπτου, έσονταί αί τέσσαρες γωνίαί τεσσάρων ορθών μείζους* όπερ αδύνατον.
Ουδέ μην υπό πολυγώνων ετέρων σχημάτων περισχεθησεταί στερεά γωνία διά τό αυτό άτοπον.
Ούκ άρα παρά τά είρημένα πέντε σχήματα
1 της . . . MB del Heiberg.
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which is a side of the icosahedron, is much greater than NB, which is a side of the dodecahedron ; which was to be proved.
I say now that no other figure, besides the said five figures, can be constructed so as to be contained by equilateral and equiangular figures equal one to another.
For a solid angle cannot be constructed out of two triangles, or, generally, planes. With three triangles there is constructed the angle of the pyramid, with four the angle of the octahedron, with five the angle of the icosahedron ; but no solid angle can be formed by placing together at one point six equilateral and equiangular triangles ; for inasmuch as the angle of the equilateral triangle is two-thirds of a right angle, the six will be equal to four right angles ; which is impossible, for any solid angle is contained by angles less than four right angles [xi. 21]. For the same reasons no solid angle can be constructed out of more than six plane angles.
By three squares the angle of the cube is contained; but it is impossible for a solid angle to be contained by four squares ; for they will again be four right angles [xi. 21].
By three equilateral and equiangular pentagons the angle of the dodecahedron is contained ; but by four it is impossible for a solid angle to be contained; for inasmuch as the angle of the equilateral pentagon is a right angle and a fifth, the four angles will be greater than four right angles ; which is impossible [xi. 21].
Nor will a solid angle be contained by any other polygonal figures by reason of the same absurdity.
Therefore no other figure, besides the said five
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ετερον σχήμα στερεόν συνταθήσεται υπό ίσο* πλευρών τε καν Ισογωνίων περνεχόμενον* όπερ βδβι δεΐξαν.
(c) The Data
Eucl., ed. Heiberg-Menge vi. 2. 1-15
'Όρον
a . Δεδομένα τώ μεγέθεν λέγεταν χωρία τε καν γραμμαί καί γωνίαν, ονς δυνάμεθα ίσα πορίσασθαν.
β'. Αόγος δεδόσθαν λέγεταν, ω δυνάμεθα τον αυτόν πορίσασθαν.
γ'. Έύθυγραμμα σχήματα τώ εΐδεν δεδόσθαν λέγεταν, ών αί τε γωνίαν δεδομέναν είσν κατά μίαν καν οί λόγον τών πλευρών πρός άλληλας δεδομένον.
δ'. Τη θέσεν .δεδόσθαν λέγονταν σημεία τε καν γραμμαί καί γωνίαν, ά τον αυτόν άεν τόπον έπέχεν.
ε'. Κύκλος τω μεγέθεν δεδόσθαν λέγεταν, ου δέδοταν η εκ τοΰ κέντρου τώ μεγέθεν.
ζ'. Τη θέσεν δέ καν τώ μεγέθεν κύκλος δεδόσθαν λέγεταν, ου δέδοταν τό μέν κέντρον τη θέσεν, η δέ έκ τοΰ κέντρου τώ μεγέθεν.
(cT) The Porisms
Procl. in Eucl. i., ed Friedlein 301. 21-302. 13 ; Eucl., ed. Heiberg-Menge viii. 237. 9-27
Έν τν τών γεωμετρνκών έστνν ονομάτων τό πόρισμα, τοΰτο δέ σημαίνεν δνττόν* καλοΰσν γάρ
° Euclid’s Data (Δώομένα) is his only work in pure geometry to have survived in Greek apart from the Elements. (His book On Divisions of Figures has survived in Arabic, v. supra, p. 156 n. c.) It is closely connected with Books i.-vi. of the Elements, and its general character will be sufti-478
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figures, can be constructed so as to be contained by equilateral and equiangular figures ; which was to be proved.
(c) The Data®
EucL, ed. Heiberg-Menge vi. 2. 1-15
Definitions
1.	Areas, lines and angles are said to be given in magnitude when we can make others equal to them.
2.	A ratio is said to be given when we can make another equal to it.
3.	Rectilineal figures are said to be given in species when their angles are severally given and the ratios of the sides one towards another are also given.
4.	Points, lines and angles are said to be given in position when they always occupy the same place.
5.	A circle is said to be given in magnitude when the radius is given in magnitude.
6.	A circle is said to be given in position and in magnitude when the centre is given in position and the radius in magnitude.
(rf) The Porisms
Proclus, On Euclid i., ed. Friedlein 301. 21-302. 13 ;
Eucl., ed. Heiberg-Menge viii. 237. 9-27
Porism is one of the terms used in geometry. It has a twofold meaning. For porisms are in the first ciently indicated by these first few definitions. The object of a proposition called a datum is to prove that, if in a figure certain properties are given, other properties are also given, in one or other of the senses defined in the definitions. Pappus included the book in his Τόπο? αναλυόμενος (Treasury of Analysis).	·
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πορίσματα, και όσα θεωρήματα συγκατασκευάζεται ταΐς άλλων άποδείξεσιν οΐον έρμαια και κέρδη τών ζητούντων υπάρχοντα, και οσα ζητείται μεν, εύρέσεως δέ χρηζει και ούτε γενέσεως μόνης ούτε θεωρίας απλής, οτι μεν γάρ τών ισοσκελών αι προς τη βάσει ΐσαι θεωρησαι δει, και όντων δη τινων1 πραγμάτων εστιν η τοιαύτη γνώσις. την δε γωνίαν δίχα τεμεΐν η τρίγωνον συστησασθαι η άφελεΐν η προσθεσθαι,2 ταΰτα πάντα ποίησίν τίνος απαιτεί9 τοΰ δέ δοθέντος κύκλου τό κεντρον εύρεΐν, η δύο δοθέντων συμμέτρων μεγεθών τό μέγιστον και κοινόν μέτρον εύρεΐν, η οσα τοιάδε, μεταξύ πώς έστι προβλημάτων και θεωρημάτων, ούτε γάρ γενέσεις είσιν έν τούτοις τών ζητούμενων, άλλ’ εύρέσεις, ούτε θεωρία ψιλή. δει γάρ ύπ' όψιν αγαγεΐν και προ όμμάτων ποιησασθαι τό ζητού-μενον. τοιαΰτα άρα έστιν και όσα Ευκλείδης πορίσματα γέγραψε, γ βιβλία Πορισμάτων συντάξας.
Papp. Coll, vii., ed. Hultsch 648. 18-660. 16 ; Eucl., ed. Heiberg-Menge viii. 238. 10-243. 5
Μβτά δέ τά? Ήπαψάς έν τρισϊ βιβλίοις Πορίσματά έστιν Έώκλείδου, πολλοΐς άθροισμα φιλοτεχνότατον είς την άνάλυσιν τών έμβριθεστέρων προβλημάτων . . .
1 τινων Heiberg, τών codd.
1 προσθεσθαι Heiberg, θεσθαι codd.
° A porism in this sense is commonly called a corollary.
b Euclid’s Porisms has unfortunately not survived, which is a great misfortune as it appears to have been the most original and advanced of all his works. Our knowledge of its contents comes solely from Pappus.
c Pappus is describing the books comprised in his Τοπο? αναλυόμενος (Treasury of Analysis). He proceeds to give an 480
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place such theorems as can be established by means of the proofs of other theorems, being a kind of windfall or bonus in the investigation®; and in the second place porisms are things which are sought, but need some finding, being neither brought into existence simply nor yet investigated by theory alone. For to prove that the angles at the base of an isosceles triangle are equal is a matter for theoretic inquiry only, and such knowledge is of certain things already in existence. But to bisect an angle or to construct a triangle, to cut off or to add—all these things require the making of something ; and to find the centre of a given circle, or to find the greatest common measure of two given commensurable magnitudes, and so on, is in some way intermediate between problems and theorems. For in these cases there is no bringing into existence of the things sought, but a finding of them ; nor is the inquiry pure theory. For it is necessary to bring what is sought into view and to exhibit it before the eyes. To this class belong the porisms which Euclid wrote and arranged in his three books of Pori sms.b
Pappus, Collection vii., ed. Hultsch 648. 18-660. 16 ; Eucl. ed. Heiberg-Menge viii. 238. 10-243. 5
After the Contacts (of Apollonius) come, in three books, the Porisms of Euclid, a collection most skilfully framed, in the opinion of many, for the analysis of the more weighty problems c . . .
explanation of the term porism as used by Euclid with which Proclus’s account is in substantial agreement. In addition, he gave another definition by “ more recent geometers ” (ύπο τών νζωπρων), viz., “ a porism is that which falls short of a locus-theorem in respect of its hypothesis ” (πόρισμά βσηυ τό λέίττον υπόθεσες τοτπκοΰ θεωρήματος).
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HepiAa/Jeiv πολλά μια προτάσει ήκιστα δυνατόν θ' τούτοις δίά τό και αύτόν Εύκλβιδην ού πολλά εξ έκαστου είδους τεθεικέναι, άλλα δείγματος ένεκα εκ της πολυπληθείας έν η1 ολίγα. προς άρχη δε όμως2 τοΰ πρώτου βιβλίου τεθεικεν όμο-ειδη τινα3 εκείνου τοΰ δαψιλεστερου είδους τών τόπων, ώς ϊ τό πλήθος, διό και περιλαβεΐν ταύτας μια προτάσει ενδεχόμενον εΰρόντες ούτως έγρά-ψαμεν εάν υπτίου η παρυπτίου τρία τά επι μιας σημεία [η παραλλήλου της ετερας τά δύο]4 δβ-δομενα η, τά δε λοιπά πλην ενός άπτηται θέσει δεδομένης ευθείας, και τοΰθ' άψεται θεσει δεδομένης ευθείας, τοΰτ' επι τεσσάρων μεν ευθειών είρηται μόνων, ών ού πλείονες η δύο διά τοΰ αύτοΰ σημείου εισιν, άγνοεΐται δέ έπι παντός τοΰ προ-
1	εν η Littre, ενι,α Hultsch.
2	δέ δμως Heiberg, δεδομενον cod. (sequente lacuna) del. Hultsch.
3	nva Heiberg, πάν cod., πάντ’ Hultsch.
4	η . . . δυο interpolator! trib. Hultsch.
a The four straight lines are described in the Greek as (the sides) υπτίου ή παρυπτίου, i.e,, as the sides of supine and hyper-supine quadrilaterals. Robert Simson (Opera quae-dam reliqua, p. 348) explains a ύπτιον σχήμα as being of the 482
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Now to comprehend many propositions in one enunciation is far from easy in these porisms, because Euclid himself has not given many of each species, but out of a great number he has selected one or a few by way of example. But at the beginning of the first book he has given certain allied propositions, ten in number, from that more abundant species consisting of loci. Finding that these can be comprehended in one enunciation, we have therefore written it out in this manner : If, in a system of four straight lines which cut one another two and two, the three points [of intersection] on one straight line be given, while the rest except one lie on different straight lines given in position, the remaining point also will be on a straight line given in position.0. This has been enunciated in the case of four straight lines only, of which not more than two pass through the same point, and it is not nature of (1) in the accompanying diagrams, while (2) and (3) are παρύπτια σχήματα. He also explained the correct
ω	(2)	(3)
meaning of the rather loo.be proviso, τα δέ λοιπά πλην ενός άπτηται, θέσει, δεδομένης ευθείας. Applied to these figures, the enunciation states that if A, B, F are given, while the loci of C and D are straight lines, then the locus of E is also a straight line.
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τβινομβνου πλήθους αληθές υπάρχου ούτως λεγόμενον' εάν όποσαι,οΰν εύθεΐαυ τέμνωσι,ν άλλτ/λα?, μη πλείονες η δυο διά τοΰ αΰτοΰ σημείου, πάντα δέ επί μι,ας αυτών δεδομένα η, καί τών επί έτέρας έκαστον άπτηται, θεσει, δεδομένης ευθείας, η καθ-ολι,κωτέραν ούτως' εάν όποσαι,οΰν εΰθεΐαι, τέμνωσι,ν άλληλας, μη πλείονες η δυο διά τοΰ αΰτοΰ σημείου, πάντα δέ τά επί μι,ας αυτών σημεΐα δεδομένα η, τών δέ λουπών τό πλήθος έχόντων τρίγωνον άρυθμόν η πλευρά τούτου έκαστον έχη σημεΐον άπτόμενον ευθείας θέσει, δεδομένης, τών τρι,ών μη προς γωνίαι,ς υπαρχόντων τριγώνου χωρίου, έκαστον λοιπόν σημεΐον άφεταυ θέσει, δεδομένης ευθείας, τόν δέ 'Στουχευωτην ουκ είκός άγνοησαυ τοΰτο, την δ’ αρχήν μόνην τάξαυ. . . .
Έχει δβ τά τρία βιβλία τών Τϊορυσμάτων λήμματα λη, αυτά δέ θεωρημάτων έστϊν ροα.
α Sc. a triangle having as its sides three of the given straight lines.
6 The meaning of this enunciation was discovered by Simson, and is given by Loria (Le scienze esatte nelV antica Grecia, p. 256 n. 3) as follows : “ If a complete n-lateral be deformed so that its sides respectively turn about n points on a straight line, and (n- 1) of its Jn (π- 1) vertices move each on a straight line, the remaining |(n- l)(ft- 2) of its vertices likewise move on straight lines; provided that it is not possible to form with the (ft - 1) vertices any triangle having for sides the sides of the polygon.” We may sympathize with the frank confession of Edmond Halley (Apollonii Pergaei De sectivne rationis, p. xxxvii) that he could make no sense out of this passage.
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generally known that it is true of any assigned number of straight lines when thus enunciated : If any number of straight lines cut one another, not more than two passing through the same point, and all the points [of intersection'] on one of them be given, and if each of those which are on another lie on a straight line given in position—or still more generally in this manner : If any number of straight lines cut one another, not more than t?vo passing through the same point, and all the points [of intersection] on one of them be given, while of the remaining points of intersection, in multitude equal to a triangular number, a number corresponding to the side of this triangular number lie respectively on straight lines given in position, provided that of these latter points no three are at the vertices of a triangle,a each of the remaining points will lie on a straight line given in position.13 The writer of the Elements was probably not unaware of this, but he merely laid down the principle.0 . . .
The three books of the Porisms involve 38 lemmas d; of the theorems themselves there are 171/
e Pappus proceeds to state in order 28 propositions from Euclid’s work.
d Pappus gives these lemmas to the Porisms (Pappus, ed. Hultsch 866. 1-918. 20 ; Eucl. ed. Heiberg-Menge viii. 243. 10-274. 10).
e The reconstruction of the Porisms has been one of the most fascinating inquiries pursued by students of Greek mathematics, and thereby Chasles was led to the idea of anharmonic ratios. Further details will be found in Loria, loc. cit., pp. 253-265, Heath, H.G.M. i. 431-438, and I am greatly indebted to the translations and notes in these works.
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(e) The Conics
Papp. Coll. vii. 30-36, ed. Hultsch 672. 18-678. 24
Τά Εύκλβίδου βιβλία δ Κωνικών "Απολλώνιος άναπληρώσας και προσθεις έτερα δ παρέδωκεν ή ΚύϋΡίκών τεύχη. ’Αρισταΐος δέ, δ? γέγραφε τά μέχρι τοΰ νυν άναδιδόμενα στερεών τόπων τεύχη € συνεχή τοΐς κωνικοΐς, έκάλει [καί οί προ Απολλώνιου}1 τών τριών κωνικών γραμμών τήν μεν οξυγωνίου, τήν δέ ορθογωνίου, τήν δέ αμβλυγωνίου κώνου τομήν. ... ον δέ φησιν [sc. Απολλώριο?] έν τώ τρίτω τόπον έπι γ και δ γραμμάς μή τελειω-θήναι υπό Εύκλείδου, ούδ’ άν αυτός ήδυνήθη ούδ' άλλος ούδεις άλλ’ ουδέ μικρόν τι προσθεΐναι τοΐς υπό Εύκλείδου γραφεΐσιν2 διά γε μόνων τών προ-δεδειγμένων ήδη κωνικών άχρι τών κατ Εύ~ κλείδην, ώς και αυτός μαρτυρεί λέγων αδύνατον εΐναι τελειωθήναι, χωρίς ών αυτός προγράφειν ήναγκάσθη. ό δέ Ευκλείδης αποδεχόμενος τον Άρισταΐον άξιον όντα έφ" οΐς ήδη παραδεδώκει κωνικοΐς, και μή φθάσας ή μή θελήσας έπικατα-βάλλεσθαι τούτων τήν αυτήν πραγματείαν, έπιει-κέστατος ών και πρός άπαντας ευμενής τούς και κατά ποσόν συναύξειν δυναμένους τά μαθήματα, ώς δεΐ, και μηδαμώς προσκρουστικός υπάρχων, και ακριβής μέν ούκ άλαζονικός δέ καθάπερ οΰτος, όσον δυνατόν ήν δεΐξαι τοΰ τόπου διά τών έκείνου
1 και οί προ Απολλώνιου del. Hultsch.
1 άλλ* . . . γραφεΐσιν del. Hultsch.
β Euclid’s Conics has not survived, but an idea of its contents can be obtained from Archimedes’ references to propositions proved in the Elements of Conics (εν tois κωνικοΐς 486
EUCLID
(e) The Conics a
Pappus, Collection vii. 80-36, ed. Hultsch 672. 18-678. 24
Apollonius, who completed the four books of Euclid’s Conics and added another four, gave us eight books of Conics. Aristaeus, who wrote the still extantb five books of Solid Loci supplementary to the Conics, called the three conics sections of an acute-angled, right-angled and obtuse-angled cone respectively. . . . Apollonius says in his third book that the “ locus with respect to three or four lines ” had not been fully worked out by Euclid, and in fact neither Apollonius himself nor anyone else could have added anything to what Euclid wrote, using only those properties of conics which had been proved up to Euclid’s time ; as Apollonius himself bears witness when he says that the locus could not be fully investigated without the propositions that he had been compelled to work out for himself. Now Euclid regarded Aristaeus as deserving credit for his contributions to conics, and did not try to anticipate him or to overthrow his system ; for he showed scrupulous fairness and exemplary kindness towards all who were able in any degree to advance mathematics, and was never offensive, but aimed at accuracy, and did not boast like the other. Accordingly he wrote so much about the locus as was possible by means of arotyeiocs), a term which would cover the treatises both of Aristaeus and of Euclid. The Surface-Loci and the Porisms of Euclid appear to have contained further developments in the theory of conics.
b This has been taken to imply that Euclid’s Conics was already lost when Pappus wrote. Nothing more is known of this Aristaeus, unless he is identical with the Aristaeus said by Hypsicles (Eucl. ed. Heiberg-Menge v. 6. 22-28) to have written a book called Comparison of the Five Regular Solids.
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Καηακών έγραφεν, ούκ εί,πών τέλος έχειν τό δεικνύμενον. τότε γαρ ην άναγκαΐον έξελέγκειν, νΰν δ’ ούδαμώς, έπείτοι και αυτός έν τοΐς ]\ωνικοΐς άτελη τά πλεΐστα καταλιπών ούκ εύθύνεται. προσ-θεΐναι δέ τω τόπω τά λειπόμενα δεδύνηται προ-φαντασιωθεις τοΐς υπό Έύκλείδου γεγραμμένοις ηδη περί τοΰ τόπου και συσχολάσας τοΐς υπό Έώκλείδου μαθηταΐς έν 'Αλεξάνδρειά πλεΐστον χρόνον, όθεν έσχε και την τοιαύτην έξιν ούκ αμαθή.
Ούτος δέ ό έπι γ και δ γραμμάς τόπος, έφ' ω μέγα φρονεί προσθεις χάριν όφείλειν ειδέναι τώ πρώτω γράφαντι, τοιοΰτός εστιν.1 εάν γάρ, θέσει δεδομένων τριών εύθειών, άπό τίνος τοΰ αύτοΰ2 σημείου καταχθώσιν έπι τάς τρεις έν δεδομέναις γωνίαις εύθείαι, και λόγος η δοθείς τοΰ υπό δύο κατηγμένων περιεχομένου ορθογωνίου προς τό άπό της λοιπής τετράγωνον, τό σημεΐον άφεται θέσει δεδομένου στερεού τόπου, τουτέστιν μίας τών τριών κωνικών γραμμών, και εάν έπι δ εύθείας θέσει, δεδομένας καταχθώσι,ν εύθείαι έν δεδομέναι,ς γωνίαις, και λόγος η δοθείς τοΰ υπό δύο κατηγμένων προς τό υπό τών λοιπών δύο κατηγμένων, ομοίως τό σημεΐον άφεται θέσει δεδομένης κώνου τομής.
1	ό δβ Ευκλείδης . . . τοιοΰτός εστιν “ scholiastae cuidam historiae quidem veterum mathematicorum non iinperito, sed qui dicendi genere languido et inconcinno usus sit ” tribuit Hultsch.
2	του αυτού del. Hultsch.
α The three-line locus is, of course, a particular example of the four-line locus. It seems clear that Apollonius himself did not have a complete solution of the four-line locus, but 488
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the Conics of Aristaeus, but did not claim finality for his proofs. If he had done so, we should have been obliged to censure him, but as things are he is in no wise to blame, seeing that Apollonius himself is not called to account, though he left the most part of his Conics incomplete. Moreover Apollonius was able to add the lacking portion of the theory of the locus through having become familiar beforehand with what had been written about it by Euclid, and through having spent much time with Euclid’s pupils at Alexandria, whence he derived his scientific habit of mind.
Now this “ locus with respect to three and four lines,” the theory of which he is so proud of having expanded—though he ought rather to acknowledge his debt to the original author—is of this kind. If three straight lines be given in position, and from one and the same point straight lines be drawn to meet the three straight lines at given angles, and if the ratio of the rectangle contained by two of the straight lines towards the square on the remaining straight line be given, then the point will lie on a solid locus given in position, that is on one of the three conic sections. And if straight lines be drawn to meet at given angles four straight lines given in position, and the ratio of the rectangle contained by two of the straight lines so drawn towards the rectangle contained by the remaining two be given, then in the same way the point will lie on a conic section given in position.®
his Conics iii. 53-56 [Props. 74-76] amounts to a demonstration of the converse of the three-line locus, viz., if from any point of a conic there be drawn three straight lines in fixed directions to meet respectively two fixed tangents to the conic and their chord of contact, the ratio of the rectangle contained
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Eucl. Phaen. Praef., Eucl. ed. Heiberg-Menge viii. 6. 5-7
’Εάν γάρ κώνος η κύλινδρος έπιπέδω τμηθη μη τταρά την βάσιν, η τομή γίγνεται οξυγωνίου κώνου τομή, ητις έστιν όμοια θυρεώ.
(j") The Surface-Loci Papp. Coll, vii., ed. Hultsch 636. 23-24 Εύκλ€ΐδου Τόπων τών πρός έπιφανεία β.
Procl. in Eucl. i., ed. Friedlein 394. 16-395. 2
Καλώ δβ τοπικά μέν, όσοις ταύτόν σύμπτωμα πρός όλω τινι τόπω συμβέβηκεν, τόπον δβ γραμμής η έπιφανείας θεσιν ποιούσαν εν και ταύτόν σύμπτωμα. τών γάρ τοπικών τά μεν εστι πρός γραμ-μαΐς συνιστάμενα, τά δέ πρός έπιφανείαις. και επειδή τών γραμμών αί μεν εισιν επίπεδοι, αί δέ στερεαί—επίπεδοι μεν, ών έν έπιπέδω άπλη η νόησις, ώς της ευθείας, στερεαι δέ, ών η γένεσις εκ τίνος τομής αναφαίνεται στερεού σχήματος, ώς της κυλινδρικής έλικος και τών κωνικών γραμμών
by the first two lines so drawn to the square on the third line is constant. For a solution and full discussion of the four-line locus, reference should be made to Zeuthen, Die Lehre von den Kegelschnitten im Alt er turn, pp. 126 IT., or Heath, Apollonius of Perga, pp. cxxxviii-cl.
° Euclid’s Phenomena is an astronomical work largely based on two treatises by Autolycus of Pitane (c. 315-240 b.c.) which are also extant.
b Menaechmus is believed to have discovered the conic sections as sections of a right-angled, acute-angled and obtuse-angled cone respectively by a plane perpendicular 490
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Euclid, Preface to Phenomena,a Eucl. ed. Heiberg-Menge viii. 6. 5-7
If a cone or cylinder be cut by a plane not parallel to the base, the resulting section is a section of an acute-angled cone which is similar to a shield?
(/) The Surface-Loci
Pappus, Collection vii., ed. Hultsch 686. 23-24
Euclid’s two books of Surface-Loci.G
Proclus, On Euclid i., ed. Friedlein 394. 16-395. 2
I call locus-theorems those which deal with the same property throughout the whole of a locus, and a locus I call a position of a line or surface which has throughout one and the same property. Some locus-theorems are constructed on Unes and others on surfaces. Furthermore, since lines may be plane or solid—plane being those which are simply generated in a plane, like the straight line, and solid those which are generated from some section of a solid figure, like the cylindrical helix or the conic sections to a generating line. This passage shows that Euclid, at least, was also aware that an ellipse could be obtained as a section of a right cylinder by a plane not parallel to the base, and the fact may well have been known before his time ; Heiberg (Literary eschichtliche Studien uber Euklid, p. 88) thinks that Menaechmus probably used θυρεός as the name for the ellipse.
c This entry is taken from the list of books in Pappus’s Τοπο? αναλυόμενος (Treasury of Analysis). The work is lost, but we can conjecture what surface-loci were from remarks by Proclus and Pappus himself, and we can get some idea of the contents of Euclid’s treatise from two lemmas given to it by Pappus.
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—φανην αν καν τών προς γραμμαΐς τοπικών τά μέν επίπεδον έχβί,ν τόπον, τά δέ στερεόν.
Papp. Coll. vii. 312-316, ed. Hultsch 1004. 16-1010. 15;
Eucl. ed. Heiberg-Menge viii. 274. 18-278. 15
Ets τούς πρός έπιφανεία
α'. Έάν fj εύθεΐα η ΑΒ καν παρά θέσεν η ΓΔ, καν fj λόγος τοΰ υπό ΑΔΒ πρός τό από ΔΓ, τό Γ
A		E		B
A		Δ		B
άπτεταν κωννκης γραμμής, εάν ουν η μέν ΑΒ στερηθτ) της θέσεως, καν τά A, Β στερηθη τοΰ δοθέντα1 είναι,, γένηταν δέ πρός θέσεν εύθείανς2 ταΐς ΑΕ, ΕΒ, τό Γ μετεωρνσθέν γίνεταν πρός θέσεν έπνφανεία. τοΰτο δέ έδείχθη.
β'. Έάν fj θέσεν εύθεΐα η ΑΒ καν δοθέν τό Γ
1	δο06μτα Heiberg, δοθέντος cod., Hultsch.
2	ευθείας Tannery, ώθέία cod.
° From this passage, confirmed by Eutocius, line-loci would appear to be loci which are lines, and surface-loci would seem to be loci which are surfaces. Pappus, in Coll. iv. 33, ed. Hultsch 258. 20-25, implies, however, that surfaceloci are loci traced on surfaces, and he gives the cylindrical helix as an example of such a locus. Cf. supra, p. 348 n. a. 492
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—it would appear that line-loci may be plane loci or solid loci?
Pappus, Collection vii. 312-316, ed. Hultsch 1004. 16-1010. 15 ; Eucl. ed. Heiberg-Menge viii. 274. 18-278. 15
Lemmas to the Surface-Loci
1.	If AB be a straight line and ΓΔ be parallel to a straight line given in position, and if the ratio
ΑΔ . ΔΒ : ΔΓ2 be given, the point Γ lies on a conic section. If AB be no longer given in position and A, B be no longer given but lie on straight lines AE, EB given in position, the point Γ raised above [the plane containing AE, EB] is on a surface given in position. And this was proved?
2.	If AB be a straight line given in position, and
b The Greek text and the figure in it (given on the left-hand page) are unsatisfactory, but Tannery pointed out that by reading eufletats instead of cvOcia a satisfactory meaning can be obtained (Bulletin des sciences mathematiques, 2e s6rie, vi. 149-150). He also indicated the correct figure, which was first printed by Zeuthen (Die Lehre von den Kegel-schnitten im Alter turn, pp. 423-430). The Works of Archimedes, by T. L. Heath, pp. Ixii-lxiv, should also be consulted.
The first sentence states one of the fundamental properties of conic sections. A literal translation of the opening words in the second sentence would run : “ If AB be deprived of its position, and the points A, B be deprived of their character
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er τώ αυτά) επι,πεδω, καί δι,αχθη η ΔΓ, καί προς όρθάς1 άχθη η ΔΕ, λόγος δέ η της ΓΔ προς ΔΕ,
τό Δ απτβται θεσει κωνικής τομής· δεικτεον2 δέ, ότι γραμμής (μέρος ποιεί τόν τόπον).3 δειχθησεται δέ ούτως προγραφεντος τόπου* τοΰδε.
γ'. Δυο δοθεντων των A, Β και ορθής της ΓΔ λόγος έστω τοΰ άπό ΑΔ προς τά άπό ΓΔ, ΔΒ. λόγω, ότι τό Γ άπτεται κώνου τομής, εάν τε η ό λόγος ΐσος προς ΐσον η μείζων προς ελασσόνα η ελάσσων προς μείζονα.
’Έστω γάρ πρότερον ό λόγος ΐσος προς ΐσον. και επει ΐσον εστιν τό άπό ΑΔ τοΐς άπό ΓΔ, ΔΒ, κείσθω τη ΒΔ ΐση η ΔΕ. ΐσον άρα εστί τό υπό ΒΑΕ τω άπό ΔΓ. τετμησθω δίχα η ΑΒ τω Ζτ
1	προς όρθάς Hultsch, παρά θέσ^ι cod.
2	δακτέον Hultsch in adn., δείκνυται cod.
8 μέρος ποιεί τόν τόπον add. Gerhardt, Hultsch.
4 τόπου “ immo τοΰ λήμματος ” Hultsch.
of being given . . .” The text leaves it uncertain whether, when AB is no longer given in position, it remains constant 494
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the point Γ be given in the same plane, and ΔΓ be drawn, and ΔΕ be drawn perpendicular [to the given straight line AB], and if the ratio ΓΔ : ΔΕ be given, the point Δ will lie on a conic section.® But it must be shown that part of the curve forms the locus. This will be proved as follows by means of this lemma.
3.	Given b the two points A, B and the perpendicular ΓΔ, let the ratio ΑΔ2 : ΓΔ2 + ΔΒ2 be given. I say that the point Γ lies on a conic section, whether the ratio be of equal to equal, or greater to less, or less to greater.
For in the first place let the ratio be of equal to equal. Since ΑΔ2 = ΓΔ2+ΔΒ2, let ΔΕ be made equal to ΒΔ.
Then [BA . AE + ΕΔ2 = ΑΔ2	[Eucl. ii. 6
= ΓΔ2+ΔΒ2 [ex. hyp., and so] BA.AE =ΓΔ2.
in length or varies. Zeuthen conjectures that two cases were considered by Euclid : (1) AB remains of constant length, while AE, EB are parallel instead of meeting in a point; and (2) AE, EB meet in a point and AB always moves parallel to itself, so varying in length. In the former case Γ lies on the surface described by a conic section moving bodily, in the latter case the surface is a cone.
° This is the definition of a conic in terms of its focus and directrix, AB being the directrix, Γ the focus, Δ any point on the curve, and the ratio ΓΔ : ΔΕ the eccentricity of the conic. Since Pappus proves this property for all three conics by transforming it to the more familiar axial form, it must have been assumed by Euclid without proof, and was presumably first demonstrated by Aristaeus. This is all the more remarkable as the focus-directrix property is nowhere mentioned by Apollonius, and, indeed, is found in only two other places in the whole of the Greek mathematical writings, v. supra, p. 362 n. a.
b Diagram on p. 496.
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δοθέν άρα το Ζ. καυ εσταυ δυπλη η ΑΕ της ΖΔ ώστε το ύπο ΒΑΕ το δ/? εστυν ύπο τών ΑΒ, ΖΔ.
καί εστυν ή δυπλτ] της ΑΒ δοθεΐσα· το άρα ύπο δοθευσης καυ της ΖΔ υσον εστυν τώ από της ΔΓ. τό Γ άρα άπτεταυ θεσευ παραβολής ερχόμενης δυά τον Ζ.
δζ V Ω '	o\ez	tf
. Ιτυντενησεταυ οη ο τοπος όντως*
’Έστω τά δοθέντα A, Β, ό δέ λόγος έστω υσος πρός υσον, καυ τετμησθω η ΑΒ δίχα τώ Ζ, της δέ ΑΒ δυπλη έστω η Ρ, καυ θεσευ ονσης ευθείας της ΖΒ πεπερασμένης κατά τό Ζ, της δέ Ρ δεδομένης τώ μεγέθευ, γεγράφθω περυ άξονα τον ΖΒ παραβολή η ΗΖ, ώστε, οΐον εάν έπ* αυτής σημεΐον ληφθη ώς τό Γ, κάθετος δέ άχθη η ΓΔ, υσον ευναυ τό ύπο Ρ, ΖΔ, τώ από ΔΓ. καυ ηχθω όρθη η ΒΗ. λέγω, δτυ τό ΓΗ μέρος της παραβολής έστυν.1
*Ηχ0ω γάρ κάθετος ή ΓΔ, καυ τη ΒΔ υση κείσθω η ΔΕ. έπευ ουν δυπλη έστυν η μέν ΑΒ της ΒΖ, η δέ ΕΒ της ΒΔ, δυπλη άρα καυ η ΑΕ της ΖΔ* τό άρα ύπο ΒΑΕ υσον έστυν τώ δυς ύπο τών ΑΒ, 496
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Let AB be bisected at Z ; the point Z is therefore given.
And	AE [ = AB-EB
= 2ΒΖ-2ΒΔ] = 2ΖΔ.
Therefore BA . AE = 2BA . ΖΔ, [and so	2BA . ΖΔ = ΓΔ2].
Now 2BA is given ; therefore the rectangle contained by a given straight line and ΖΔ is equal to the square on ΔΓ. Therefore the point Γ lies on a parabola passing through Z.
4.	The synthesis of the locus is accomplished in this way. °
Let the given points be A, B, let the ratio be of equal to equal, let AB be bisected at Z, let P be double of AB ; and since ZB with an end point Z is a straight line given in position, and P is given in magnitude, with ZB as axis, let there be drawn [Apoll. Conics i. 52] the parabola HZ, such that, if any point Γ be taken upon it, and the perpendicular ΓΔ be drawn, the rectangle contained by P, ΖΔ is equal to the square on ΔΓ ; and let the perpendicular BH be drawn. I say that ΓΗ is a part of the parabola [forming the locus].
For let the perpendicular ΓΔ be drawn, and let ΔΕ be made equal to ΒΔ. Then since AB = 2BZ, EB = 2ΒΔ, therefore AE [ = AB — EB] = 2ΖΔ ;
therefore BA . AE = 2AB . ΖΔ
= ΔΓ2. [by construction
® Diagram on p. 498. 1
1 βστιν ; we should expect ποΐ€? τον τόπον.
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ΖΔ, τουτεστιν τώ τό άπό ΕΔ ΐσον ον
άπό ΔΓ. κοινόν προσκείσθω τώ άπό ΔΒ* όλον άρα τό άπό
Ρ
ΑΔ ΐσον εστιν τοΐς άπό τών ΓΔ, ΔΒ. η ΖΓΗ άρα γραμμή ποιεί τόν τόπον.
ε'. *Εστω δή πάλιν τά δυο 8οθεντα σημεία τά Α, Β, και εύθεΐά τε η ΔΓ και όρθη,1 λόγος 8ε έστω τοΰ άπό ΑΔ προς τά άπό ΒΔ, ΔΓ επι μεν της πρώτης πτώσεως μείζων προς ελασσόνα,2 επι 8ε της 8ευτερας ελάσσων προς μείζονα3· λέγω, ότι τό Γ άπτεται κώνου τομής, επι μεν της πρώτης πτώσεως ελλείψεως, επι 8έ της 8ευτερας υπερβολής.
ΈπβΙ γάρ λόγος εστιν τοΰ άπό ΑΔ προς τά άπό ΒΔ, ΔΓ, ό αυτός αύτω γεγονέτω ό τοΰ άπό ΕΔ1 498
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Let the equals ΕΔ1 2 * 4, ΔΒ2 be added to either side ;
then
and so]
[BA . AE + ΕΔ2 = ΓΔ2 + ΔΒ2 ΑΔ2 = ΓΔ2 + ΔΒ2.
[Eucl. ii. 6
Therefore the curve ΖΓΗ forms the locus.
5.	Again, let the two given points be A, B, and let ΔΓ be a perpendicular straight line, and let the ratio ΑΔ2:ΒΔ2+ΔΓ2 be in the first case the ratio of a greater to a less, and in the second case of a less to a greater. I say, that the point Γ lies on a conic section, which is in the first case an ellipse and in the second case a hyperbola.61
Since the given ratio is ΑΔ2:ΒΔ2+ΓΔ2, let [E be taken on AB so that] ΕΔ2 : ΔΒ2 be in the same
° The Greek text from this point onwards is unsatisfactory, and contains mathematical errors which Commandinus and Hultsch corrected. The demonstration also leaves many gaps which I have filled, again following those commentators.
1 εύθεΐά τε η ΔΓ καί ορθή Heiberg ; κατηχθω όρθΐ] η ΔΓ, Commandinus, Hultsch; εφάπτεται, ή ΔΓ καί ορθή cod.
2 μείζων πρός ελασσόνα Hultsch, ελάσσων πρός μείζονα cod.
1 ελάσσων πρός μείζονα Hultsch, μείζων πρός ελάσσονα cod.
4 ΕΔ Hultsch, ΒΔ cod.
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προς τό από ΔΒ.1 έπϊ μεν ουν της πρώτης πτώσεως ελάσσων έστϊν η ΒΔ της ΔΕ, έπϊ δέ της
δευτέρας μείζων έστϊν 7/ ΒΔ της ΔΕ. κείσθω ουν τη ΕΔ ΐση ή ΔΖ. έπεϊ λόγος έστϊν τοΰ άπό ΑΔ προς τά άπό ΓΔ, ΔΒ, καί εστνν αύτω ό αυτός ό τοΰ άπό ΕΔ προς τό άπό ΔΒ, καϊ λοι/πός άρα τοΰ υπό ΖΑΕ προς τό άπό ΔΓ λόγος έστϊν δοθείς, επεϊ δέ λόγος έστϊν της ΕΔ προς ΔΒ Γκαί, της ΖΔ προς ΔΒ]2 καϊ της ΖΒ προς ΒΔ, ό αυτός αύτω γεγονέτω ό της ΑΒ προς ΒΗ* καϊ όλης άρα της ΑΖ προς ΔΗ λόγος έστϊν δοθείς, πάλιν, έπεϊ λόγος έστϊν της ΕΔ προς ΔΒ δοθείς, [καϊ της ΕΒ άρα προς ΒΔ λόγος έστϊν δοθείς~\.3 ο αυτός αύτω γεγονέτω ό της ΑΘ4 προς ΒΘ* λόγος άρα καϊ της ΑΒ προς ΒΘ έστι,ν δοθείς· [δοθεν άρα τό Θ].5 καϊ λοι/πός της ΑΕ προς ΘΔ λόγος έστϊν δοθείς* καϊ τοΰ υπό ΖΑΕ άρα προς τό υπό ΘΔΗ λόγος έστϊ δοθείς, τοΰ δέ υπό ΖΑΕ προς τό άπό ΓΔ λόγος έστϊν δοθείς· καϊ τοΰ υπό ΗΔΘ άρα προς τό άπό
1 ΔΒ Hultsch, ΔΕ cod. 2 καί . . . προς ΔΒ del. Hultsch. 500
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ratio ; then in the first case ΒΔ is less than ΔΕ, while in the second case ΒΔ is greater than ΔΕ. Let ΔΖ be made equal to ΕΔ. Since the given ratio is ΑΔ2 : ΓΔ2 +ΔΒ2, and ΕΔ2 :ΔΒ2 is equal to it, the ratio
[ΑΔ2 - ΕΔ2 : ΓΔ2 + ΔΒ2 - ΔΒ2,
that is, by Eucl. ii. 6,]
ZA . AE : ΔΓ2
is given. Now since the ratio [ΕΔ2 : ΔΒ2 is given, therefore] ΕΔ : ΔΒ is given, therefore [ΔΖ : ΔΒ is given. Accordingly, in the first case ΔΖ : BZ, and therefore BZ : ΔΒ, is given; in the second case, because ΔΖ : ΔΒ or inversely ΔΒ : ΔΖ is given, therefore ΔΒ : BZ or inversely] BZ : ΔΒ is given. Let [H be taken on AB produced so that] AB : BH = BZ : ΔΒ. Then [in the first case AB +BZ : BH +ΔΒ, in the second case AB - BZ : BH - ΔΒ, that is in either case] AZ : ΔΗ is given. Let [Θ be taken on AB such that] Αθ : ΒΘ = ΕΔ : ΔΒ. Then the ratio AB : ΒΘ is given. And [because by construction Αθ : ΒΘ = ΕΔ : ΒΔ, componendo Αθ + ΒΘ : ΒΘ = ΕΔ + ΒΔ : ΒΔ, or AB : ΒΘ = EB : ΔΒ. Therefore AB — EB : ΒΘ — ΔΒ, that is,] AE : ΘΔ is given. [Now AZ : ΔΗ was given ;] therefore AE . AZ : ΘΔ . ΔΗ is given. But ZA . AE : ΔΓ2 was given ; therefore the ratio ΗΔ . ΔΘ : ΔΓ2 is given. [But the point Δ is given, and by construction the points Ε, Z are given ; and because AB : BH = BZ : ΔΒ and also
• καί . . . del. Hultsch.
4 ΑΘ Hultsch, AB cod.
1 &οθζν άρα τό Θ del. Hultsch.
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ΔΓ λόγος εστίν δοθείς. καί έστω δυο δοθέντα τα Θ, Η· έπί μεν αρα της πρώτης πτώσεως τό Γ άτττεταί έλλείφεως, επί δε της δευτερας υπερβολής.
(g) The Optics
Eucl. Optic. 8, Eucl. ed. Heiberg-Menge vii. 14. 1-16. 5
Τά ίση μεγέθη καί παράλληλα avcaov δίεστηκότα άπό τοΰ όμματος ούκ άναλόγως τοΐς δίαστημασω οράταί.
’Έστω δύο μεγεθη τά ΑΒ, ΓΔ άνι,σον διεστηκότα άπό τοΰ όμματος τοΰ Ε. λέγω, otl ούκ εστίν, ώς
φαίνεταϋ έχον, ώς τό ΓΔ προς τό ΑΒ, ούτως τό BE προς τό ΕΔ. προσπυπτέτωσαν γάρ άκτΐνες αί ΑΕ, ΕΓ, καί κέντρω μεν τω Ε δίασττ/ματύ δβ τω ΕΖ κύκλου γεγράφθω περυφερεία η ΗΖΘ. επεί ουν τό ΕΖΓ τρίγωνον τοΰ ΕΖΗ τομεως μεΐζόν έστυν, τό δέ ΕΖΔ τρίγωνον τοΰ ΕΖΘ τομεως έλαττόν εστυν, τό ΕΖΓ άρα τρίγωνον προς τόν
° Pappus proceeds to make the formal synthesis, as in the case of the parabola, and then formally proves his original 502
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ΑΘ:ΒΘ = ΕΔ:ΔΒ, therefore] the points Η, Θ are also given. [Therefore in the first case ΗΘ is the diameter of an ellipse, in the second it is the diameter of a hyperbola ; and] therefore the point Γ lies in the first case on an ellipse, in the second on a hyperbola.*1
(g) The Optics &
Euclid, Optics 8, Eucl. ed. Heiberg-Menge vii. 14. 1—16. 5
The apparent sizes of equal and parallel magnitudes at unequal distances from the eye are not proportional to those distances.
Let AB, ΓΔ be the two magnitudes at unequal distances from the eye, Ε. I say that the ratio of the apparent size of ΓΔ to the apparent size of AB is not equal to the ratio of BE to ΕΔ. For let the rays AE, ΕΓ fall,c and with centre *E and radius EZ let the arc of a circle, ΗΖΘ, be drawn. Then since the triangle ΕΖΓ is greater than the sector EZH, while the triangle ΕΖΔ is less than the sector ΕΖΘ, therefore
proposition in the case where the locus is a parabola ; the proof where the locus is an ellipse or hyperbola has been lost, but can easily be supplied.
& Euclid’s Optics exists in two recensions, both contained in vol. vii. of the Heiberg-Menge edition of Euclid’s works. One is the recension of Theon, but Heiberg discovered in \Tennese and Florentine mss. an earlier and markedly different recension, and there is every reason to believe it is Euclid’s own work; it is from this earlier text that the proposition here quoted is given. The Optics is an elementary treatise on perspective. It is based on some false physical hypotheses, but has some interesting mathematical theorems.
c Euclid, like Plato, believed [Optics, Def. 1] that rays of light proceed from the eye to the object, and not from the object to the eye.
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EZH τομέα μείζονα λόγον εχει, ηπερ τό ΕΖΔ τρίγωνον πρός τον ΕΖΘ τομέα, καί εναλλάξ τό ΕΖΓ τρίγωνον πρός τό ΕΖΔ τρίγωνον μείζονα λόγον έχει, ηπερ ό ΕΖΗ τομεύς πρός τον ΕΖΘ τομέα, καί συνθέντι, τό ΕΓΔ τρίγωνον πρός τό ΕΖΔ τρίγωνον μείζονα λόγον έχει, ηπερ ό ΕΗΘ τομεύς προ? τον ΕΖΘ τομέα, άλλ’ ώς τό ΕΔΓ πρός τό ΕΖΔ τρίγωνον, ούτως η ΓΔ πρός την ΔΖ. η δέ ΓΔ τη ΑΒ έστι,ν ΐση, καί ώς η ΑΒ πρός την ΔΖ, η BE πρός την ΕΔ. ή BE αρα πρός την ΕΔ μείζονα λόγον έχει, ηπερ ό ΕΗΘ τομεύς πρός τον ΕΖΘ τομέα, ώς δέ ό τομεύς πρός τον τομέα, ούτως η υπό ΗΕΘ γωνία πρός την υπό ΖΕΘ γωνίαν, η BE αρα πρός την ΕΔ μείζονα λόγον έχει, ηπερ η υπό ΗΕΘ γωνία πρός την υπό ΖΕΘ. καί εκ μέν της υπό ΗΕΘ γωνίας βλέπεται, τό ΓΔ, εκ δέ της υπό ΖΕΘ τό ΑΒ. ούκ άνάλογον άρα τοΐς άποστημασι,ν όράται, τά ΐσα μεγέθη.
α This is equivalent, of course, to saying that tan ΗΕΘ angle ΖΕΘ tan ΖΕΘ > angle ΗΕΘ’
a well-known theorem in trigonometry; the full expression
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triangle ΕΖΓ-.sector EZH> triangle ΕΖΔ-.sector ΕΖΘ. Invertendo,
triangle ΕΖΓ: triangle ΕΖΔ> sector EZH: sector ΕΖΘ, and componendo,
triangle ΕΓΔ: triangle ΕΖΔ> sector ΕΗΘ : sector ΕΖΘ.
But triangle ΕΓΔ ·. triangle ΕΖΔ = ΓΔ : ΔΖ.
Now ΓΔ = AB, and AB : ΔΖ = BE : ΕΔ.
Therefore BE : ΕΔ> sector ΕΗΘ : sector ΕΖΘ.
Now
sector ΕΗΘ : sector ΕΖΘ = angle ΗΕΘ : angle ΖΕΘ.
Therefore
BE : ΕΔ> angle ΗΕΘ : angle ΖΕΘ.0
And ΓΔ is seen in the angle ΗΕΘ, while AB is seen in the angle ΖΕΘ. Therefore & the apparent sizes of equal magnitudes are not proportional to their distances.
of the theorem is: If α, β are two angles such that a < β < then
tan a a tan β<β
b By Def. 4, which asserts : “ Things seen under a greater angle appear greater, and those seen under a lesser angle appear less, while things seen under equal angles appear equal.”
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